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Magnetism is a 
collective phenomenon



Interactions
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Outline
• Classical Phase Transitions
• Free magnetic ions
• Environment
• Magnetic order and susceptibility
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
– Magnetism in metals

• Excitations
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Outline

• Classical Phase Transitions
– Symmetry
– Landau theory
• Order of phase transitions

– Goldstone theorem
–Mermin-Wagner Theorem
– Kosterlitz-Thouless transition
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Symmetry

• Invariance of a physical law under 
transformations: translation symmetry, 
time reversal, rotation, reflection…

• Symmetries form groups: O(3), U(1)…
– Contains the identity
– The combination of any pair of elements is

also an element of the group. 
– Each element must have an inverse
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Kinds of symmetries

• External (space time) symmetries (Galilean symmetry, 
rotational symmetry, Lorentz symmetry…)

• Internal symmetries (Gauge symmetries…) 

• Global symmetries: act simultaneous in all variables xi

• Local symmetries: depend on xi

• Continuous symmetry: rotations O(n)
• Discrete symmetry: spin group  Z2
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Classical phase transitions
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Lower symmetry
Lower energy

Uncorrelated, isotropic,
homogeneous, high symmetry
higher entropy

Phase 1 Phase 2
Diverging
thermal

fluctuations

Control parameter: temperature, pressure

At Tc :
symmetry
breaking



Classical phase transitions
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Lower symmetry
Lower energy

Uncorrelated, isotropic,
homogeneous, high symmetry
higher entropy

At Tc
spontaneous
symmetry
breaking

(rotation)

H = �J

X

ij

SiSj

<latexit sha1_base64="uzxiI5SOZH2n2jbVuFtBD84SjHg=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR3BiStLZ2IRTdFFcV7QPaECbTaTvt5MHMRCihbvwVNy4UcetfuPNvnD4EFT1w4XDOvdx7jxcxKqRpfmiphcWl5ZX0amZtfWNzS9/eqYsw5pjUcMhC3vSQIIwGpCapZKQZcYJ8j5GGN7yY+I1bwgUNgxs5iojjo15AuxQjqSRX36vAM3h8Cdsi9t2EDsbw2qWqBq6eNQ0rZ+XyJ9A0SqVSoVhUxLRzBTsPLcOcIgvmqLr6e7sT4tgngcQMCdGyzEg6CeKSYkbGmXYsSITwEPVIS9EA+UQ4yfSDMTxUSgd2Q64qkHCqfp9IkC/EyPdUp49kX/z2JuJfXiuW3VMnoUEUSxLg2aJuzKAM4SQO2KGcYMlGiiDMqboV4j7iCEsVWkaF8PUp/J/UbRWUYV/ls+XzeRxpsA8OwBGwQBGUQQVUQQ1gcAcewBN41u61R+1Fe521prT5zC74Ae3tE2e8lZ4=</latexit>

The hamiltonian has O(3) symmetry
but this symmetry is broken in the
ordered phase. 
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Order parameter m≠0 Order parameter m=0
T

m



Classical phase transitions
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Landau mean-field theory (formal connection with the
microscopic model through a Hubbard Stratonovic
transformation). Express the free energy as a power series 
expansion in terms of the order parameter.

f(m,h) = Am2 +Bm4 � hm
<latexit sha1_base64="M72Rs0UlwX9G/twnT28UAi3mGZI="></latexit>

Example: Ising model (Z2 symmetry)  

The free energy has the symmetries of the hamiltonian 
(in this case: no odd terms in the expansion)  

Simplest expansion (assuming B>0)

H = �J

X

i,j

�i�j �i = ±1
<latexit sha1_base64="2YEfxjeFZBn2zRZXzWTViHUJMzw="></latexit>
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Landau mean-field theory

f(m,h) = Am2 +Bm4 � hm
<latexit sha1_base64="M72Rs0UlwX9G/twnT28UAi3mGZI="></latexit>

@f(m, h)

@m
= 0

<latexit sha1_base64="xD04D+e4KXHgu6kpWuMzVILQsNA="></latexit>

2Am + 4Bm3 � h = 0
<latexit sha1_base64="nmvJh2GodtZ6lvJX7DhO4Kqlh8M=">AAAB9HicdVDLSgMxFM3UV62vqks3wSII4jCP2tqFUOvGZQX7gHYsmTTThiYzY5IplNLvcONCEbd+jDv/xvQhqOiBC4dz7uXee/yYUaks68NILS2vrK6l1zMbm1vbO9ndvbqMEoFJDUcsEk0fScJoSGqKKkaasSCI+4w0/MHV1G8MiZA0Cm/VKCYeR72QBhQjpSXPueQn+Qq/c0/7F1Ynm7NM27Xd/Bm0zFKpVCgWNbEct+DkoW1aM+TAAtVO9r3djXDCSagwQ1K2bCtW3hgJRTEjk0w7kSRGeIB6pKVpiDiR3nh29AQeaaULg0joChWcqd8nxohLOeK+7uRI9eVvbyr+5bUSFZx7YxrGiSIhni8KEgZVBKcJwC4VBCs20gRhQfWtEPeRQFjpnDI6hK9P4f+k7uigTOcmnytXFnGkwQE4BMfABkVQBtegCmoAg3vwAJ7AszE0Ho0X43XemjIWM/vgB4y3T8cOkNI=</latexit>

A>0 f

m

h=0

h>0h<0

A<0

h=0

m = 0
<latexit sha1_base64="ppbD2tK7KzXKzO7MLTkQwi8rJog=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgacl2i9qDUPTisaKthXYp2TTbhibZJckKZelP8OJBEa/+Im/+G7NtBRV9MPB4b4aZeWHCmTYIfTiFpeWV1bXiemljc2t7p7y719ZxqghtkZjHqhNiTTmTtGWY4bSTKIpFyOldOL7M/bt7qjSL5a2ZJDQQeChZxAg2VroR56hfriC3nuMEzolftwTVPOT70HPRDBWwQLNffu8NYpIKKg3hWOuuhxITZFgZRjidlnqppgkmYzykXUslFlQH2ezUKTyyygBGsbIlDZyp3ycyLLSeiNB2CmxG+reXi3953dREZ0HGZJIaKsl8UZRyaGKY/w0HTFFi+MQSTBSzt0IywgoTY9Mp2RC+PoX/k3bV9Xy3el2rNC4WcRTBATgEx8ADp6ABrkATtAABQ/AAnsCzw51H58V5nbcWnMXMPvgB5+0TZ7SN5A==</latexit>

m =
p

�A/2B
<latexit sha1_base64="VjGf5h2TtQGZT2qeKwTDXCz7fFs=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQ3jjOdonYh1LpxWcE+oB1LJk3b0CQzJhmlDP0PNy4Uceu/uPNvzLQVVPTAhcM593LvPUHEqNKO82HNzS8sLi1nVrKra+sbm7mt7boKY4lJDYcslM0AKcKoIDVNNSPNSBLEA0YawfAi9Rt3RCoaims9iojPUV/QHsVIG+mGn7XVrdTJ4flRoTLu5PKOXUpxDKfEKxniFF3H86BrOxPkwQzVTu693Q1xzInQmCGlWq4TaT9BUlPMyDjbjhWJEB6iPmkZKhAnyk8mV4/hvlG6sBdKU0LDifp9IkFcqREPTCdHeqB+e6n4l9eKde/UT6iIYk0Eni7qxQzqEKYRwC6VBGs2MgRhSc2tEA+QRFiboLImhK9P4f+kXrBdzy5cFfPlyiyODNgFe+AAuOAElMElqIIawECCB/AEnq1769F6sV6nrXPWbGYH/ID19gktfZJR</latexit>
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A>0 f

m

h=0

h>0h<0

A<0

h=0

m = 0
<latexit sha1_base64="ppbD2tK7KzXKzO7MLTkQwi8rJog=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgacl2i9qDUPTisaKthXYp2TTbhibZJckKZelP8OJBEa/+Im/+G7NtBRV9MPB4b4aZeWHCmTYIfTiFpeWV1bXiemljc2t7p7y719ZxqghtkZjHqhNiTTmTtGWY4bSTKIpFyOldOL7M/bt7qjSL5a2ZJDQQeChZxAg2VroR56hfriC3nuMEzolftwTVPOT70HPRDBWwQLNffu8NYpIKKg3hWOuuhxITZFgZRjidlnqppgkmYzykXUslFlQH2ezUKTyyygBGsbIlDZyp3ycyLLSeiNB2CmxG+reXi3953dREZ0HGZJIaKsl8UZRyaGKY/w0HTFFi+MQSTBSzt0IywgoTY9Mp2RC+PoX/k3bV9Xy3el2rNC4WcRTBATgEx8ADp6ABrkATtAABQ/AAnsCzw51H58V5nbcWnMXMPvgB5+0TZ7SN5A==</latexit>

m =
p

�A/2B
<latexit sha1_base64="VjGf5h2TtQGZT2qeKwTDXCz7fFs=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQ3jjOdonYh1LpxWcE+oB1LJk3b0CQzJhmlDP0PNy4Uceu/uPNvzLQVVPTAhcM593LvPUHEqNKO82HNzS8sLi1nVrKra+sbm7mt7boKY4lJDYcslM0AKcKoIDVNNSPNSBLEA0YawfAi9Rt3RCoaims9iojPUV/QHsVIG+mGn7XVrdTJ4flRoTLu5PKOXUpxDKfEKxniFF3H86BrOxPkwQzVTu693Q1xzInQmCGlWq4TaT9BUlPMyDjbjhWJEB6iPmkZKhAnyk8mV4/hvlG6sBdKU0LDifp9IkFcqREPTCdHeqB+e6n4l9eKde/UT6iIYk0Eni7qxQzqEKYRwC6VBGs2MgRhSc2tEA+QRFiboLImhK9P4f+kXrBdzy5cFfPlyiyODNgFe+AAuOAElMElqIIawECCB/AEnq1769F6sV6nrXPWbGYH/ID19gktfZJR</latexit>

A = (T � Tc)/2Tc
<latexit sha1_base64="2pSiF8z/IP/ch4wkWRiFbKNK/GQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUheNMp6hdCFU3Liv0Be1YMmmmDc1khiSjlKH/4caFIm79F3f+jZm2gooeuJfDOfeSm+NFjEplWR9GZmFxaXklu5pbW9/Y3Mpv7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uUr91R4SkIa+rcUTcAA049SlGSku3F+fF+lG9hw+PS7r38gXLrKQ4gTPiVDSxyrblONA2rSkKYI5aL//e7Yc4DghXmCEpO7YVKTdBQlHMyCTXjSWJEB6hAeloylFApJtMr57AA630oR8KXVzBqfp9I0GBlOPA05MBUkP520vFv7xOrPwzN6E8ihXhePaQHzOoQphGAPtUEKzYWBOEBdW3QjxEAmGlg8rpEL5+Cv8nzZJpO2bpplyoXs7jyII9sA+KwAanoAquQQ00AAYCPIAn8GzcG4/Gi/E6G80Y851d8APG2yelWJFV</latexit>

m(h=0)=

0, T > Tc
<latexit sha1_base64="N8lJc4+oS7ckTAxpNak4BqYJuMA=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgooSkKWo3UnTjskJf0IYwmU7aoZMHMxOlxH6KGxeKuPVL3Pk3TpoKKnouFw7n3MvcOV7MqJCm+aEVVlbX1jeKm6Wt7Z3dPb283xVRwjHp4IhFvO8hQRgNSUdSyUg/5gQFHiM9b3qV+b1bwgWNwracxcQJ0DikPsVIKsnVy2YVDqt5wfZF28WuXjGNRoZTmBO7oYhZt0zbhpZhLlABS7Rc/X04inASkFBihoQYWGYsnRRxSTEj89IwESRGeIrGZKBoiAIinHRx+hweK2UE/YirDiVcqN83UhQIMQs8NRkgORG/vUz8yxsk0j93UhrGiSQhzh/yEwZlBLMc4IhygiWbKYIwp+pWiCeIIyxVWiUVwtdP4f+kWzMs26jd1CvNy2UcRXAIjsAJsMAZaIJr0AIdgMEdeABP4Fm71x61F+01Hy1oy50D8APa2ydhK5Ir</latexit>s

Tc � T

4TcB(T )
, T < Tc

<latexit sha1_base64="m3cL1AjBOFlTzPHJ2mZGIV6s4wE="></latexit>
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A>0 f

m

h>0h<0
h=0

m = 0
<latexit sha1_base64="ppbD2tK7KzXKzO7MLTkQwi8rJog=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgacl2i9qDUPTisaKthXYp2TTbhibZJckKZelP8OJBEa/+Im/+G7NtBRV9MPB4b4aZeWHCmTYIfTiFpeWV1bXiemljc2t7p7y719ZxqghtkZjHqhNiTTmTtGWY4bSTKIpFyOldOL7M/bt7qjSL5a2ZJDQQeChZxAg2VroR56hfriC3nuMEzolftwTVPOT70HPRDBWwQLNffu8NYpIKKg3hWOuuhxITZFgZRjidlnqppgkmYzykXUslFlQH2ezUKTyyygBGsbIlDZyp3ycyLLSeiNB2CmxG+reXi3953dREZ0HGZJIaKsl8UZRyaGKY/w0HTFFi+MQSTBSzt0IywgoTY9Mp2RC+PoX/k3bV9Xy3el2rNC4WcRTBATgEx8ADp6ABrkATtAABQ/AAnsCzw51H58V5nbcWnMXMPvgB5+0TZ7SN5A==</latexit>

A = (T � Tc)/2Tc
<latexit sha1_base64="2pSiF8z/IP/ch4wkWRiFbKNK/GQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUheNMp6hdCFU3Liv0Be1YMmmmDc1khiSjlKH/4caFIm79F3f+jZm2gooeuJfDOfeSm+NFjEplWR9GZmFxaXklu5pbW9/Y3Mpv7zRlGAtMGjhkoWh7SBJGOWkoqhhpR4KgwGOk5Y2uUr91R4SkIa+rcUTcAA049SlGSku3F+fF+lG9hw+PS7r38gXLrKQ4gTPiVDSxyrblONA2rSkKYI5aL//e7Yc4DghXmCEpO7YVKTdBQlHMyCTXjSWJEB6hAeloylFApJtMr57AA630oR8KXVzBqfp9I0GBlOPA05MBUkP520vFv7xOrPwzN6E8ihXhePaQHzOoQphGAPtUEKzYWBOEBdW3QjxEAmGlg8rpEL5+Cv8nzZJpO2bpplyoXs7jyII9sA+KwAanoAquQQ00AAYCPIAn8GzcG4/Gi/E6G80Y851d8APG2yelWJFV</latexit>

m(h=0)=

0, T > Tc
<latexit sha1_base64="N8lJc4+oS7ckTAxpNak4BqYJuMA=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgooSkKWo3UnTjskJf0IYwmU7aoZMHMxOlxH6KGxeKuPVL3Pk3TpoKKnouFw7n3MvcOV7MqJCm+aEVVlbX1jeKm6Wt7Z3dPb283xVRwjHp4IhFvO8hQRgNSUdSyUg/5gQFHiM9b3qV+b1bwgWNwracxcQJ0DikPsVIKsnVy2YVDqt5wfZF28WuXjGNRoZTmBO7oYhZt0zbhpZhLlABS7Rc/X04inASkFBihoQYWGYsnRRxSTEj89IwESRGeIrGZKBoiAIinHRx+hweK2UE/YirDiVcqN83UhQIMQs8NRkgORG/vUz8yxsk0j93UhrGiSQhzh/yEwZlBLMc4IhygiWbKYIwp+pWiCeIIyxVWiUVwtdP4f+kWzMs26jd1CvNy2UcRXAIjsAJsMAZaIJr0AIdgMEdeABP4Fm71x61F+01Hy1oy50D8APa2ydhK5Ir</latexit>s

Tc � T

4TcB(T )
, T < Tc

<latexit sha1_base64="m3cL1AjBOFlTzPHJ2mZGIV6s4wE="></latexit>

T

m

h=0
h≠0



Susceptibility
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� =
@m

@h
<latexit sha1_base64="m+l8b2skFRDeMQnM130hPz8ngfM="></latexit>

��1 =
@h

@m
<latexit sha1_base64="PRWV9LhDl25gHrPhQuTGUmf1bpo="></latexit>

f(m,h) =
(T � Tc)

2Tc
m2 +Bm4 � hm

<latexit sha1_base64="7COP+aNEaQuZsECpSE15SoHuLjY="></latexit>

(T � Tc)

Tc
m+ 4Bm3 = h

<latexit sha1_base64="stGDJibx+0rQE6ur+zwP/mn+hcE=">AAACCHicdVDLSgMxFM3UV62vUZcuDBahIpaZTlG7EErduKzQF7S1ZNK0DU1mhiQjlGGWbvwVNy4UcesnuPNvzLQVVPRA4HDOudzc4waMSmVZH0ZqYXFpeSW9mllb39jcMrd3GtIPBSZ17DNftFwkCaMeqSuqGGkFgiDuMtJ0x5eJ37wlQlLfq6lJQLocDT06oBgpLfXM/SjK1U5qPXwUd3wdhJHmccyPixV+41yMembWypcSnMIZcUqaWEXbchxo560psmCOas987/R9HHLiKcyQlG3bClQ3QkJRzEic6YSSBAiP0ZC0NfUQJ7IbTQ+J4aFW+nDgC/08Bafq94kIcSkn3NVJjtRI/vYS8S+vHarBeTeiXhAq4uHZokHIoPJh0grsU0GwYhNNEBZU/xXiERIIK91dRpfwdSn8nzQKedvJF66L2XJlXkca7IEDkAM2OANlcAWqoA4wuAMP4Ak8G/fGo/FivM6iKWM+swt+wHj7BKn1mSI=</latexit>

@h

@m
=

(T � Tc)

Tc
+ 12Bm2

<latexit sha1_base64="uvIe6Dz84/dVqQpwB2UtnIN7v0Y="></latexit>

��1 =
@h

@m
<latexit sha1_base64="PRWV9LhDl25gHrPhQuTGUmf1bpo="></latexit>

(T � Tc)

Tc
, T > Tc

<latexit sha1_base64="PESH9v7mLneNVnNfozj68MJyVqc="></latexit>

2
(Tc � T )

Tc
, T < Tc

<latexit sha1_base64="FqfaRlSvxRbpV5ugdIerQG4VFnY="></latexit>

The susceptibility
diverges at the
transition



Continuous phase
transitions (2nd order)
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• Order parameter goes continuously to zero

• Susceptibility diverges

f(m,h) = Am2 +Bm4 � hm
<latexit sha1_base64="M72Rs0UlwX9G/twnT28UAi3mGZI="></latexit>

B>0

<latexit sha1_base64="cTGPoUvVGBgmtSGr3p+d6i8AmOM=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWAR3DQkbWztrujGZYW+oIlhMp22QycPZiZCSbvwV9y4UMStv+HOv3H6EFT0wIXDOfdy7z1+zKiQpvmhZVZW19Y3spu5re2d3T19/6AlooRj0sQRi3jHR4IwGpKmpJKRTswJCnxG2v7oaua37wgXNAobchwTN0CDkPYpRlJJnn7k4CGFjqABnDQKDQ9PbtOCNfX0vGlYJatkn0PTqFar5UpFEbNYKhdtaBnmHHmwRN3T351ehJOAhBIzJETXMmPppohLihmZ5pxEkBjhERqQrqIhCohw0/n9U3iqlB7sR1xVKOFc/T6RokCIceCrzgDJofjtzcS/vG4i+xduSsM4kSTEi0X9hEEZwVkYsEc5wZKNFUGYU3UrxEPEEZYqspwK4etT+D9pFQ2rbNg3dr52uYwjC47BCTgDFqiAGrgGddAEGEzAA3gCz9q99qi9aK+L1oy2nDkEP6C9fQIui5WZ</latexit>

� ⇠ |T � Tc|�1



1st order phase transitions
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f(m,h) = Am2 +Bm4 + Cm6 �mh
<latexit sha1_base64="gADIpnCutA80AaSN1TUlgC+QeLY="></latexit>

B<0

Both the order parameter and the susceptibility
have a jump at Tc

ü Phase separation
üHysteresis
ü Latent heat



Ginzburg Landau
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Long-wavelengths fluctuations can be added in Landau 
theory. ϕ(x) is slowly varying. The simplest functional is:

fGL[T,�] =
c

2
(r�)2 +

r

2
�2 + g(T )�4 � h�

<latexit sha1_base64="8AzNqfxLyHbinKBFNS2Wr1MGck4="></latexit>

A new scale is introduced: Correlation length ξ
(the scale at which the fluctuations of the microscopic 
degrees of freedom are correlated). 
It diverges at Tc in second order transitions.



Correlation and susceptibility
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χ =
∂m
∂B

=
1
β

∂ 2 lnZ
∂Bj∂Biij

∑ = βµ 2 SiSj − Si Sj
ij
∑

ü Correlations can be measured!
ü At a phase transition χ diverges à infinite fluctuations

€ 

Gij = SiS j − Si S j =
1
βµ( )2

∂ 2 lnZ
∂Bi∂B j B =0

Correlation function: measure how correlated is the system 
over a certain range of space

Connected by the fluctuation-dissipation theorem

Susceptibility

Z is the partition function
B is the magnetic field



Universality
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The critical exponents depend on:
•Dimensionality of the space
•Dimensionality of the order parameter
•Symmetries of the local couplings
but not on the details of the interaction (universality).

The singular behaviour close to the critical point is
characterized by critical exponents:

C / (T � Tc)
�↵

<latexit sha1_base64="d+nlzgBGIpbOj0sgxL8bBYqjIhY="></latexit>

� / (T � Tc)
��

<latexit sha1_base64="qUFvBDGZI5/+NNSyVAmKDaeoIxM="></latexit>

⇠ / (T � Tc)
�⌫

<latexit sha1_base64="J4P8ihaGg7b2Qv3qqurNUiZknIM="></latexit>



Universality
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The singular behaviour close to the critical point is
characterized by critical exponents:

Nature Nanotechnology 14, 408 (2019)



Goldstone theorem
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Low energy excitations are possible in systems with
continuous symmetry. 

Example: Heisenberg model [invariant under O(3)]

H = �J

X

i,j

~Si
~Sj = �J

X

i,j

cos(✓i,j)
<latexit sha1_base64="kyiyXPoKTpqYkI/JS4IHmTWY8tE="></latexit>



Goldstone theorem
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Low energy excitations are possible in systems with
continuous symmetry. 

Example: Heisenberg model [invariant under O(3)]

H = �J

X

i,j

~Si
~Sj = �J

X

i,j

cos(✓i,j)
<latexit sha1_base64="kyiyXPoKTpqYkI/JS4IHmTWY8tE="></latexit>

Excitations: 
infinitesimal rotation of a single spin



Goldstone theorem
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Low energy excitations are possible in systems with
continuous symmetry. 

Example: Heisenberg model [invariant under O(3)]

H = �J

X

i,j

~Si
~Sj = �J

X

i,j

cos(✓i,j)
<latexit sha1_base64="kyiyXPoKTpqYkI/JS4IHmTWY8tE="></latexit>

Excitations: 
infinitesimal rotation of a single spin

Gapless excitation
spectrum: Goldstone
modes Magnons



Goldstone theorem
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Low energy excitations are possible in systems with
continuous symmetry. 

Example: Heisenberg model [invariant under O(3)]

Ising model (Z2 symmetry)

An excitation involves flipping a single spin (finite energy ~ J).

H = �J

X

i,j

�i�j �i = ±1
<latexit sha1_base64="2YEfxjeFZBn2zRZXzWTViHUJMzw="></latexit>

On the other hand: 



Mermin-Wagner 
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Mermin, N. D. & Wagner, H. Phys. Rev. Lett. 17, 1133–1136 (1966).

Goldstone modes gives rise to large fluctuation effects in low 
dimensions such that the ordered phase is destroyed.

The number of magnons diverges in 1D and 2D Heisenberg 
models for any T>0. 

In general, there is no phase transition for dimension d≤2 (for 
T > 0) if we have:
• Spontaneous symmetry of a continuous group
• Short range forces 
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2D magnetic materials
Nature Nanotechnology 14, 408 (2019)

FM in a 2D systems first measured in 2017 on monolayer CrI3

Mermin-Wagner doesn’t apply because of interaction anisotropies.



2D XY model : 
Berezinskii -Kosterlitz-Thouless

transition
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The XY model (2D) has continuous symmetry U(1)/O(2). 

Low T
Vortex-antivortex binding

Correlations show an algebraic decay
(quasi long range order)

High T
Free vortices

Exponential correlation decay
(disorder)

No long range order but a diverging correlation length.

Vortices (topological defects)

BKT Transition:



Interactions
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Microscopic description

Macroscopic description

Magnetic
moments

Environment

Phases Dimensionality

Symmetry Universality



Outline
• Classical Phase Transitions
• Free magnetic ions
• Environment
• Magnetic order and susceptibility
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
– Magnetism in metals

• Excitations

M.J. Calderón  calderon@icmm.csic.es32



Bibliography

• “Magnetism in Condensed Matter” S. 
Blundell, Oxford University Press 2001

• “Lecture notes on Electron Correlations and 
Magnetism” P. Fazekas, World Scientific
Publishing 1999

• “Theory of Magnetism” K. Yosida, Springer-
Verlag 1996

• “Simple models of magnetism” R. Skomski, 
Oxford University Press 2008

• “Introduction to many body physics” P. 
Coleman. Cambridge University Press 2015

M.J. Calderón  calderon@icmm.csic.es33



Outline
• Classical Phase Transitions
• Free magnetic ions
• Environment
• Magnetic order and susceptibility
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
– Magnetism in metals

• Excitations
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Free magnetic ions
electrons in incomplete shells (d or f orbitals)
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Pauli matrices

Spin angular momentum operator

Eigenvalues of Sz: ms=±1/2
Eigenvectors: 

Spinor 
representation



Magnetism originates from the magnetic moment of electrons
(angular momentum: Einstein-de Hass effect)

Free magnetic ions

M.J. Calderón  calderon@icmm.csic.es37

µB =
e
2mc

Intrinsic angular 
momentum ms

(spin quantum number s)

Orbital angular 
momentum ml
(angular momentum
quantum number l)

Note that for atomic nuclei
µN<<µB (due to the much larger mass of the proton)

ms=±1/2
g=2.0023
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An ion has a net magnetic moment if it has an incomplete atomic
shell (characterized by the atomic numbers n and l). L and S are 
zero for complete shells.

(2S+1)(2L+1) possible multiplets. L and S are constants of motion in 
the absence of spin-orbit coupling. The degeneracy is lifted by the
correlation energy (deviation of the electron-electron interaction
with respect to Hartree): maximize S and maximize L (Hund’s rules).

 nlm(r, ✓,�) = Rnl(r)Y
m
l (✓,�)

Electrons move in the effective potential created by the nucleus plus 
an average potential from the other electrons (Hartree approx)

Free magnetic ions
electrons in incomplete shells (d or f orbitals)



Spin orbit coupling
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~B =
~E ⇥ ~v

c2
~E = �rV (r) = �~r

r

dV (r)

dr

1

r

dV (r)

dr
=

Ze↵e

4⇡✏r3
Hso ⇠ Ze↵hr�3i~S · ~L

Spin orbit is more important for small r (f-electrons)
For a Hydrogen like atom, 

Interaction between the electron and the magnetic field created by the
orbiting nucleus (in the electron frame)

Hso = �1

2
~m · ~B =

e~2
2mec

2r

dV (r)

dr

~S · ~L = �~S · ~L

hr�3i ⇠ Z3

For a hydrogen like atom



Free magnetic ions
electrons in incomplete shells (d or f orbitals)
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Increasing
SO
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Free magnetic ions
Total angular momentum: J=L+S

|L-S| ≤ J ≤ L+S
With spin-orbit coupling (λLS), 
L and S are not constants of motion but J is.

For Russel-Saunders coupling (SO as a weak perturbation):

The (2S+1)(2L+1)-fold degenerate level splits into (2J+1)
degenerate (2S+1) [for L>S] or (2L+1)  [for L<S] levels.

The lowest energy state is J=L+S if the shell is more than
half filled or J=|L-S| otherwise (3rd Hund’s rule)

µeff = gJµB J(J +1) gJ =
3
2
+
S(S +1)− L(L +1)

2J(J +1)



Example d1: L=2, S=1/2
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deg:(2L+1)(2S+1)=10
J=|L-S|=3/2

J=L+S=5/2

L>S à 2S+1=2 states with degeneracy 2J+1

fine structure

deg:(2J+1)=6

deg:(2J+1)=4
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Free magnetic ions

1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full

Ground state (GS) selection: Hund’s rules

µeff = gJµB J(J +1) gJ =
3
2
+
S(S +1)− L(L +1)

2J(J +1)

2S+1LJ

L 0 1 2 3 4 5 6

S P D F G H            I
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Free magnetic ions

Mn3+  (3d)4 
ml =2

1
0

-1
-2

S=2

L=2

1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full

μeff=0
J=|L-S|=0

µeff = gJµB J(J +1)
2S+1LJ

3D0

Ground state (GS) selection: Hund’s rules



1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full
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Free magnetic ions

Dy3+  (4f)9 

ml =3
2
1
0

-1
-2
-3

S=5/2

L=5

J=5+5/2=15/2

μeff=10.63μB

µeff = gJµB J(J +1)
2S+1LJ

6H15/2

Ground state (GS) selection: Hund’s rules
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Free magnetic ions

Note

1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full

For (3d)4, we got μeff=0. 
But experimentally (in a solid) μexp=4.82μB

In contrast, for (4f)9, μeff ≈ μexp

Ground state (GS) selection: Hund’s rules
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Free magnetic ions

1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full

Environment: crystal field

Why μeff≠μexp for (3d)4 in a solid?

Ground state (GS) selection: Hund’s rules



Environment (breaking orbital 
degeneracy)

• Crystal field (CF): 
– Electrostatic interaction with electrons in surrounding ions. The

medium is not isotropic: it has the symmetry of the crystal.
– More important for d-electrons than for f-electrons because the

former are less confined.
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Free magnetic ions
electrons in incomplete shells (d or f orbitals)

M.J. Calderón  calderon@icmm.csic.es49

Large CF
Small SO

Small CF
Large SO



Environment (breaking orbital 
degeneracy)

• Crystal field
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Magnetic ion
Anion

d-electrons in cubic symmetry
(perovskite structure)

x

y
z

ABO3



Environment (breaking orbital 
degeneracy)

• Crystal field

M.J. Calderón  calderon@icmm.csic.es51

Magnetic ion
Anion

d-electrons in cubic symmetry
(perovskite structure)

x

y
z

eg

t2g

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

3Δ/5

2Δ/5



Environment (breaking orbital 
degeneracy)

• Crystal field (splitting D)
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d-electrons in cubic symmetry
(perovskite structure)

In many cases (manganites, titanates) the splitting Δ is
large compared to the bandwidth W. 

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

Δ

W Manganites LaxSr1-xMnO3
eg orbitals at EF
(t2g localized)

eg

t2g



Environment (breaking orbital 
degeneracy)

• Crystal field
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d-electrons in cubic symmetry
(perovskite structure)

In many cases (manganites, titanates) the splitting Δ is
large compared to the bandwidth W. 

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

Δ

W
Doped SrTiO3

t2g orbitals at EF



Environment (breaking orbital 
degeneracy)

• Crystal field
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d-electrons in cubic symmetry
(perovskite structure)

If the splitting Δ is small compared to the bandwidth W. 

(|x2-y2>, |3z2-r2>)
(xy,yz,zx)Δ

W
All d-orbitals at EF



Environment (breaking orbital 
degeneracy)

• Crystal field
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Magnetic ion
Anion

d-electrons in tetragonal symmetry
(perovskite structure)

x

y
z

eg

t2g

x2-y2

xy

3z2-r2

(yz,zx)
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Which orbitals are at EF is important to determine the bands
in the model. (Mott physics in multiorbital systems by Leni Bascones)

Hoppings are determined by
the symmetry of the orbitals and the lattice

Slater and Koster, Phys. Rev. 94, 1498 (1954) 
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Slater and Koster, Phys. Rev. 94, 1498 (1954) 

For instance, t2g orbitals:

txxy,xy = tyxy,xy

= tyyz,yz = tzyz,yz

= tzzx,zx = txzx,zx

t↵,� = 0

t2g orbitals don’t mix: 
three 2dim bands

If only one t2g orbital
(as for a low crystal

symmetry): 2dim 
model

In a cubic lattice (l,m,n): (1,0,0), (0,1,0), (0,0,1)

Nature 469, 189 (2011) 
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For eg orbitals

Slater and Koster, Phys. Rev. 94, 1498 (1954) 

tx,y3z2�r2,3z2�r2 = 1/4t tx,yx2�y2,x2�y2 = 3/4t

tzx2�y2,x2�y2 = 0tz3z2�r2,3z2�r2 = t

tx,yx2�y2,3z2�r2 = ±
p
3/4t

tzx2�y2,3z2�r2 = 0

eg orbitals mix. 
For Cuprates, further
splitting (tetragonal)
Cu (9±x) electrons.

x2-y2

xy

3z2-r2

(yz,zx)

Carriers on x2-y2: 
2dim band

In a cubic lattice (l,m,n): (1,0,0), (0,1,0), (0,0,1)



Environment (breaking orbital 
degeneracy)

• Crystal field
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Magnetic ion
Anion

d-electrons in a tetrahedral symmetry

x

y

z



Environment (breaking orbital 
degeneracy)

• Crystal field
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Magnetic ion
Anion

d-electrons in a tetrahedral symmetry

x

y

z

eg

t2g

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

3Δ/5

2Δ/5



Environment (breaking orbital 
degeneracy)

• Crystal field
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Magnetic ion
Anion

d-electrons in a tetrahedral symmetry

x

y

z

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

3Δ/5

2Δ/5

In iron superconductors, the splitting
Δ is small compared to the

bandwidth so all five orbitals at EF
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Γ M Y Γ X M

-2

0

2

en
er

gy
 (e

V
)

(a)

PRB 87, 075136

d-bands for iron superconductors
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Crystal field

Orbital “selection”

anisotropies



Environment (breaking orbital 
degeneracy)

• Crystal field. Calculation (sketch)
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Treat surrounding ions as point charges Vcryst =
qi

| r−Ri |i
∑

…expand for r<R

Vcryst = Klm
m=−l

l

∑
l
∑ rlPl

|m|(cosθ )eimϕ

Klm =
(l− |m |)!
(l+ |m |)!

qi
Ri
l+1

i
∑ Pl

|m|(cosθi )e
imϕi

And rewrite as a function of spherical harmonics.

Ri has the 
information of the 
crystal symmetry



Environment (breaking orbital 
degeneracy)

• Crystal field. Calculation (sketch)

M.J. Calderón  calderon@icmm.csic.es65

Treat surrounding ions as point charges

The calculations involve averages over radial wave-
functions <rn>
The results depend on the number of electrons

Calculate expected values
of atomic orbitals (also
expressed in spherical
harmonics)

〈Ψ lm (r) |Hcryst (ri ) |Ψ lm ' (r)〉

Yosida, Chapter 3.

Vcryst =
qi

| r−Ri |i
∑



Environment (breaking orbital 
degeneracy)

• Jahn-Teller: when the orbital ground state
is degenerate, a distortion in the lattice
splits orbitals to minimize energy. 

M.J. Calderón  calderon@icmm.csic.es66

O

Mn
(xy,yz,zx)

(x2-y2,
3z2-r2)

For a cubic perovskite lattice:



Environment (breaking orbital 
degeneracy)

• Jahn-Teller: when the orbital ground state
is degenerate, a distortion in the lattice
splits orbitals to minimize energy. 
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O

Mn

x2-y2
3z2-r2

xy

yz, zx
(xy,yz,zx)

(x2-y2,
3z2-r2)

For a cubic perovskite lattice:



Environment (breaking orbital 
degeneracy)

• Jahn-Teller: when the orbital ground state
is degenerate, a distortion in the lattice
splits orbitals to minimize energy. 
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x2-y2
3z2-r2

xy

yz, zx
(xy,yz,zx)

(x2-y2,
3z2-r2)

Q3



Environment (breaking orbital 
degeneracy)

• Jahn-Teller: when the orbital ground state
is degenerate, a distortion in the lattice
splits orbitals to minimize energy. 
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E = ±AQ+ 1
2
Mω 2Q2

Electronic energy

Elastic energy

x2-y2
3z2-r2

xy

yz, zx

Mn3+

Note: if you remove (Mn4+) or remove (Mn4+) one electron there is no 
energy gain by the splitting, hence there is no distortion.



Environment (breaking orbital 
degeneracy)
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Jahn-Teller distortions are cooperative. 
They may lead to structural phase transitions

Cubic to tetragonal transitions:
LaMnO3 (Ts=800K). Perovskite.
CuFe2O4 (Ts=713K). Spinel.
Mn3O4 (Ts=1443K). Spinel.
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Spinel structure 



Environment (breaking orbital 
degeneracy)
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Jahn-Teller distortions are cooperative. 
They may lead to structural phase transitions

…and orbital ordering



Environment (breaking orbital 
degeneracy)
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Jahn-Teller distortions are cooperative. 
They may lead to structural phase transitions

and orbital ordering

Orbital order in manganites
(0.5 e- per Mn)

Salafranca et al, PRB (2008)



Environment (breaking orbital 
degeneracy)
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Jahn-Teller distortions are cooperative. 
They may lead to structural phase transitions

and orbital ordering

At high temperatures: 
dynamic Jahn-Teller effect



Why μeff≠μexp for (3d)4 in a solid?
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Free magnetic ions

1. Maximize S
2. Maximize L

3. Minimize spin-orbit energy:
J=|L-S| if shell is less than half-full
J=L+S if shell is more than half full

Ground state (GS) selection: Hund’s rules

Mn3+  (3d)4 
l =2

1
0

-1
-2

S=2

L=2 μeff=0
J=0

3D0

But experimentally μexp=4.82μB



Orbital quenching
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• If we considered L=0 for (3d) ions

µeff = gJµB J(J +1) gJ =
3
2
+
S(S +1)− L(L +1)

2J(J +1)

µeff = gJµB S(S +1) gJ = 2

With L=0, for (3d)4 we would get μeff=4.89 μB
(experimentally μexp=4.82 μB)

(diff between μeff and μexp due to finite orbital angular momentum)



Orbital quenching
Experimental observation: When crystal
field effects are larger than spin-orbit

coupling (as for 3d ions), the ground state
is such that L=0. Why?
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<GS|L|GS> must be real

L is purely
imaginary

Non-degenerate
GS is real 

(is an eigenfunction of the crystal field)

<GS|L|GS> =0    



Orbital quenching

M.J. Calderón  calderon@icmm.csic.es79

NOTE:

For degenerate levels, you can define the d-levels in different
basis involving any combination of the angular momenta

involved.

When the eg and t2g levels are split by crystal field, you can 
only make combinatios within the restricted set of 

degenerate levels. In the eg sector, any combination leads to 
L=0. In the t2g sector, you can choose a combination with
Lz=1. Therefore, 1 electron in a t2g level has a partially

quenched orbital.



Spin-orbit coupling for d-atoms
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• Partially restores the quenched orbital momentum
• Induces magnetic anisotropy (the spin feels, through

the orbital, the orientation of the crystal axes).



Spin-orbit coupling for d-atoms
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⇤µ⌫ =
X

n

h0|Lµ|nihn|L⌫ |0i
En � E0

HS =
X

µ⌫

2µBHµ(�µ⌫ � �⇤µ⌫)S⌫ � �
2
Sµ⇤µ⌫S⌫ � µ

2
BHµ⇤µ⌫H⌫

Start from a quenched orbital (L=0) and introduce LS and 
magnetic field within second order perturbation theory

Induced orbital moment

gµ⌫/2

Anisotropy spin Hamiltonian



The anisotropy spin Hamiltonian can be written:
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• H lifts the (2S+1) degeneracy.
• The first term: 

• For integer S, splitting into doubly degenerate Sz=±S, ±(S-
1)… ±1, and non-degenerate 0.

• For half-integer S, splitting into doubly degenerate Sz=±S, 
±(S-1)… ±1/2. 

• Sx
2 and Sy

2 produce transitions ΔSz=±2. Therefore the second
term further splits the levels for integer S. 

• For half integers (ΔSz=±2 not possible): Kramers doublet.
• Kramers degeneracy holds as long as the Hamiltonian is

invariant under time reversal (and lifted by, for instance, 
Zeeman energy)

H = DS
2
z + E(S2

x � S
2
y)

Spin-orbit coupling for d-atoms



Crystal field for f-atoms

• Crystal field is weak so you have to start from
the total angular momentum predicted by third
Hund’s rule: (2J+1) degeneracy. This degeneracy
is usually lifted by the weak crystal field as a 
(2J+1) degeneracy is too large. 

• We have to work with total angular momentum
J rather than L. In principle J could be 
quenched but in practice the crystal field is so 
small that an external magnetic field or an
exchange field can change the relative position 
of the levels. 
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L=0 (orbital quenching)
S relevant

SO coupling
J relevant



Three energy scales to determine local 
moments in a solid

– Hund’s coupling (local exchange)
– Crystal field (environment)

– Spin-orbit coupling
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Crystal field vs 
Hund’s coupling
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Crystal field > JH

3d6

Crystal field < JH

S=0 S=2
Crystal fields may be changed with pressure

Low spin state High spin state

cf

JH

cf JH



Crystal field vs 
spin-orbit coupling
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3d ions: crystal-field >> spin-orbit coupling
4f and 5f ions: crystal-field << spin-orbit coupling

Ce 3+ (4f1)

L=3
S=1/2
(x14)

mJ=±3/2

mJ=±5/2, ±7/2

mJ=±1/2

mJ=±5/2, ±7/2

mJ=±3/2

mJ=±1/2
mJ=±5/2 5meVJ=5/2 (x6)

J=7/2 (x8)

0.3eV

SO CF



Crystal field vs 
spin-orbit coupling
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3d ions: crystal-field >> spin-orbit coupling
4f and 5f ions: crystal-field << spin-orbit coupling
4d-5d: crystal-field ≈ spin-orbit coupling

Kim et al, PRL 101, 076402 

5d5



Three energy scales to determine local moments
– Hund’s coupling (local exchange)
– Crystal field (environment)
– Spin-orbit coupling

M.J. Calderón  calderon@icmm.csic.es89

3d ions: 
• Crystal field >> spin-orbit coupling

• orbital quenching (L=0)
• Crystal field vs Hund’s coupling: low spin-high spin
4f-5f:
• Crystal field << spin-orbit coupling
• Large total magnetic moments J
4d-5d: All scales relevant. U competes with LS



Outline

• Free magnetic ions
• Environment
• Magnetic order and phase transitions
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
–Magnetism in metals

• Excitations

M.J. Calderón  calderon@icmm.csic.es90



Susceptibility

Response to a perturbation (e.g. external field). 
In general χ(r,t) [or χ(q,ω)]

M.J. Calderón  calderon@icmm.csic.es91

χ =
∂M
∂HHere: magnetic susceptibility

A measure of correlations

�ij =
(gµB)2

kT
(hSiSji � hSiihSji)
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An atom in a magnetic field
(non-interacting moments)

H =
ZX

i=1

 
[~pi + e ~A(~ri)]2

2me
+ Vi

!
+ gµB

~B · ~S =

X

i

✓
p2i
2me

+ Vi

◆
+ µB(~L+ g~S) · ~B +

e2

8me

X

i

( ~B ⇥ ~ri)
2

Paramagnetic term. χ > 0
A magnetic field aligns local magnetic moments J
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Paramagnetic susceptibility
X

i

✓
p2i
2me

+ Vi

◆
+ µB(~L+ g~S) · ~B +

e2

8me

X

i

( ~B ⇥ ~ri)
2

Z = eµBB/kBT + e−µBB/kBT

F = −kBT ln Z

M = −
∂F
∂B
#

$
%

&

'
(
T

Partition function

Free energy

Magnetization
gμBB

mJ=-1/2

mJ=1/2J=1/2

Magnetic susceptibility

χ =
∂M
∂H

∝
1
TCurie’s Law

In 2nd order perturbation theory
there is another contribution to the

paramagnetic susceptibility (van 
Vleck). Relevant when J=0. Small and 

independent of T. 
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An atom in a magnetic field
(non-interacting moments)

H =
ZX

i=1

 
[~pi + e ~A(~ri)]2

2me
+ Vi

!
+ gµB

~B · ~S =

X

i

✓
p2i
2me

+ Vi

◆
+ µB(~L+ g~S) · ~B +

e2

8me

X

i

( ~B ⇥ ~ri)
2

Diamagnetic term. χ< 0
• Orbital effect
• Usually weak: relevant when there are no unpaired

electrons.
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Diamagnetic susceptibility
X

i

✓
p2i
2me

+ Vi

◆
+ µB(~L+ g~S) · ~B +

e2

8me

X

i

( ~B ⇥ ~ri)
2

Apply Bz. For a spherically symmetric atom

�E0 =
e2B2

8me

ZX

i=1

h0|(x2
i + y2i )|0i =

e2B2

12me

ZX

i=1

h0|r2i |0i

M = �@F

@B
= �N

V

@�E0

@B
= �Ne2B

6meV

ZX

i=1

hr2i i

• r is the ionic radius
• Independent of T� / �Ze↵r

2



Magnetic order
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Broken symmetry: rotational symmetry

Now let the magnetic moments interact…

But note: there can be a magnetocrystalline
anisotropy (easy axes/hard axes), originated
by spin-orbit coupling, that would reduce 
the rotational symmetry. 



Magnetic order
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Now let the magnetic moments interact…

Given a pair of magnetic moments, they can interact
ferromagnetically (FM) or antiferromagnetically (AF).



Magnetic order
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Different orders
Ferromagnetism FM Antiferromagnetism AF

Helical (J1, J2) 
Ferrimagnetism Spin glass

Néel order

?
Frustration
(non-bipartite lattice)



Frustration
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?

Anderson proposed quantum spin-liquid
(resonating valence bond)  

Pairs of spins correlated in singlets with
no long range magnetic order and no spontaneously
broken symmetry.

Materials Research Bulleting 8, 153 (1973)



Spin glasses
Due to randomness:
• Site randomness
• Bond randomness (between 2 different magnetic ions

which are distributed randomly)
• Random magnetic anisotropies in amorphous materials.

M.J. Calderón  calderon@icmm.csic.es100

Cooperative freezing transition: 
the system freezes in one of its
many possible ground states



Magnetic order
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Order parameter
Ferromagnetism FM Antiferromagnetism AF

Magnetization

Mz = limHà0<Sz>

Staggered magnetization

Mst=<ΣASz>-<ΣBSz >
Sublattices A,B



Magnetic order
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Order parameter
Ferromagnetism FM Antiferromagnetism AF

Magnetization

Mz = limHà0<Sz>
Staggered magnetization

Mst=<ΣASz>-<ΣBSz >
Spin glass

q = lim t→∞ Si (0)Si (t) T C

Order parameter à 0 at phase transitions

(freezing)
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FM Q=(0,0)

é é

é é

AF Q=(π/a,π/a)

é ê é ê

ê é ê é

é è ê ç éQ=π/2a

é ì è î ê í ç ë éQ=π/4a

The different orders can be characterized
by a wave-vector

a
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FM Q=(0,0)

é é

é é

AF Q=(π/a,π/a)

é ê é ê

ê é ê é

é è ê ç éQ=π/2a
Q can be incommensurate with the lattice

The different orders can be characterized
by a wave-vector

a

Blundell’sbook



Susceptibility: FM
In mean field, the magnetization of a FM system
produces an effective molecular field Bmf=λM
(typically much larger than any applied field)
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χ ∝
1
T
→

1
T −Tc

For T>Tc 

T

χ

PM
FM

Tc

é é

é é

Curie-Weiss law



Susceptibility: AF
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χ ∝
1

T +TN

For an AF there is a different molecular 
field for each sublattice, B+ and B-

é ê é ê

ê é ê é

For T>TN

T

χ

PM
FM

AF

Tc



Susceptibility: AF
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For an AF there is a different molecular 
field for each sublattice, B+ and B-

For T<TN
c depends on the
direction of the
applied field.

T

χ χperp

χpar TN
é ê é ê

ê é ê é



Outline

• Free magnetic ions
• Environment
• Magnetic order and susceptibility
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
–Magnetism in metals

• Excitations
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Interactions

Different mechanisms

1. Localized moments. Heisenberg model.

2. Localized moments + itinerant electrons.

3. Itinerant electrons. Fermi surface
instability.
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Interaction between
localized moments

Magnetic dipolar interactions too weak to
explain typical magnetic critical temperatures

M.J. Calderón  calderon@icmm.csic.es110



Interaction between
localized moments

EXCHANGE 
Heisenberg model Σij J Si Sj

• J is the exchange parameter. 
• J>0, AF. J<0, FM.
• Strong interaction: it arises from

Coulomb interactions between electrons.  
• Intra-atomic exchange: Hund’s coupling JH

M.J. Calderón  calderon@icmm.csic.es111



Hamiltonian: electrons in a lattice (bands)
+ electron-electron interaction
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Interaction between
localized moments

H = T +V (r)+ e
2

r12

Heisenberg
model H = J Si

i, j
∑ S j



Direct exchange
(or potential exchange)

• Basic idea: electron-electron repulsion energy
is minimized when two electrons have the same
spin (due to Pauli exclusion principle the
electrons are as further away as possible). 

• Therefore, direct exchange is ferromagnetic.
• Between orthogonal orbitals. 
• Hund’s coupling is an onsite direct exchange.
• Heisenberg 1928. 

M.J. Calderón  calderon@icmm.csic.es113



Direct exchange
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Ψ*∫∫ (r1)Ψ
*(r2 )

e2

r12
Ψ(r2 )Ψ(r1)dτ1dτ 2

Expand Ψ(r) in terms of orthogonal wave functions localized
at the magnetic ions ϕn(r). No double occupancy is allowed. 

Two kinds of terms arise:

φn
*∫∫ (r1)φn '

*(r2 )
e2

r12
φn ' (r2 )φn (r1)dτ1dτ 2

− φn
*∫∫ (r1)φn '

*(r2 )
e2

r12
φn (r2 )φn ' (r1)dτ1dτ 2

Cn,n’ Coulomb int. 
between electrons
at n and n’ ions

Jn,n’ Exchange int. 
Due to Fermi statistics
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In second quantization Jn,n’ ans
+

s,s '
∑ ans 'an 's '

+ an 's

Jn,n’ is always +ve: Ferromagnetism

sz =
1
2
(a↑

+a↑ − a↓
+a↓)

sx + isy = a↑
+a↓ ; sx − isy = a↓

+a↑

−Jn,n '
1
2
+ 2sn ⋅ sn '

#

$
%

&

'
(Heisenberg:

Direct exchange



• But note: The same mechanism gives
antiferromagnetism if the orbitals involved are 
non-orthogonal !

• The simplest example: The H2 molecule ground state
is a spin-singlet (Wigner’s theorem for the 2-
electron problem: the ground state does not have a 
node)

M.J. Calderón  calderon@icmm.csic.es116

H = T1 −
e2

ra1
+T2 −

e2

rb2
−
e2

ra2
−
e2

rb1
+
e2

r12
+
e2

rab

Exchange = 2 S
2Cab − Jab
1− S4

Direct exchange

The exchange is the difference between the energy of the
spin-singlet and the spin-triplet

S here is the overlap!
S=0 for orthogonal orbitals



• But note: The same mechanism gives
antiferromagnetism if the orbitals involved are 
non-orthogonal !

• The simplest example: The H2 molecule ground state
is a spin-singlet (Wigner’s theorem for the 2-
electron problem: the ground state does not have a 
node)

• Wigner’s theorem does not apply to our magnetic
ions because a shell in a 3d2 configuration is not a 
2-electron problem! 

M.J. Calderón  calderon@icmm.csic.es117

Direct exchange



Kinetic exchange
• Basic idea: due to virtual electron transfers. 

Consider hopping as a perturbation and go to
second order perturbation theory. 

• Kramers 1934. Formalized by Anderson 1950.
• Kinetic exchange is antiferromagnetic.
• Start from single band Hubbard Hamiltonian (on-

site interactions) with U>>t. (The strong interacting
limit of the Hubbard model is an AF Heisenberg
model)
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H = − tij
ijσ
∑ (ciσ

+ cjσ + cjσ
+ ciσ )+U nj↑

j
∑ nj↓



Kinetic exchange
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• Treat kinetic energy in second-order
perturbation (one band model) 

i j

e e

e
e1

ee2



Kinetic exchange
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• Treat kinetic energy in second-order
perturbation (one band model) 

i j For this process to
take place you need
antiparallel moments
(Pauli principle)

ΔE2 = −
| tij |

2

Ui, j
σ ,σ '

∑ aiσ
+ ajσajσ '

+ aiσ '
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sz =
1
2
(a↑

+a↑ − a↓
+a↓)

sx + isy = a↑
+a↓ ; sx − isy = a↓

+a↑

Heisenberg:

Kinetic exchange

ΔE2 = −
| tij |

2

Ui, j
σ ,σ '

∑ aiσ
+ ajσajσ '

+ aiσ '

ΔE2 =
| tij |

2

Ui, j
σ ,σ '

∑ −
1
2
+ 2si ⋅ sj

%

&
'

(

)
*

Antiferromagnetic



M.J. Calderón  calderon@icmm.csic.es122

H = − tij
ijσ
∑ (ciσ

+ cjσ + cjσ
+ ciσ )+U nj↑

j
∑ nj↓

Hubbard model

U>>t

At half-filling
(1 electron per site) J

X

i,j

~Si
~Sj

Away from
half-filling

Heisenberg model

t-J model
�
X

ij�

tij(b
+
i�bj� + b+j�bi�) + J

X

ij

~Si
~Sj

Hopping only between an empty and a filled site. 

J = 4|t|2/U



Superexchange
Exchange mediated by an anion: Edirect+Ekin. 

M.J. Calderón  calderon@icmm.csic.es123

O2-

From this, SE is antiferromagnetic but…

Note that we are assuming half-filling (1 electron per site) 



Superexchange is AF when the virtual hopping
involves overlapping half-filled orbitals while it can
be FM when:

• overlap is zero: tij=0
(note that tij depends on the
orientation of the M-O-M bonds)

Goodenough-Kanamori rule

M.J. Calderón  calderon@icmm.csic.es124

http://www.scholarpedia.org/article/Goodenough-Kanamori_rule

Ekin = −
| tij |

2

Ui, j
σ ,σ '

∑ aiσ
+ ajσajσ '

+ aiσ '

Kanamori, 
J. Phys. Chem. Solids 10, 87 (1959)
Goodenough, PR 100, 564 (1955)



Superexchange is AF when the virtual hopping
involves overlapping half-filled orbitals while it can
be FM when:
• overlap is zero: tij=0

• it involves transfers between a half-filled and an
empty orbital. Kinetic exchange can be FM
because it is not restricted by Pauli principle.
(Related to double exchange – see later)

Goodenough-Kanamori rule
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http://www.scholarpedia.org/article/Goodenough-Kanamori_rule



Superexchange is AF when the virtual hopping
involves overlapping half-filled orbitals while it can
be FM when:
• overlap is zero: tij=0
• it involves transfers between a half-filled and an

empty orbital.
• *in multiorbital systems:

Goodenough-Kanamori rule
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http://www.scholarpedia.org/article/Goodenough-Kanamori_rule

* Generalization
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For multiorbital systems

Spin rotational invariance: 
U’=U-2JH J’=JH



Superexchange is AF when the virtual hopping
involves overlapping half-filled orbitals while it can
be FM when:
• overlap is zero: tij=0
• it involves transfers between a half-filled and an

empty orbital.
• *in multiorbital systems: the onsite interaction for

electrons in different orbitals is U’ – JH (and 
U’=U-2JH),    Jkin = -t2/(U-3JH)

Goodenough-Kanamori rule

M.J. Calderón  calderon@icmm.csic.es128

http://www.scholarpedia.org/article/Goodenough-Kanamori_rule

* Generalization
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For multiorbital iron
superconductors, the sign
of exchange depends on the
parameters (JH, U, crystal
field. The anisotropies in 
the hoppings are included).

Physical Review B 86, 104514 (2012).

J1

J2

J2>J1/2
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Goodenough-Kanamori rule:
consequences

• Superexchange can be of different
strengths and signs in the different
directions of the crystal. The crystal
symmetry and the orbitals symmetry has 
to be taken into account (Slater-Koster). 

• Associated to orbital order (competing
sometimes with Jahn-Teller distortions) 

Slater and Koster, Phys. Rev. 94, 1498 (1954) 

Millis, PRB 55, 6405 (1997).



Example:
Manganites
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Tokura, Rep. Prog. Phys. 69, 797 (2006)

AO

Mn

Interplay of spin, orbital and lattice
Kanamori, J. Phys. Chem. Solids 10, 87 (1959)

Goodenough, PR 100, 564 (1955)

Millis, PRB 55, 6405 (1997).



Example:
Manganites
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Tokura, Rep. Prog. Phys. 69, 797 (2006)
Interplay of spin, orbital and lattice

Kanamori, J. Phys. Chem. Solids 10, 87 (1959)
Goodenough, PR 100, 564 (1955)

Type A: Q=(0,0,π)

Type C: Q=(π, π,0)



Anisotropic exchange
(for d-orbitals) 

It’s a kind of superexchange in which the excited intermediate
state is not due to an interceding anion but to an excited state
produced by spin-orbit interaction in one of the magnetic ions.

Dzyaloshinskii-Moriya
D=0 with inversion symmetry between the 2 ions
D direction depends on symmetry
Causes AF spins to cant by a small angle: weak
ferromagnetism. Examples: α-Fe2O3, MnCoO3, 
RFeO3 (R: rare-earth).
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K. Yosida’sbook.

HDM =D ⋅ (S1 ×S2 )

H ' = λ(L1 ⋅S1)+λ(L2 ⋅S2 )+Vexch



Interactions

Different mechanisms

1. Localized moments. Heisenberg model.

2. Localized moments + itinerant electrons. 

3. Itinerant electrons. Fermi surface instability.
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Itinerant electrons coupled to
localized moments
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• Kondo Lattice

H = − tij (
i, j,σ
∑ ciσ

+ cjσ + cjσ
+ ciσ )− Jlocal Si ⋅ si

i
∑

See Kondo regime in Ramon Aguado’s lectures
For f-electrons SàJ

• Kondo model (coupling to magnetic impurities)

H = − tij (
i, j,σ
∑ ciσ

+ cjσ + cjσ
+ ciσ )− JlocalS ⋅ s



• Kondo model (coupling to magnetic impurities)

Basic idea: the local exchange with an impurity
polarizes the surrounding Fermi sea which carries
this information to other magnetic impurities.
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H = − tij (
i, j,σ
∑ ciσ

+ cjσ + cjσ
+ ciσ )− JlocalS ⋅ s

Itinerant electrons coupled to
localized moments

How effective is this process of the magnetic
polarization of the Fermi sea? à susceptibility



Paramagnetic susceptibility
of conduction electrons

In a uniform magnetic field
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EF

ρé(E) ρê(E)=½ρ(E)

M=μB(né-nê)
χPauli =

1
2
g2µB

2ρ(EF )

H

½ g ρ(EF)μBH

gμBH

Pauli PM only affects
electrons close to EF.
Constant with T.



PM susceptibility in a non-
uniform magnetic field
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H (r) = Hq
q
∑ e−iq⋅r Consider the perturbative effect

of Hq on the electron spin

M(r)=μB(|Ψk+(r)|2-|Ψk-(r)|2)

 k±(r) =
1p
V

✓
eik·r ± gµ0µBHq

4


ei(k+q)·r

Ek+q � Ek
+

ei(k�q)·r

Ek�q � Ek

�◆
|±i

Within first order perturbation theory on a plane wave 
state

χq = χPauli f
q
2kF

!

"
#

$

%
&

Mq
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PM susceptibility in a non-
uniform magnetic field
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H (r) = Hq
q
∑ e−iq⋅r Consider the perturbative effect

of Hq on the electron spin

χq = χPauli f
q
2kF

!

"
#

$

%
&

f (x) = 1
2
1+1− x

2

2x
log 1+ x

1− x
"

#
$

%

&
'

(3dim)
Linhard function

(in momentum space)



• Kondo model (coupling to magnetic impurities)

Basic idea: the local exchange with an impurity
polarizes the surrounding Fermi sea which carries
this information to other magnetic impurities.
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H = − tij (
i, j,σ
∑ ciσ

+ cjσ + cjσ
+ ciσ )− JlocalS ⋅ s

Itinerant electrons coupled to
localized moments



RKKY exchange
Rudderman-Kittel-Kasuya-Yosida

M.J. Calderón  calderon@icmm.csic.es141

A magnetic impurity with local exchange amounts to
having a local external field: H(r) ~ δ(r) 
Jlocal can be JH or s-d or s-f exchange. Hq =

2Jlocal
NgµB

Sz

Real space susceptibility: 
Friedel oscillations λ=2π/kF

χ (r) = 1
(2π )3

d3∫ q χqe
iq⋅r

=
2k

F

3χP

π
F(2kFr)

F(x) = −xcos x + sin x
x4

χq = χPauli f
q
2kF

!

"
#

$

%
&

Colem
an’sbook



RKKY exchange
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ψ↑

2
− ψ↓

2
∝ JlocalF(2kFr)

The conduction electron interacting with the single 
magnetic impurity suffer a spin polarization that
depends on distance

Now this polarized cloud interacts with another
magnetic impurity

JRKKY ∝ Jlocal
2 F(2kFr)

(The sign of Jlocal does not matter)

JRKKY oscillates with distance: A local magnetic moment
produces a wave-like local perturbation.



RKKY exchange
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JRKKY ∝ Jlocal
2 F(2kFr)

(The sign of Jlocal does not matter)

JRKKY oscillates with distance: A local magnetic moment
produces a wave-like local perturbation.
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Nature Physics 8, 497–503 (2012) 

RKKY exchange

Fe atoms on Cu(111)



Note that if kFr is small, JRKKY is FM. 
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RKKY exchange



• Spin glass in CuMn (Mn is random in Cu lattice).
• FM in diluted magnetic semiconductors, like

(Ga,Mn)As or diluted magnetic oxides as (Ti,Co)O2

M.J. Calderón  calderon@icmm.csic.es146

(Important for spintronics, 
where you need carriers to
be spin polarized).

RKKY exchange

RKKY competes with Kondo effect (R. Aguado’s Lectures)



Carriers are bound (not-itinerant!) electrostatically
by the Coulomb potential and the spin-polarization
is a secondary phenomenon. Polaron: FM cloud.
Proposed for diluted magnetic semiconductors. 
Percolation à Tc

Other effects of local exchange: 
Bound magnetic polarons
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Due to the local exchange, the
size of the bound electron
wave-function Rp depends on T 
as

Annals of Physics 322, 2618 (2007)



Carriers are self-trapped by a FM cloud they
have formed themselves in a background of 
disordered spins (above the FM Tc). Low carrier
density is required. Can also form in an AF 
background

Some pyrochlores
EuB6
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PRB 62, 3368 (2000)

Other effects of local exchange: 
Free magnetic polarons



Double exchange
(Jlocalà∞ limit of Kondo lattice) 
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ab
a s b s

a b s

+å å å†
i, , j, , H i i

, i,j, i
t c c J Ss JH→∞

# →### t
ij
αβ

α,β
∑

i,j
∑ d

iα
† d

jβ

JHà ∞ implies the spin of the conduction
electrons is always parallel to the localized spin

This model was proposed for manganites
A1-xA’xMn3+1-xMn4+xO3

C. Zener, Phys. Rev. 82, 403, (1951)
P. W. Anderson y A. Hasegawa , Phys Rev  100, 675 (1955)



Double exchange
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ab
a s b s

a b s

+å å å†
i, , j, , H i i

, i,j, i
t c c J Ss JH→∞

# →### t
ij
αβ

α,β
∑

i,j
∑ d

iα
† d

jβ

C. Zener, Phys. Rev. 82, 403, (1951)
P. W. Anderson y A. Hasegawa , Phys Rev  100, 675 (1955)

Kinetic exchange with real 
(not virtual) electron hopping

Promotes FM with metallicity
(as observed in manganites)

ij

ijt t cos
2

ab ab qæ ö
= ç ÷

è ø
Note: spinless Hamiltonian



Double exchange
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C. Zener, Phys. Rev. 82, 403, (1951)
P. W. Anderson y A. Hasegawa , Phys Rev  100, 675 (1955)

A1-xA’xMn3+1-xMn4+xO3 (x≠0 or 1 à mixed valency)

Tc proportional to
number of carriers

(actually, manganites are 
governed by a much more 
complex Hamiltonian and 
DE competes with AF 
superexchange)

Phys. Rev. B 58, 3286 (1998)



Half-metal: metallic conduction for one
spin electrons but insulator for the other
spin electrons.

Useful for spintronics.

Double exchange
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Manganites
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PRL 75, 3336 (1995)

• Double exchange among the eg electrons. 
• AF superexchange among the t2g electrons.
• Jahn-Teller interactions. 

(|x2-y2>, |3z2-r2>)

(xy,yz,zx)

Δ

W



Interactions

Different mechanisms

1. Localized moments. Heisenberg model.

2. Localized moments + itinerant electrons. 

3. Itinerant electrons. Fermi surface instability.

M.J. Calderón  calderon@icmm.csic.es154



Itinerant ferromagnetism: 
spontaneouly spin-split bands
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Question: Is it energetically favourable to have a 
spin imbalance for the itinerant electrons? 
In mean-field, a polarized electron gas produces 
a molecular field (similar to an external field) 
which magnetizes the electron gas - Pauli PM). 

Spin imbalance is
• non favoured in terms of 

kinetic energy
• favoured by the interaction

with the molecular field.kFé

kFê



Itinerant magnetism
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H = εk
kσ
∑ nkσ +U nj↑

j
∑ nj↓ −

gµBH
2

(nj↑ − nj↓
j
∑ )

Hubbard
model in a 
magnetic field

nj↑n j↓→ nj↑ n j↓ + nj↓ n j↑ − n j↑ n j↓nj↑,↓ =
n
2
±m

Ε(m) = ερ(ε)dε +
µ↑

∫ ερ(ε)dε +
µ↓

∫ U n2

4
−m2&

'
(

)

*
+− gµBHm

Energy
density

At some value of U, -m2U will favour a finite magnetization m
(polarizing the spins makes them less likely to meet)

Fazekas’sbook



Itinerant magnetism
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H = εk
kσ
∑ nkσ +U nj↑

j
∑ nj↓ −

gµBH
2

(nj↑ − nj↓
j
∑ )

Hubbard
model in a 
magnetic field

U ρ(EF) = 1  (Stoner criterium for itinerant FM)

χ =
χPauli

1−Uρ(EF )
Calculate susceptibility

(Pauli susceptibility is enhanced by electron-electron interaction)

Stoner
enhancement

Band narrowing and peaks in ρ(EF) promote FM



Itinerant magnetism
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If Stoner criterium is marginally satisfied: 

• Nearly FM metals (very large susceptibility)
Example: Pd  
U ρ(EF) ~0.9. 
Alloying with 0.1% Fe or Co, turns Pd FM

• Weak (m<<n) itinerant ferromagnetism
Example: ZrZn2 (neither Zr nor Zn is magnetic)

Itinerant FM: Fe, Co, Ni, and alloys YCo5, La2Fe14B



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting

Generalized susceptibility: Stoner criterium for
finite q. For a non-uniform magnetic field we
calculated a q dependent
susceptibility
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χ
q

(0) = χPauli f
q
2kF

!

"
#

$

%
&

In the presence of Coulomb interactions

χ
q
=

χ
q

(0)

1−αχ
q

(0) =

χPauli f
q
2kF

"

#
$

%

&
'

1−Uρ(E F ) f
q
2kF

"

#
$

%

&
'

Χq
(0)

S. Blundell, OUP



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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If χq
(0) diverges, you can have a collective mode even for

very weak electron-electron interaction U. The instability
that sets in is the one corresponding to the lowest U.

Coleman’s book

V (r) = V (q)eiqr
q
∑

Reminder: a metal is in the
degenerate limit T<<EF
Excitations around EF

EF

q=0q≠0



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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For a parabolic band you can have
excitations at all possible q. q=0 is
going to dominate (max χ at q=0)

However, if there are sectors of the Fermi surface that
are connected by the same q, the maximum of the
susceptibility can be at that particular q: nesting.

EF

q=0q≠0



Nesting in 1d
In 1d there is always nesting at q=2kF

Peierls instability: dimerization and charge
density wave. 
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Kohn anomaly

For d>1, the nesting condition is more restrictive
S. Blundell, OUP



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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Special case: Square lattice

ε(k)=-2t(coskx+cosky) 



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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ε(k)=-2t(coskx+cosky) 

For an incommensurate filling:
The Fermi surface is similar to
the parabolic bands: no nesting

Special case: Square lattice



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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ε(k)=-2t(coskx+cosky) 

For half filling (1 e- per site)

π/a-π/a kx

ky

-π/a

π/a

q
There is perfect nesting with q=(π/a,π/a)

Special case: Square lattice



Instabilities with wave-vector q≠0. 
Spin density waves. Nesting
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a

π/a-π/a kx

ky

-π/a

π/a

q

Folding of 
Brillouin zone

AF: Doubling of 
unit cell

A gap opens at the zone boundary: 
the system is insulating at half-
filling even in the weak coupling
regime if there is perfect nesting.
(Slater insulator)
Note that we have used U=0!!
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Instabilities with wave-vector q≠0. 
Spin density waves. Nesting

In general,  q can be an incommensurate vector

S. Blundell’s book
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Q=(0,0,1-δ) 2π/a  (0.037 < δ < 0.048)

RMP 60, 209 (1988)

Example: SDW in Cr

Instabilities with wave-vector q≠0. 
Spin density waves. Nesting

The SDW does not open a gap over the
entire Fermi surface: the system is metallic



• Nesting can lead to different Fermi surface instabilities
(charge density wave, superconducting pairing) that
would compete with the spin-density wave. 
The one with the largest Tc would set in.

• Incommensurate instabilities sometimes suffer “lock-in” 
transitions becoming commensurate at low
temperatures.
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Example: CaFe4As3

k=(0,δ,0)

PRB 81, 184402 (2010)



Lock in transitions
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Ginzburg-Landau formalism

Complex order parameter

Free energy

Elastic term Umklapp term



Lock in transitions
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q0 is the incommensurate nesting vector. 

Elastic term favours r� = q0

Umklapp term favours

INCOMMENSURABILITY

COMMENSURABILITY

n is the period of the lattice
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For n>2, at high T, ρ is small and the elastic term
wins. At lower T, ρ is large and the Umklapp term
wins.

Lock in transitions



Outline

• Free magnetic ions
• Environment
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
–Magnetism in metals

• Excitations
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Excitations: spin waves
Low T excitations of a Heisenberg model

(localised moments)

Breaking a global continuous symmetry. 
(Goldstone theorem): it is possible to produce 

long-wavelength excitations in the order
parameter with a vanishingly small energy cost. 

Excitations are (massless) Goldstone bosons. 

M.J. Calderón  calderon@icmm.csic.es174



Excitations: spin waves
Low T excitations of a Heisenberg model

(localised moments)
In a FM: flip a single spin. The new eigenstate is
a state with a wave of spins. 

M.J. Calderón  calderon@icmm.csic.es175

http://www.uni-muenster.de/

This excitation can be described as the formation of a 
bosonic quasiparticle called magnon



Excitations: spin waves
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H = −2J Si
i
∑ Si+1 = −2J Si

zSi+1
z +

1
2
Si
+Si+1

− + Si
−Si+1

+( )#

$%
&

'(i
∑

For a ferromagnetic Heisenberg model

To create an excitation: flip spin j j = Sj
− φ

S± = Sx ± iSy

j



Excitations: spin waves
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H = −2J Si
i
∑ Si+1 = −2J Si

zSi+1
z +

1
2
Si
+Si+1

− + Si
−Si+1

+( )#

$%
&

'(i
∑

For a ferromagnetic Heisenberg model

To create an excitation: flip spin j j = Sj
− φ

|j> is not an eigenstate of H: 
diagonalize the Hamiltonian by
looking for plane-wave solutions

q =
1
N

eiqRj
j
∑ j

E(q) = −2NJS2 + 4JS(1− cosqa)

S± = Sx ± iSy



Excitations: spin waves
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E(q) = −2NJS2 + 4JS(1− cosqa) ω ≈ 2JSq2a2

Gapless
Goldstone modes

small q

Goldstone theorem: if a continuous symmetry is
spontaneously broken and the forces are sufficiently
short ranged, there must be a branch of excitations with
the property that the energy vanishes for qà0. 



Excitations: spin waves
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E(q) = −2NJS2 + 4JS(1− cosqa)

At low T: M(T) ≈ 1-aT3/2

In 3dim the density
of states is

ω ≈ 2JSq2a2

ρ(q)dq∝q2dq

nmagnon =
ρ(ω)dω

exp(ω / kBT )−10

∞

∫ ∝T 3/2

Bloch T3/2 law

Gapless
Goldstone modes

small q



Excitations: spin waves
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Blundell’s book

At low T: M(T) ≈ 1-aT3/2

Bloch T3/2 law

Close to Tc, critical 
exponent 1/2



Excitations: spin waves
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In 2dim and 1dim nmagnon diverges à spontaneous FM 
is not possible for isotropic 1dim and 2dim Heisenberg

models (Mermin-Wagner-Berezinskii theorem)

E(q) = −2NJS2 + 4JS(1− cosqa) ω ≈ 2JSq2a2small q

nmagnon =

Z 1

0

g(!)d!

exp(~!/kBT )� 1
<latexit sha1_base64="+NBN7P98fzTdS7ikost6LJ8fB3g="></latexit>



Excitations: spin waves
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But note: Anisotropies stabilize FM in low dimensional 
systems and the spin-wave spectrum acquires a gap 

H = J

X

i,j

(Sx
i S

x
j + S

y
i S

y
j +AS

z
i S

z
j )

�E = 4JS(1� cos qa) ⇠ q2a2

�E = 4JS(A� cos qa) ⇠ (A� 1 + q2a2)

(isotropic)

GAP

A>1 (easy axes)

There can also be a gap due to dipole-dipole interactions
(which can be important for f-systems)



Excitations: spin waves
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Ground state of the antiferromagnetic Heisenberg model

HAF = 2J Si
i
∑ Si+1 = 2J Si

zSi+1
z +

1
2
Si
+Si+1

− + Si
−Si+1

+( )#

$%
&

'(i
∑

Φ0 is not an eigenstate of HAF. From this molecular 
field approximation, you can decrease the energy
by letting Sz fluctuate. These quantum fluctuations
lower the energy with respect to the Néel state.

|�0i = | "#"#"# ...i (classical Néel state)

z: number of neighbors



Excitations: spin waves
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Spin waves have to be defined in the two sublattices. These
spin waves are interdependent. The spin wave spectrum is
twofold degenerate (±1 excitations are degenerate)

ω ≈ JzS | q | a Antiferromagnons
(gapless Goldstone mode)

HAF = 2J Si
i
∑ Si+1 = 2J Si

zSi+1
z +

1
2
Si
+Si+1

− + Si
−Si+1

+( )#

$%
&

'(i
∑



Excitations in the electron gas
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ω = Ek+q −Ek +Δ

Δ: exchange splitting

Spin wave

kFê

kFé

• Also spin waves
• Stoner excitations

Blundell’sbook

EF

q=0

D



Spin waves in a double
exchange system: localized

+itinerant
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Composite spin waves

PRB 64, 140403



Topological defects

Distortions which cannot be restored into ordering by 
continuous deformations.

Vortices
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XY model in 2dim Heisenberg model in 3dim

Vortices have a topological charge.



Topological defects
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Heisenberg model in 3dim

For DE
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Observation of magnetic 
skyrmions

A. Fert, et al Nature Nanotechnology 8, 152–156 (2013)

ü Induced by Dzyaloshinskii-Moriya interaction
(consequence of spin-orbit interaction). Requires 
no inversion symmetry. 
ü Spintronic storage.

HDM =D ⋅ (S1 ×S2 )

Science 323, 915–919 (2009).



Summary
• Classical phase transitions
• Free magnetic ions
• Environment
• Magnetic order and susceptibility
• Interactions
– Exchange between localized moments
– Indirect exchange through itinerant electrons
– Magnetism in metals

• Excitations
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