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Hubbard bands

Abrikosov-Suhl 
resonance

How about dynamics?

NRG calculations: Frota & Oliveira 86, Sakai, Shimizu & Kasuya 89, Costi & Hewson 90)
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How about dynamics?

NRG calculations: Frota & Oliveira 86, Sakai, Shimizu & Kasuya 89, Costi & Hewson 90)
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Away from particle-
hole symmetry
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Image Piers Coleman, Rutgers

Adiabatic Invariant (Langreth 1966)
⇢�(!) = � 1

⇡
ImGr

�(!) = � 1

⇡
ImG�(! + i⌘)



Adiabatic Invariant (Langreth 1966)

For large U we expect the two Hubbard bands, since the spectral 
weight is conserved each band should contribute 1/2.

Z
A(!)d! = 1

Remarkably, the spectral function at             remains invariant as the 
interaction increases (always equal to the non-interacting value)

! = 0

Deep result: the spectral function must always contain a peak of height   

and vanishingly small weight  Z<<1   as U increases. This narrow resonance is a direct 
consequence of local Fermi liquid behaviour!
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Abrikosov-Suhl resonance
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This lecture

•Kondo effect in mesoscopic systems: quantum dots and 
nanotubes, non-equilibrium effects, etc. 

•New developments: hybrid systems (competition between 
superconductivity and Kondo), Shiba states, etc. 

Kondo effect in metals and nanostructures
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Quantum Dots
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SINGLE ELECTRON TRANSISTOR
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CHARGING ENERGY
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Island close to a gate: the gate shifts the potential and induces charge
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CHARGING ENERGY
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604 Local moments and the Kondo effect
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!Fig. 16.10 Experimentally measured conductance for a voltage-biased quantum dot, showing the splitting of the Coulomb
blockade into two components, shifted up and down by the voltage bias,±eVsd/2. In the white, diamond-shaped
regions, G(Vsd) ≈ 0 as a result of the Coulomb blockade. The number of particles N is fixed in each of the diamond
regions. The lines outside the diamonds, running parallel to the sides of he diamonds, identify excited states.
Reprinted with permission from L. P. Kouwenhoven, et al., Science, vol. 5, p. 1788, 1997. Copyright 1997 by the
American Association for the Advancement of Science.

called the Kondo temperature, which sets the crossover between local moment behavior,
where the spin is free, and the low-temperature physics, where the spin and conduction
electrons are entangled to form a spin singlet. The mechanism by which the local moment
is screened involves a remarkable piece of quantum physics called the Kondo effect, named
after the Japanese physicist Jun Kondo [8].

Understanding the physics of this crossover posed a major problem for the theoretical
physics community, and it took about a decade to resolve. The basic issue is that perturba-
tion theory fails below the Kondo temperature. Indeed, the basic process by which a local
moment disappears or quenches at low temperatures is analogous to the physics of quark
confinement, and the understanding of the phenomenon required a new understanding of
the renormalization group [12–14, 16, 17, 31, 32], culminating in Ken Wilson’s numerical
renormalization solution of the Kondo model [16].

The Kondo problem has proven to be extremely fertile ground for both experimental
and theoretical physics, and at each stage it has held new surprises. After the problem
was solved using Wilson’s numerical renormalization methods, the theoretical community
was astonished in 1980 by the independent discoveries of Natan Andrei [33, 34], then
working at New York University, and of Paul Weigman, at the Landau Institute Moscow,
[35], that the Kondo impurity model is integrable and that its full many-body spectrum
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602 Local moments and the Kondo effect

a function of gate voltage Vg, the differential conductance is observed to develop a periodic
structure, with a period of a few meV [27].

This phenomenon is known as a Coulomb blockade [28, 29], and it results from precisely
the same physics that is responsible for moment formation. A simple model for a quantum
dot considers it as a sequence of single-particle levels at energies ελ, interacting via a single
Coulomb potential U according to the model

Hdot =
∑

λ

(ελ + eVg)nλσ + U

2
N(N − 1), (16.68)

where nλσ is the occupancy of the spin σ state of the λ level, N = ∑
λσ nλσ is the total

number of electrons in the dot, and Vg is the gate voltage. This is a simple generalization
of the single-atom part of the Anderson model. Notice that the capacitance of the dot is
C = e2/U.

The energy difference between the n and n + 1 electron states of the dot is given by

E(n + 1) − E(n) = nU + ελn − |e|Vg,

where λn is the one-particle state into which the nth electron is being added. As the gate
voltage is raised, the quantum dot fills each level sequentially, as illustrated in Figure 16.9,
and when |e|Vg = nU + ελn the nth level becomes degenerate with the Fermi energy of
each lead. At this point, electrons can pass coherently through the resonance, giving rise to
a sharp peak in the conductance. At maximum conductance, the transmission and reflection
of electrons is unitary, and the conductance of the quantum dot will reach a substantial frac-
tion of the quantum of conductance, e2/h per spin. A calculation of the zero-temperature
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!Fig. 16.9 Variation of zero-bias conductance G = dI/dV with gate voltage in a quantum dot. Coulomb interactions mean that,
for each additional electron in the dot, the energy to add one electron increases by U. When the charge on the dot is
integral, the Coulomb interaction blocks the addition of electrons and the conductance is suppressed. When the
energy to add an electron is degenerate with the Fermi energy of the leads, unitary transmission occurs and, for
symmetric leads, G = 2e2/h.
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Resonance in the middle of the 
Coulomb Blockade valley: very sharp 
indicating long lifetime (many-body 

Kondo) as opposed to single particle

Direct measurement of the Kondo resonance!!

DELFT

MIT
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Kondo resonance splits with 
magnetic field with twice the 

Zeeman splitting. Why???

Direct measurement of the Kondo resonance!!

MIT

DELFT



At finite bias voltage there are 
two Fermi surfaces, each with its 

own Kondo resonance.
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gµBB

eV = gµBB

At finite bias voltage there are 
two Fermi surfaces, each with its 

own Kondo resonance.

gµBB
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Nanotubes
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Slave boson 1/N+Keldysh

Theoretical prediction
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Disclaimer

•Beyond the superficial description of “splitting by 
voltage and magnetic field” there are a lot of theoretical 
developments (not discussed here).

•With relevant questions such as: how voltage=non-
equilibrium effects induces dephasing?, how the 
logarithmic divergences are cut-off? etc.

See, e. g. Non-Equilibrium Transport through a Kondo-Dot in a Magnetic Field: 
Perturbation Theory and Poor Man's Scaling, A. Rosch, J. Paaske, J. Kroha, P. Wölfle
Phys. Rev. Lett. 90, 076804 (2003)

http://arxiv.org/find/cond-mat/1/au:+Rosch_A/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Paaske_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Kroha_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Wolfle_P/0/1/0/all/0/1
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SAME YEAR OF THE 
QUANTUM DOT 
EXPERIMENTS!!

Ramón Aguado ICMM-CSIC



Ramón Aguado ICMM-CSIC



FANO LINESHAPES: interference of two paths
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Double dots: two-impurity
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The Kondo effect in an artificial molecule, H. Jeong, A. M. Chang and M. R. 
Melloch, Science, 293, 2221 (2001)
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       Decoupled quantum dotsOK !!!

             Kondo effect is forbidden

The Kondo effect in an artificial 
molecule, H. Jeong, A. M. Chang and M. 
R. Melloch, Science, 293, 2221 (2001)
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•Splitting of Kondo peak as coupling 
between dots increases.

Aguado and Langreth, Phys. Rev. Lett. 85, 1946 (2000)
Aguado and Langreth, Phys. Rev. B 67, 245307 (2003)

Slave boson 1/N+Keldysh
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•Non-monotonic conductance: 
development of coherence
•Similar to heavy fermion physics 
in mesoscopics!!

Aguado and Langreth, Phys. Rev. B 67, 245307 (2003)



When the right dot contains an 
even number of electrons the left 

dot shows Kondo effect. 
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When the right dot contains an 
odd number of electrons Kondo 

effect is suppressed.

Ramón Aguado ICMM-CSIC



Quantum point contacts
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Tunable coupling
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•Two magnetic atoms, one attached to the tip of a STM 
and one adsorbed on a metal surface, each constituting a 
Kondo system.
•Cobalt dimers clamped between an STM tip and a 
gold surface. 
•Control of the tip-sample distance with sub-picometer 
resolution allows to tune the interaction between the 
two cobalt atoms with unprecedented precision.

Bork et al, Nat. Phys. 7, 901 (2011)
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Quantum point contacts
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Quantum point contacts
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•“Quantized conductance of point contacts in a two-dimensional electron gas”, B. J. van Wees, H. van Houten, C. W. J. 
Beenakker, J. G. Williamson , L. P. Kouwenhoven, D. van der Marel, C. T. Foxon, Phys. Rev. Lett, 60, 848 (1988).

•“One-dimensional transport and the quantisation of the ballistic resistance”, D. A. Wharam, T. J. Thornton, R. Newbury, 
M. Pepper, H. Ahmed, J.E.F. Frost, D. G. Hasko, D. C. Peacock, D. A. Ritchie and G. A. C Jones,J. Phys. C: Solid State Phys. 
21 L209 (1988).

Conductance quantisation

Vgate
Class

ical
 Limit

Gate

2DEG
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Clear shoulder as 
one increases 
temperature!!

Sara Cronenwett’s thesis, Marcus Lab, Harvard 2002



0.7 anomaly
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The differential 
conductance at 
finite bias shows 
clear zero-bias 

anomalies at low 
temperatures. 

Kondo physics in 
an open system?

Sara Cronenwett’s thesis, Marcus Lab, Harvard 2002



Kondo features
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Cronenwett et al, Phys. Rev. Lett. 88, 226805 (2002).
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The anomaly at “high 
temperatures” is 
originated from a 
magnetic moment 
(similar to Coulomb 
blockade, hence the 
conductance reduction) 
which is screened at low 
temp. by Kondo
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0.7 anomaly
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•Theory predicts that 
such moments can form 
near pinch-off 
(Rejec and Meir, Nature 
442, 900-903, 2006) but 
not consensus.
•Importantly, theory 
also predict that long 
contacts can host two 
impurities
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Two-impurity Kondo physics in length-tunable QPCs

Nature 501, 79–83 (2013)
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Splitting and Non-monotonic conductance: 
development of coherence!!

Two-impurity Kondo physics in length-tunable QPCs recently demonstrated

Nature 501, 79–83 (2013)
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Nanotubes
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Nanotubes
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Image: Jesper Nygard, Niels Bohr, Copenhagen



Electrodes gates Nanotube (L~500 nm)

Electrodes

L. Kouwenhoven (Delft)

C. Schonenberger (Basel)

C. Dekker (Delft)
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Nanotubes
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Quantum dot behaviour



Nanotubes
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Quantum dot behaviour



Short nanotubes, quantized levels  

Valley degeneracy?
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Short nanotubes, quantized levels  

Yes: Each level is fourfold 
degenerate (spin+valley). 
Visible in Coulomb Blockade!!!

Wenjie Liang et al, PRL, 88, 126801 (2001)

U
U +�"
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At low temperatures both spin 
and valley quantum fluctuations

+ -
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At low temperatures both spin 
and valley quantum fluctuations
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SU(4) Kondo effect?
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Experiments from Delft (Pablo Jarillo-Herrero’s PhD)



SU(4) Kondo effect? 

Difficult to tell at this level linear conductance is the same 
for SU(2) and SU(4)!!
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Remember Langreth’s sum rule for the phase shift
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SU(4) Kondo effect? 

Moreover, it is not obvious whether the valley is conserved 
during tunneling (e. g. bad contacts). Valley mixing can 
lead to SU(2) spin Kondo.

Ramón Aguado ICMM-CSIC



SCALING EQUATIONS HAVE TWO FIXED POINTS: 
SU(2) AND SU(4)

“SU(4) Kondo effect in carbon nanotubes”, Mahn-Soo Choi, Rosa 
López and Ramón Aguado, Phys. Rev. Lett.  95, 067204 (2005)
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How to detect SU(4) Kondo effect? 
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µorb =
eDvF
4

dE

dk?
< 0

Semiclasically, the two orbital states correspond to electrons 
circling the tube either clockwise or anticlockwise. Such 

motion has a corresponding orbital moment 

dE

dk?
> 0



How to detect SU(4) Kondo effect? 

Ramón Aguado ICMM-CSIC

An axial magnetic field will couple to this orbital moment!

�E = ±µorbB|| =
eDvFB||

4
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•Spin Kondo splits as ΔZeeman. 

•Orbital Kondo splits as 2Δorbital.

Ramón Aguado ICMM-CSIC



“SU(4) Kondo effect in carbon nanotubes”, Mahn-Soo Choi, Rosa 
López and Ramón Aguado, Phys. Rev. Lett.  95, 067204 (2005)
Ramón Aguado ICMM-CSIC

Slave boson 1/N+Keldysh



Pablo Jarillo-Herrero, Jing Kong, Herre S.J. van der Zant, Cees Dekker, Leo P. 
Kouwenhoven, Silvano De Franceschi, Nature 434, 484-488 (2005)

Zeeman 
splitting

Orbital spliting

Full agreement 
theory and 
experiment
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Also pure orbital Kondo effect is 
possible at high magnetic fields (spins are 
fully polarized)
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This physics has also been observed in Silicon transistors with single 
dopants (two-valley degeneracy of Silicon gives exotic Kondo)
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Let’s add superconductivity!
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ " ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e $ kN,h $ ke $ kh $ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ " ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e $ kN,h $ ke $ kh $ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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In systems with inhomogeneous 
pairing (e.g. SNS junctions) BdG 
quasiparticle excitations appear at 
energies below the gap. 
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the Andreev level. In the lowest order, this coupling  
is described by the Hamiltonian ̂ ̂H MI I=c A r, where M is  
the mutual inductance (FIG. 1e), IÂ is the current ope-
rator of the Andreev level (as discussed above) and ̂Ir is 
the current operator of the resonator. The supercurrent 
IA changes sign between the ground and excited states, 
and the odd parity state with an unpaired quasiparticle 
yields IA = 0. These three states can be distinguished by 
the dispersive frequency shift of the coupled resonator, 
enabling real-time tracking of the junction charge parity. 
The characteristic parity lifetimes are measured to be in 
excess of 100 μs in InAs nanowire Josephson junctions. 
In the same experiment, typical relaxation times ranging 
up to ~10 μs allowed for the coherent manipulation of 
the nanowire-based Andreev level quantum bit86.

The ABS spectrum can also be probed by direct 
quasiparticle tunnelling into the ABSs (FIG. 1f). These 
experiments use a gate-defined depleted section of the 
nanowire87 or an axial tunnel barrier grown in situ88,89 
as the opaque probe junction. This measurement 
geometry allows for the characterization of the energy 

spectra in proximitized semiconductor segments90 or 
QDs91,92, and makes non-local correlation experiments 
possible93. However, mesoscopic interference effects in 
the leads may yield additional features in the differential 
conductance94.

It is worth noting that the ABS spectrum can indi-
rectly be characterized through the measurement of the 
phase-dependent supercurrent IA(φ)  ∝ dE/dφ, which 
has been performed by an inductively coupled super-
conducting quantum interference device (SQUID) 
loop95,96. In InAs nanowires with Al superconducting  
leads, these experiments yielded strongly skewed  
current–phase relations, the signature of highly trans-
parent channels. Concomitant measurements of the 
phase-dependent supercurrent and the ABS spectrum 
in a highly transmissive InAs Josephson junction have 
recently been reported97. Similarly, the Josephson induct-
ance, L I φ φd ( )/dJ

−1
A∝  could serve as another probe of the 

anharmonicity in the current–phase relationship98. Finally, 
external tunnel barriers (typically AlOx of a few atomic 
layers) attached to a metallic probe have also become an 

Proximitized semiconductor
Semiconductor that acquires 
superconducting correlations 
by virtue of its coupling to  
a superconductor.
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 SNS junction

Figure 2.1: Comparing the levels of a finite square well to those of a weak link | (a)
The electronic levels of a finite square well form due to constructive interference of the
phases acquired in propagation and reflection. (b) While the same is true of the levels of a
weak link, boundary conditions at the superconductor/normal interfaces result in Andreev
reflection, whereby electrons are reflected into holes of the same spin, and vice versa. The
total phase acquired in the depicted loop depends on the phase drop ϕ across the weak
link.
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Andreev Bound States

Superconductor Superconductor

Novel Josephson couplings depending on properties of the normal (semiconducting) region.
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Andreev SNS junction: 
single (or few) fermionic-like 
microscopic BdG quasiparticle 
degrees of freedom
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tunnel junction Andreev junction

Standard tunnel junction
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Kondo + superconductivity
What happens when a magnetic impurity tries 

to live inside a superconductor?

It turns out that even a classical spin may lower 
the energy of the system and create bound 

states inside the superconducting gap.
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PHYSICAL PICTURE OF ANDREEV SUBGAP LEVELS AS SHIBA STATES

•An impurity spin in a superconducting host strongly affects 
superconductivity (spin scattering has pair breaking character). 

•This is reflected in the appearance of sub-gap states. 

•Well known since the 60’s (Yu-Shiba-Rusinov): a classical spin  
creates bound states inside the superconducting gap.



⌦0/� = ±1� ↵2

1 + ↵2

J

↵

For a review see “Impurity-induced states in conventional 
and unconventional superconductors”, Balatsky et al,  
Reviews of Modern Physics, 78, 373 (2006)

For large exchange coupling the spin of the 
ground states changes. This happens when 
the energy of the excitation crosses 
zero energy.

↵ = ⇡⇢JS

PHYSICAL PICTURE OF ANDREEV SUBGAP LEVELS AS SHIBA STATES
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Physical Picture: odd-occupied QDs as spinful impurities

•A spinful impurity in a superconducting host strongly affects superconductivity 
(spin scattering has pair breaking character). 

•Well known since the 60’s (Yu-Shiba-Rusinov): a classical spin may lower the 
energy of the system and create sub-gap bound states.

1
a

D

e0

Figure 3.4.: Bogoliubov–de Gennes spectrum of a single Shiba bound state as a function
of exchange splitting.

where x is the position and ✓ is the magnetic field angle with r✓ = const. Performing a
gauge transformation U = exp(ixr✓/2�z) yields

U †HU =

✓
p2

2m
� µ+

(r✓)2

8m

◆
⌧z +

r✓

2m
p�z⌧z +�⌧x +B�x, (3.6)

which has just the same structure as the quantum wire Hamiltonian (3.4) with the wind-
ing of the magnetic field taking the role of spin-orbit interaction. This can be used to con-
struct various alternative realizations of topological superconductors in hybrid struc-
tures without strong spin-orbit interaction, for instance, proximity-coupled quantum
wires close to arrays of nanomagnets [Kjae 12] or rare earth compounds with coexisting
superconductivity and helical magnetism [Mart 12].

The perhaps most promising candidate involves a chain of magnetic impurities on top
of a conventional s-wave superconductor [Choy 11, Nadj 13, Nako 13b, Klin 13, Vazi 13,
Brau 13, Pien 13a, Pien 14]. A classical impurity with pure exchange interaction in a 3d
superconductor can be described by the BdG Hamiltonian

Himp =

✓
p2

2m
� µ

◆
⌧z +�⌧x + JS�(r)�z, (3.7)

where J is the exchange coupling and S the impurity spin. Such impurities bind local-
ized states at subgap energies called Shiba states [Yu 65, Shib 68, Rusi 69, Bala 06]. The
bound state energy is

✏0 = ±�
1� ↵2

1 + ↵2
(3.8)

with ↵ = ⇡⌫0SJ , where ⌫0 the normal density of states. The Shiba state wavefunction
has the form �Shiba ⇠ exp(�r

p
�2 � ✏2

0
/vF )/r. It decays exponentially on the scale

29

�

��

0

✏0 = ±�
1� ↵2

1 + ↵2

↵ = ⇡⇢0JS

The ground state parity changes 
as sub-gap levels cross zero energy.
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THEORETICAL DESCRIPTION: 
THE SUPERCONDUCTING ANDERSON MODEL 
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All relevant experimental quantities can be calculated from 
Green’s functions written in the basis of Nambu spinors
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THEORETICAL DESCRIPTION: 
THE SUPERCONDUCTING ANDERSON MODEL 
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Anomalous self-energy coming from the coupling to the superconducting reservoir
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� ! 1 Large gap limit: the self-energy is static
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◆

The superconducting reservoir can be “integrated out”. We 
can write an impurity Hamiltonian with pairing interaction.

HD =
X
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BCS Singlet sector
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This problem can be exactly diagonalized: four Bogoliubov De Gennes eigenstates
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THEORETICAL DESCRIPTION: THE SUPERCONDUCTING ANDERSON MODEL
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The superconducting reservoir can be “integrated out”. 
This results in a local superconducting  pairing in the QD

Doublet sector
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This problem can be exactly diagonalized: four Bogoliubov De Gennes eigenstates
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Exact phase diagram in the “large gap limit”: Coulomb blockade and 
BCS pairing compete in fixing fermion parity of the ground state. 

Bogoliubov-like singlet (fully local in the QD)
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Anderson model  with normal reservoir
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Anderson model  with BCS reservoir
Hubbard and BCS pairing compete in fixing fermion parity of the ground state. Strong U wants a 

doublet singlet state whereas strong coupling to the superconductor wants BCS singlet ground state
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sub-gap excitations

• Physical Picture: odd-occupied QD acts as a spinful quantum impurity coupled to the SC.

• The ground state fermion parity changes from even to odd as sub-gap levels cross zero 
energy (quantum phase transition). Accordingly, the spin state changes from singlet to doublet.

• These levels are the quantum version of Yu-Shiba-Rusinov (YSR) states (subgap states in a 
superconductor created by pair-breaking from a classical spin impurity).

NRG calculation

BCS singularities

*Hubbard bands
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For the Anderson model, these sub-gap states are 
poles of the Nambu Green’s function
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Note that in the presence of finite Hubbard U this Anderson 
impurity problem is highly non-trivial: competition between 

superconductivity, quantum fluctuations, Coulomb Blockade and 
Kondo physics.
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Starting in the doublet phase, Kondo singlets will compete versus 
BCS singlets as quantum fluctuations become important!!!

Kondo + superconductivity

� >> TK
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Kondo + superconductivity

� << TK

Quantum phase transition: ground state changes from 
doublet to singlet when 

� ⇠ TK

Starting in the doublet phase, Kondo singlets will compete versus 
BCS singlets as quantum fluctuations become important!!!



ŽITKO, LIM, LÓPEZ, AND AGUADO PHYSICAL REVIEW B 91, 045441 (2015)

YSR

2∆
E-E

YSR

Kondo 

(a)

(d)

Normal QD

ΓN ΓSC

A(ω)

ω

2∆

U>>∆

E

-E

BCS Singlet

BCS BCS

|      >

Cooper 
pair 

b

b

b b

U
|       >u |   > -v   

Yu-Shiba-Rusinov
Singlet

Superconductor

Kondo Singlet

(c)

(b)

FIG. 1. (Color online) (a) Lowest energy many-particle eigenstates of an Anderson impurity coupled to a superconductor with the typical
BCS density of states ∼[(ω/")2 − 1]−1/2 for large on-site interaction U # ". The magnetic impurity ground state develops singlet correlations
with the quasiparticles in the superconducting leads and forms a Yu-Shiba-Rusinov-like (YSR) singlet eigenstate. This excited state gives rise
to subgap spectral peaks at energies Eb and −Eb. When these subgap excitations cross zero energy, the system undergoes a parity-changing
quantum phase transition and the YSR singlet becomes the new ground state. At higher energies there are BCS-like excited singlet states
resulting from the hybridization between the empty and doubly occupied states of the quantum impurity. These singlets occur at subgap
energies in the opposite limit U $ " (not shown). (b) Top: Schematics of a normal–quantum dot–superconducting hybrid system with all
the relevant energies involved in the problem. In odd-occupancy Coulomb blockade valleys (charging energy U ), the unpaired spin (green)
mimics the physics of a magnetic impurity coupled to a superconductor (coupling #SC) with a BCS density of states (purple) with gap ". This
physics can be considerably modified by the weak coupling (#N ) to a normal probe (orange-yellow), as we discuss in this work. Bottom: this
hybrid system can be realized with, e.g., nanowires deposited on top of normal and superconducting electrodes. (c) Standard Kondo singlets
that occur as quasiparticles in the normal metal (red) screen the magnetic doublet. (d) Typical spectral density of the hybridized quantum dot
in the magnetic doublet ground-state regime showing the coexistence of YSR singlet subgap excitations and a Kondo resonance. The subgap
excitations remove spectral weight from the BCS density of states.

no quasiparticles are available below the gap ", hence Kondo
screening is incomplete. To analyze all possible ground states,
let us consider a single, spin-degenerate quantum impurity
level coupled to a superconductor. In general, two spin states
are possible: a spin doublet (spin 1/2) |D〉 = ↑,↓ and a
spin singlet (spin zero) |S〉. The latter can be of two types
(apart from the standard Cooper pairs of the BCS ground
state): Kondo-like superpositions between the spin doublet
and Bogoliubov quasiparticles in the superconductor and
BCS-like superpositions of zero and doubly occupied states
of the impurity level [Fig. 1(a)]. In the weak Kondo coupling
regime (TK $ "), the ground state is the doublet while
Kondo-like singlet excitations give rise to YSR bound states
[assuming large on-site interaction U # ", such that the
BCS-like singlets are higher in energy than the Kondo ones,
Fig. 1(a)]. The position in energy of these YSR excitations
smoothly evolves from Eb ( " towards positions close to the

Fermi level when TK ∼ ". At larger TK , the YSR cross zero
energy and the system undergoes a parity-changing QPT where
the new ground state is now the Kondo singlet [11].

Experimentally, these complicated correlations can be
determined by the transport spectroscopy of a quantum dot
(QD) coupled to both a superconductor and a weak normal lead
[Fig. 1(b)]. Subgap features in the differential conductance
of this setup can be directly ascribed to YSRs [12–25].
Zero bias anomalies (ZBAs), in particular, mark QPT parity
crossings [16,25,26].

More recently, subgap states have attracted a great deal
of attention in the context of topological superconductors
containing Majorana bound states (MBSs). These MBSs are
far more elusive than standard YSRs and were predicted
to appear as zero-energy bound states in effective spinless
p-wave nanostructures, such as the ones resulting from the
combined action of spin-orbit coupling and Zeeman splitting

045441-2

Quantum fluctuations ⇒ Kondo screening of doublets (=YSR singlets). The 
ground state parity is governed by the competition of different energy scales



Exact phase diagram in the “large gap limit”: Coulomb blockade and 
BCS pairing compete in fixing fermion parity of the ground state. 
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FIG. 1. (Color online) (a) Lowest energy many-particle eigenstates of an Anderson impurity coupled to a superconductor with the typical
BCS density of states ∼[(ω/")2 − 1]−1/2 for large on-site interaction U # ". The magnetic impurity ground state develops singlet correlations
with the quasiparticles in the superconducting leads and forms a Yu-Shiba-Rusinov-like (YSR) singlet eigenstate. This excited state gives rise
to subgap spectral peaks at energies Eb and −Eb. When these subgap excitations cross zero energy, the system undergoes a parity-changing
quantum phase transition and the YSR singlet becomes the new ground state. At higher energies there are BCS-like excited singlet states
resulting from the hybridization between the empty and doubly occupied states of the quantum impurity. These singlets occur at subgap
energies in the opposite limit U $ " (not shown). (b) Top: Schematics of a normal–quantum dot–superconducting hybrid system with all
the relevant energies involved in the problem. In odd-occupancy Coulomb blockade valleys (charging energy U ), the unpaired spin (green)
mimics the physics of a magnetic impurity coupled to a superconductor (coupling #SC) with a BCS density of states (purple) with gap ". This
physics can be considerably modified by the weak coupling (#N ) to a normal probe (orange-yellow), as we discuss in this work. Bottom: this
hybrid system can be realized with, e.g., nanowires deposited on top of normal and superconducting electrodes. (c) Standard Kondo singlets
that occur as quasiparticles in the normal metal (red) screen the magnetic doublet. (d) Typical spectral density of the hybridized quantum dot
in the magnetic doublet ground-state regime showing the coexistence of YSR singlet subgap excitations and a Kondo resonance. The subgap
excitations remove spectral weight from the BCS density of states.

no quasiparticles are available below the gap ", hence Kondo
screening is incomplete. To analyze all possible ground states,
let us consider a single, spin-degenerate quantum impurity
level coupled to a superconductor. In general, two spin states
are possible: a spin doublet (spin 1/2) |D〉 = ↑,↓ and a
spin singlet (spin zero) |S〉. The latter can be of two types
(apart from the standard Cooper pairs of the BCS ground
state): Kondo-like superpositions between the spin doublet
and Bogoliubov quasiparticles in the superconductor and
BCS-like superpositions of zero and doubly occupied states
of the impurity level [Fig. 1(a)]. In the weak Kondo coupling
regime (TK $ "), the ground state is the doublet while
Kondo-like singlet excitations give rise to YSR bound states
[assuming large on-site interaction U # ", such that the
BCS-like singlets are higher in energy than the Kondo ones,
Fig. 1(a)]. The position in energy of these YSR excitations
smoothly evolves from Eb ( " towards positions close to the

Fermi level when TK ∼ ". At larger TK , the YSR cross zero
energy and the system undergoes a parity-changing QPT where
the new ground state is now the Kondo singlet [11].

Experimentally, these complicated correlations can be
determined by the transport spectroscopy of a quantum dot
(QD) coupled to both a superconductor and a weak normal lead
[Fig. 1(b)]. Subgap features in the differential conductance
of this setup can be directly ascribed to YSRs [12–25].
Zero bias anomalies (ZBAs), in particular, mark QPT parity
crossings [16,25,26].

More recently, subgap states have attracted a great deal
of attention in the context of topological superconductors
containing Majorana bound states (MBSs). These MBSs are
far more elusive than standard YSRs and were predicted
to appear as zero-energy bound states in effective spinless
p-wave nanostructures, such as the ones resulting from the
combined action of spin-orbit coupling and Zeeman splitting
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Phase diagram
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Shiba versus Kondo, doublets 
versus singlets, and all this...still 
an open problem
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becomes dominant
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Shiba versus Kondo, doublets 
versus singlets, and all this...

Ramón Aguado ICMM-CSIC

Hybrid systems composed of superconductors and some kind of 
quantum dot (nanotubes, nanowires, etc) are ideal testbed for all 
these physical effects!!!
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Quantum phase transition: when the subgap states 
cross zero energy, the ground state changes parity
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Spin-resolved Andreev levels and parity crossings
in hybrid superconductor–semiconductor
nanostructures
Eduardo J. H. Lee1, Xiaocheng Jiang2, Manuel Houzet1, Ramón Aguado3, Charles M. Lieber2

and Silvano De Franceschi1*

The physics and operating principles of hybrid superconductor–semiconductor devices rest ultimately on the magnetic
properties of their elementary subgap excitations, usually called Andreev levels. Here we report a direct measurement of
the Zeeman effect on the Andreev levels of a semiconductor quantum dot with large electron g-factor, strongly coupled to
a conventional superconductor with a large critical magnetic field. This material combination allows spin degeneracy to be
lifted without destroying superconductivity. We show that a spin-split Andreev level crossing the Fermi energy results in a
quantum phase transition to a spin-polarized state, which implies a change in the fermionic parity of the system. This
crossing manifests itself as a zero-bias conductance anomaly at finite magnetic field with properties that resemble those
expected for Majorana modes in a topological superconductor. Although this resemblance is understood without evoking
topological superconductivity, the observed parity transitions could be regarded as precursors of Majorana modes in the
long-wire limit.

When a normal-type (N) conductor is connected to a
superconductor (S), superconducting order can leak
into it to give rise to pairing correlations and an

induced superconducting gap. This phenomenon, known as the
superconducting proximity effect, is also expected when the N con-
ductor consists of a nanoscale semiconductor whose electronic
states have a reduced dimensionality and can be tuned by means
of electric or magnetic fields. This hybrid combination of supercon-
ductors and low-dimensional semiconductors offers a versatile
ground for novel device concepts1. Some examples include sources
of spin-entangled electrons2–4, nanoscale superconducting magnet-
ometers5 or recently proposed qubits based on topologically pro-
tected Majorana fermions6–8. Such concepts, which form an
emerging domain between superconducting electronics and spin-
tronics, rest on a rich and largely unexplored physics that involves
both superconductivity and spin-related effects5,9–12. Here we
address this subject by considering the lowest dimensional limit
where the N conductor behaves as a small quantum dot (QD)
with a discrete electronic spectrum. In this case, the superconduct-
ing proximity effect competes with the Coulomb blockade phenom-
enon, which follows from the electrostatic repulsion among the
electrons of the QD13. Although superconductivity privileges the
tunnelling of Cooper pairs of electrons with opposite spin, and
thereby favours QD states with even numbers of electrons and
zero total spin (that is, spin singlets), the local Coulomb repulsion
enforces a one-by-one filling of the QD, and thereby stabilizes not
only even but also odd electron numbers.

To analyse this competition, let us consider the elementary case
of a QD with a single, spin-degenerate orbital level. When the dot
occupation is tuned to one electron, two ground states (GSs) are
possible: a spin doublet (spin 1/2), |Dl¼ | ! l,| " l, or a spin
singlet (spin zero), |Sl, whose nature has two limiting cases. In the

large superconducting gap limit (D#1), the singlet is supercon-
ducting like, |Sl¼2v*| ! "lþ u|0l, which corresponds to a
Bogoliubov-type superposition of the empty state, |0l, and the
two-electron state, | ! "l. By contrast, in the strong coupling limit,
where the QD–S tunnel coupling, GS, is much larger than D, the
singlet state is Kondo-like, resulting from the screening of the
local QD magnetic moment by quasiparticles in S. Even though
the precise boundary between the superconducting-like and
Kondo-like singlet states is not well-defined14, one can clearly ident-
ify changes in the GS parity, namely whether the GS is a singlet (fer-
mionic even parity) or a doublet (fermionic odd parity), as we show
here. The competition between the singlet and doublet states is gov-
erned by different energy scales: D, GS, the charging energy, U, and
the energy, 10, of the QD level relative to the Fermi energy of the S
electrode (see Fig. 1a)14–23. Previous works that address this compe-
tition focused either on Josephson supercurrents in S–QD–S
devices11,24 or on the subgap structure in S–QD–S or N–QD–S geo-
metries25–33. Although the QD–S GS could be inferred in some of
the above studies, a true experimental demonstration of the GS
parity requires its magnetic properties to be probed.

Here we report a tunnel spectroscopy experiment that probes the
magnetic properties of a QD–S system.With the aid of suitably large
magnetic fields, we lifted the degeneracy of the spinful states (that is,
|Dl) and measured the corresponding effect on the lowest-energy
subgap excitations of the system (that is, |Dl↔ |Sl transitions).
This experiment was carried out on a N–QD–S system, where the
N contact is used as a weakly coupled tunnel probe. In this geome-
try, a direct spectroscopy of the density of states in the QD–S system
is obtained through a measurement of the differential conductance,
dI/dV, as a function of the voltage difference, V, between N and S. In
such a measurement, an electrical current measured for |V|,D/e is
carried by so-called Andreev reflection processes, each of which
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Experimentally, this is seen as resonates in Andreev 
conductance (red lines) that cross zero voltage 
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Similar physics in STM experiments



Ramón Aguado ICMM-CSIC

Similar physics in STM experiments



Ramón Aguado ICMM-CSIC

Starting from the doublet phase with YRS states inside the gap it is possible to 
increase the role of Kondo fluctuations by closing the gap with a magnetic field



Ramón Aguado ICMM-CSIC

Starting from the doublet phase with YRS states inside the gap it is possible to 
increase the role of Kondo fluctuations by closing the gap with a magnetic field

Coexistence of Kondo 
and induced BCS pairing!!



Effect of normal-state tunneling probe 
on the density of states
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We focus on the spin-flip exchange interactions responsible for the occurrence of the Kondo effect. First, for the normal
spin-flip exchange constant JN,N,k,p it can be approximated as

JN,N,k,p ≈ 2V 2
N

U

(εd + U )εd

. (B19)

Second, by inserting Eqs. (B4) into (B15) the exchange constant JS,S,k,p mediated by the superconducting lead reads

JS,S,k,p = V 2
S

2

[
U

(Ek − εd − U )(Ek − εd )
+ U

(Ek + εd + U )(Ek + εd )

]

+ V 2
S

2

εkSC

Ek

[
U

(Ek − εd − U )(Ek − εd )
− U

(Ek + εd + U )(Ek + εd )

]
+ (k ↔ p). (B20)

Notice that for " → 0 we recover the exchange constant
equivalent to the normal lead,

JS,S,k,p ≈ 2V 2
S

U

(εd + U )εd

. (B21)

In addition, it is worthwhile to realize that at the particle-hole
symmetric point (U = −2εd ) JS,S,k,p can be simplified to

JS,S,k,p = V 2
S

[
U

E2
k − U 2/4

]
+ (k ↔ p). (B22)

Thus, if " % U we also recover the normal lead limit, i.e.,
JS,S,k,p ≈ −8V 2

S /U . On the other hand, in the limit of " & U ,
JS,S,k,p can be neglected. The exchange couplings mediated
by both the superconducting and normal leads are described
by JN,S,k,p and JS,N,k,p. Similar to JS,S,k,p, at the particle-hole
symmetric point it reduces to

JN,S,k,p = JS,N,p,k ≈ −4VNVS

U
+ VSVN

[
U

E2
p − U 2/4

]
.

(B23)

We notice that the second term can be neglected in the limit
of " & U . Together with vanishing of JS,S,k,p, this partially
explains why we observe the needle Kondo peak in the doublet
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FIG. 16. (Color online) NRG results for the Kondo temperature
T N

K of the needle resonance as a function of the exchange coupling
to the superconducting lead, $SC , for several values of the BCS gap
", both in the small " and large " limits.

regime. Finally, the constant TS,α,k,p manifests itself only when
the superconducting lead is present since it is proportional to
ukvk ∝ ". Also, observe that TS,α,k,p vanishes at the particle-
hole symmetric point.

We may contrast these results with the work based on
the continuous unitary transformation (CUT) [44], which
is essentially a continuous version of the Schrieffer-Wolff
transformation. That work was done in the " → ∞ limit,
resulting in the effective Kondo exchange coupling constant
J = −4U |VN |2/(U 2 + 4"2

d ), where "d is the proximity-
induced on-dot pairing "d = $SC/2. This implies that with
increasing coupling to the SC lead the exchange coupling
grows weaker. That results is not general, however: it holds
only in the limit of " → ∞. At the Fermi level, we find more
generally (for εd = −U/2):

JNN = −8V 2
N

U
, JSS = 2V 2

S U

"2 − U 2/4
, (B24)

JNS = JSN = −VNVS

(
4

U
+ U

U 2/4 − "2

)
.

For VS % VN , the leading effect is that of the mixed term JNS ,
since JSS is subleading in VS . For small ", the expression
between the parentheses is positive, thus finite VS leads to an
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FIG. 17. (Color online) NRG results for the Kondo temperature
T N

K of the needle resonance as a function of the exchange coupling
to the normal lead, $N .
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This competition of different physical regimes and 
competing effects is very relevant for current experimental 
efforts towards detecting Majorana fermions in hybrid 
semiconductor/superconductor systems (Next Talk).

Shiba versus Kondo, doublets 
versus singlets, and all this...still 
an open problem


