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What is a Majorana Fermion!?

ICMM csicC -

(2hy" 0, — me)P =0

» Since the "Y matrices are in general complex,
the solutions of Dirac’s equation are complex.
This Is expected since electrons are
electrically charged and this requires
complex spinors.

e Majorana’s question (1937): does the Dirac
equation necessarily involve complex
solutions?
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What is a Majorana Fermion!?

ICMM  csicC -

(2hy" 0, — me)W =0

Majorana’s answer: No, it Weyl matrices are purely
imaginary (Majorana representation)
— "

’71 — 10, ® 1 eNeutral particle equals its own antiparticle.

e\ery relevant in high-energy physics (neutrinos, dark
72 — 10, ® 1 matter, etc).

eMany experimental efforts to search for Majorana
,73 _ iOy R oy neutrinos are underway. To date their detection remains an

experimental challenge.
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What is a Majorana Fermion!?

ICMM csicC -

More rigorously, the particle and antiparticle are charge conjugate solutions of
the Dirac equation coupled to the electromagnetic field.

0, — 10, + €A,
0, — 10, —eA,
RELEVANT FOR US: in the most general case, it is sufficient to

demand In any representation that there exists a matrix such that
both charge conjugate solutions are equal

U = CU* = ¥

0 —i0
C=my©oy = 10, Oy

charge conjugation operator
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What is a Majorana Fermion!?

ICMM csicC -

Dirac equation in Weyl representation (chiral spinors where the spin of a
particle points in the same direction as its momentum)

—m 10y — op Y,
10y + op —m (IFD

= 0,

In the Dirac equation, the mass term mixes left and right chiralities
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What is a Majorana Fermion!?

ICMM csicC -

Dirac equation in Weyl representation (chiral spinors where the spin of a
particle points in the same direction as its momentum)

—m 10y — op U,
10y + op —m (IFD

Impose charge conjugation \IJ — \:[j

7

(10, — op)UR \ 0

= 0,

—

—
=

In the Majorana equation, chiralities become decoupled and the mass term
mixes particles and antiparticles (technically, this implies that the equation
IS not gauge invariant, hence Majorana particles cannot be coupled to the
electromagnetic field and are thus necessarily charge neutral).



Majorana Fermions in Condensed Matter

ICMM csicC -

‘ perspective I

NATURE PHYSICS | VOL 5 | SEPTEMBER 2009 | www.nature.com/naturephysics

Majorana returns |
www.sciencemag.org SCIENCE VOL 332 8 APRIL2011

Frank Wilczek Published by AAAS

Search for Majorana Fermions
Nearing Success at Last?

Researchers think they are on the verge of discovering weird new particles that borrow
a trick from superconductors and could give a big boost to quantum computers

-v‘
Phy5| CS Physics 3, 24 (2010)

Viewpoint e -
Phys|cs Physics 4. 67 {2011)

Race for Majorana fermions

Marcel Franz Voo ..
Depuartment of Physics wud Astrimomy, Untoersify of Britisi Columbio, Ve 1CWD omt

Published March 15, 20110
Majorana lermions inch closer to reality
The race for realizing Matorang fersions  clusive particles t

v ST ot (ke maderieds o ek with. Tavlor L. Huglies
Flosonwsity of Miwois nd (Telena-Clasogeeige, 1706 W, Croew SC, Urhovac T G1200, TISA

Published Angnat 22, 2011
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Majorana Fermions in Condensed Matter

ALL PROPOSALS ARE BASED
ON SYSTEMS INVOLVING
SUPERCONDUCTORS, WHY?
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Majorana Fermions in Condensed Matter

|

The ground state (zero energy)

IS composed of pairs of
electrons of opposite spin
(Cooper pairs)

A - —

2A
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Majorana Fermions in Condensed Matter

Very important: quasiparticle excitations in
a superconductor are electron-hole
guantum superpositions

WT ~ uc! + ve

_%

B = Qf--meefmmmemaaaae. 2\
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7
Superconductor\\ //Superconductor

Normal

/ Subgap States
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Majorana Fermions in Superconductors

Superconducting BCS mean-field pairing for a generic Hamiltonian

H = /erH £)chcon + (Ar)elyel, + He)]
Ctor
. Cl,r
Four-component Nambu spinor \I/(I’) — B -‘-
fr%,r
“tor

Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat
electrons and holes at the same footing

1 . .
H = 5 dI'\IﬂL(I')HBdg(I')\IJ(I'),
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Majorana Fermions in Superconductors

Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat
electrons and holes at the same footing

1 . .
H = 5 dr¥T (r)Hpae (r)U(r),

Electron sector

Hpag(r) =

hole sector (time-reversed
version of the electron)
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Majorana Fermions in Superconductors

The redundancy is resolved by observing that the BdG Hamiltonian
has particle-hole (charge conjugation) symmetry.

0 —0Y
oYY
C=r170 _(iay 0 >

Charge conjugation operator

A 4
CHpa(r)C" = —Hpag(r)

For each eigenstate at positive energy there is an equivalent
particle-hole conjugate eigenstate at negative energy

Ramoén Aguado ICMM-CSIC



Majorana Fermions in Superconductors

Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat
electrons and holes at the same footing

Hpac(r)®,(r) = E®,(r),

(I)n(r) — [u’nT(r)7 uni(r)v UTLT(P)v Uni(r)]T

Stationary solutions

D 4
1
= T
H = 9 Zn: e Ne™
Y — / drd] (r) b (r) = / drfucs , (F)ees + ufy (D) — 0% (0)ch | + 0% (0)l
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Majorana Fermions in Superconductors
1
H = 5 § :Enfyjfyn
n
o= [ wR(e) = [ drlu g (0w + (e — v ()], 0y ()

Redundancy in the BdG Hamiltonian

Same excitation

%‘
|
|

Yo = Yn
- Negative energy
|\ E,=-E, |
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Majorana Fermions in Superconductors

&
S
n

—— -

* These symmetries originate from the Nambu spinor whose form is in
turn dictated by the structure of the second quantized BdG
Hamiltonian. BdG theory has Majorana character built in!

br) = o) = (YW
iV (r)
 Note however that this Majorana property is fultilled by the

entire field operator not by the eigenmodes of well defined
energy (which is what we typically probe in an experiment).
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Majorana Zero Modes

L __ I —

Standard BdG emgenmode

®p, (r) = CdY ()
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Majorana Zero Modes

Yo =1 / defug 1 (v)er s + uf | (v)er,y — uo,y(P)el | — uop(r)el ]

Which is clearly self-conjugate

Ramoén Aguado ICMM-CSIC



Majorana Zero Modes
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Majorana Zero Modes

Non-degenerate zero modes correspond
to charge neutral superposritions of
electrons and holes=Majorana zero modes
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Majorana Zero Modes

Very important. don’t forget
spin!!!

ﬂyT ~ uc$ + UC|

_%

B = Qf--mmefmmmmmaaeae. 2\
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Majorana Zero Modes

1
!~ 5(4 +¢y)




Majorana Fermions in Superconductors




Majorana Fermions in Superconductors

In condensed matter settings, spin degeneracy is a problem: we
need spinless superconductors such as p-wave (early
proposals). Intrinsic p-wave superconductors very scarce in
nature: SrRuO4, (Matsumoto and Sigrist 1999), 5/2 fractional
QHE (Read & Green, 2000), Kitaev 2001, etc

E=0 073 =%
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Majorana Zero Modes

DIRAC
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MAJORANA




From Majorana fermions to Majorana zero modes

ICMM csicC -

Seminal result in field theory (Jackiw and Rossi, 1981): the Majorana
equation in two dimensions has non-propagating solutions, namely
zero modes, if the mass term has a vortex profile.

() ()= ()
Sy

Vortex in 2D

For an introduction see: “Fractional and
Majorana fermions”, Jackiw, arXiv1104.4486
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From Majorana fermions to Majorana zero modes

ICMM csicC -

Dirac equation in Weyl representation (chiral spinors where the spin of a
particle points in the same direction as its momentum)

—m 10y — op U,
10y + op —m (IFD

Impose charge conjugation \IJ — \:[j

7

(10, — op)UR \ 0

= 0,

—

—
=

In the Majorana equation, chiralities become decoupled and the mass term
mixes particles and antiparticles (technically, this implies that the equation
IS not gauge invariant, hence Majorana particles cannot be coupled to the
electromagnetic field and are thus necessarily charge neutral).



From Majorana fermions to Majorana zero modes

ICMM  csic -

This is a generalisation of another seminal result by Jackiw and Rebbi (Phys. Rev. D 13, 3398,
1976) which demonstrates the existence of zero energy bound states in the one dimensional
Dirac equation at points where the mass term changes sign.

[—ihcOyo, + m(z)c?o,)Y(z) = Ev(x)

|?7b (CE ) | J mode m > O

For an introduction see: “Fractional and
Majorana fermions”, Jackiw, arXiv1104.4486
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Iwo-dimensional chiral p+ip topological superconductor

® [he simplest nontrivial time-reversal breaking superconductor In
2D is the spinless p+ip superconductor

°+p° . .
H _ - erfy % _ZA(px — ’pr)
BdG — A % : p2+p°
1A (pz + ipy) am ]
Low momentum
D 4
. —H _iA(p:c — Z.py)
HBdG — iA*(px 4+ ipy) 0

N. Read and D. Green, "Paired states of fermions in two dimensions with breaking of parity and
time-reversal symmetries and the fractional quantum Hall effect”. Phys. Rev. B 61, 10267 (2000)
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Iwo-dimensional chiral p+ip topological superconductor

® [he simplest nontrivial time-reversal breaking superconductor In
2D is the spinless p+ip superconductor

_ —H —i1A(py — 1py)
7BdG = ZA*(paz =+ ipy) %!

Hpac(py =0) = Ap,7¥ — put”°

One-dimensional massive Dirac Hamiltonian (with Pauli matrices defined in electron-hole space). As
discussed by Jackiw and Rebbi (Phys. Rev. D 13, 3398, 1976), this one-dimensional Dirac Hamiltonian
contains zero energy bound states at interfaces where the mass term changes sign (which is our case as
we cross the =0 critical point)
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Iwo-dimensional chiral p+ip topological superconductor

® [he simplest nontrivial time-reversal breaking superconductor In
2D is the spinless p+ip superconductor

B — () —iA(—10; — ipy))
Haic = < iA*(’igic +ipy) p(x) )

[ —up <0, forxz<0

i) = - o >0, for x>0

\

B(x) ~ exp [— /Ox da;'“(f)] G)

N~ /dmexp —/Om daz’u(zl)_ c(x) + ¢ (),

Zero energy bound states
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Iwo-dimensional chiral p+ip topological superconductor

® [he simplest nontrivial time-reversal breaking superconductor In
2D is the spinless p+ip superconductor

Majorana zero modes
bound to vortices

Conduction Band

Insulator n=0
(a)
AN AA ] Er

Quantum Hall
State n=1

p <0
trivial

Valence Band
|

-ft/a 0 K —/a

e —

Image from J. Alicea, “New directions in the pursuit of Majorana fermions in solid state systems”
Rep. Prog. Phys. 75, 076501(2012).
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First proposals more than 20-30 years old!
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Two-dimensional p-wave
superconductor

.,

/773
< 2

<

M
Wil P!
./

Majorana zero modes bound
to h/2e vortex

<

N. Read and D. Green, "Paired states of fermions in two
dimensions with breaking of parity and time-reversal
symmetries and the fractional quantum Hall effect". Phys. Rev.
B 61, 10267 (2000)



The Kitaev model ‘
 ¥CSIC |
Kitaev, Phys.-Usp., 44, 131, 2001
N N-1
- _ t T A T
—H ‘| 7€ T C jCi+1 T C]+1C.7) + Alcjciy + ¢a65) |
71=1 71=1

|d spinless chain with p-wave pairing

‘—‘—‘—t‘—‘—‘—‘

\/_\/_\/_A\/_\/—\/‘_\/

f f f
c‘i C, Citq C
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The Kitaevy model

Kitaev, Phys.-Usp., 44, 131, 2001
_t

o - & 6 _ 6 6
\/_\/_\/_A\/_\/‘_\/_\/

M >
N

Decomposition In terms of Majorana operators

1 , 1 .
Cj:§( ;-4—|—7/y35), c;r-:—(’yf—zfyf).

2
{”72477;3} = 20;;04B, 7 27;, 732 :7;2 =1
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The Kitaevy model |

‘ LU PP LGS An SO L W AR

Kitaev, Phys.-Usp., 44, 131, 2001
‘—‘—‘—t‘—‘—‘—‘
U e U S N /_A\J_\)—\/_\/

A .
C—VQ @ Y, :Cj_|_Cj-, VJB:z(cT—cj)

6—0 ‘—6— ‘—6- ‘/—6- d—‘ -‘—b H

A B _A _B
Vi Vi Vi1 Vi1
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The Kitaevy model

Kitaev, Phys.-Usp., 44, 131, 2001
/z’———‘/v:—_-‘/v:—_-“/s—\’___‘/v\’___‘/v\’—_-‘x\
@ - - - ¢ el - L ) N | b ---¢—@ --- O—P----—g

A_B
1_|_w—7j 73 1}7
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The Kitaevy model

Kitaev, Phys.-Usp., 44, 131, 2001

Despite its innocent-looking form, this model is rather nontrivial:

N B 1 * Majorana operators on the same site are now decoupled

H p— Zt ’}/B /)/A * long range coupling is established since Majorana operators
7 1g+1-

on neighbouring sites are now coupled.

j — ]_ * The Majorana operators at the end of chain seem to have
disappeared from the problem...

wy = 2t w_ =0 pu =70
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The Kitaev model | — %

Kitaev, Phys.-Usp., 44, 131, 2001
0 t=

0=
‘ G---D D G- D G- & -- ®---9 ‘

/ZJse fermions across nearest neighbor bonds

1 B A N—1
= A . 1
1/ p . o4 j=

p—t

H,7{'| = [H,vn] =0.

GAPPED SPECTRUM+ZERO-ENERGY MAJORANAS AT
THE END OF THE WIRE (DECOUPLED FROM THE
BULK OF THE CHAIN)!I ‘ csIC |
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One-dimensional topological superconductor

Kitaev, Phys.-Usp., 44, 131, 2001

ILL _— — 2 . 25t Trivial Phase
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One-dimensional topological superconductor

Kitaev, Phys.-Usp., 44, 131, 2001

p=—2t Gap closes
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One-dimensional topological superconductor

Kitaev, Phys.-Usp., 44, 131, 2001

/’L _ — ]_ . 75t Topological Phase
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One-dimensional topological superconductor
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Kitaev, Phys.-Usp., 44, 131, 2001

1.0

0.5~

e/

0.0

The system is topologically
non-trivial (topological
superconductor) for

pl <28



i MAJORANA STATES i

1 =M Y2 = Y2

Arbitrarily far apart, the only limitation is the physical sample length

< >

Two Majorana quasipatrticles at the ends of a one dimensional topological superconductor
form a single electronic excitation which can be arbitrarily delocalized.

—imy2 = (1 - 2c'¢)



Statistics under exchange
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Statistics under exchange

) — — |

Fermions
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Statistics under exchange

./

- i

° Phase factors: the order of the exchange is irrelevant
'+ Example 1/3 fractional QHE

4

/ \
/’ Z
| ]

Abelian Anyons

A

J. Leinaas, J. Myrheim, Jan, "On the theory of identical particles" I/l Nuovo Cimento B. 37, 1, 1977
Frank Wilczek, “Quantum Mechanics of Fractional-Spin Particles”, Phys. Rev. Lett. 49, 957, 1982
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Statistics under exchange ‘

__/

r Braid matrix: the order of the exc ate
- After the exchange, the ground state |

M
-/

==
P

y

g’

,/'I
f
/
|
| I
i
‘: I :‘ (] % |

A\

non-Abelian yons
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Fermionic ground state degeneracy

M
./
71 M
Fermionic parity operator
-/ ’72 Rarity op

P:1—2ﬁ:1—20Tc:—i71*y2

Majorana zero modes encode ground state degeneracy _

A

Majorana zero mode is “half” a Fermion

1 |
C — — (71 —+ 272) A Gap to higher energy

2 excited states

1
f e Ly |
¢t =5 —in) 0) —|1) = c'|0)

Locally indistinguishable ground states

Two fermionic parity ground states
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Majorana zero modes as building blocks of topological qubits

- 1 , 1 .
® 2 cA = 5(% +iv2) cB= 5(73 + 174
1 | 1 .
®, C; = 5(% —iy2) BT 5(73 —174)
Two fermionic parity ground states
‘O, O> Even ()7 1> — CTB O, O> Odd
1,1) = ¢!, ¢ ]0,0) [|1,0) = ¢4]0,0)
| 1) =10,0) 1) =11,0)
1) =11,1) 1) =10,1)




Majorana zero modes as building blocks of topological qubits

\7‘/ Two fermionic parity ground states
1 - < _ T T
. ®» 5 0,0) even |10, 1) = ch 0,0) odc
- ’ - ‘1,1>:C;CTB|O,O> 1,0) = ¢'4|0,0)

./ /4

We can define a Majorana qubit by
fixing the parity (even or odd) of the
total number of fermions and
construct the three Pauli matrices
using four Majorana zero modes.

Oy = —17273
Oy =— _7:'71’73

T, = _nyl Y2,

1) =10,0) 1) =11,0)
=111 1) =10,1)

The gubit stores quantum information non-locally
(through the spatially separated Majorana zero
modes) which gives rise to the concept of
topologically protected (fault-tolerant) quantum
computation (inmune to local errors/decoherence)



Non-Abelian braiding of Majorana zero modes |

U12 — 6 7’4,7/1/7/2

-

,72 C’YQ
Y1 — =2 Uia|n) = 3172 |p)
Y2 — V1

Exchanging two Majorana zero modes generates occupancy dependent phase factors

U12‘0>:%(1—|—i)\0> U12‘1>:%(1—Z’)|1>
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Non-Abelian braiding of Majorana zero modes

Majorana zero modes encode ground state degeneracy
C Two fermionic parity ground states
Yo ™, [10,0) even |]0,1) = ¢k|0,0) odd
_ 1,1) = clyel]0,0) |[1,0) = ¢}]0,0)
./
3 ® -, | 1) =10,0) 1) =11,0)

) =11,1) 1) =10,1)

Ulz\nh nz) = 6%(1_%1) |’fl1, n2>

U34|n1,n2> = 6%(1_2n2)|n1,n2>,

Occupation-dependent phase factors




Non-Abelian braiding of Majorana zero modes

\/_

a2
V2

./

V3

* Majorana exchange produces a superposition state of U23 ‘ 1 ]_> —
different number states. :

* Whenever two exchanges involve the same Majorana
zero mode, the braid operators do not conmute.

* The final state of the system after exchanging several
pairs of Majorana zero modes depends on the order of
the exchange operations, much like braiding cords in a
necklace, hence the name non-Abelian "braiding”

[|O 0) + i1, 1>}

1,1) —i|0,0)].

[Un—l,nUn,n—l-l] — Z’A}/n—lf%z—l—l -



Non-Abelian braiding of Majorana zero modes |

T EATOACTEMA STOP NUTMIONE - £ INIIN AND POVERT

SCIENTI FI C * Non-Abelian anyons and topological quantum

computation, Chetan Nayak, Steven H. Simon, Ady

AMER'C%@' Stern, I\/Iicha’el Freedman, ar’wd Sankar .Das Sa,rma,

Rev. Mod. Phys. 80, 1083, 2008

EIZARRE PARTICLLS
AND SPACITIVL AR AIDS
SQAVE lMPOSYIEL # ’ﬂnll

COMPUTING WITH » Non-Abelian states of matter, Ady
A ' Stern,Nature 464, 187, 2010

* Majorana zero modes and topological quantum
Cutured A o computation, Sankar Das Sarma, Michael

Evolving Intclligence

Moyt Tri e d B () / Freedman and Chetan Nayak, Npj Quantum

Solar Hares

riuga < ineg RIS Information, (2015) 15001.




Physical realisations for engineering p-wave topological superconductors

Challenging experimentally:

eclectrons are spin-degenerate so we must freeze out halt of
the degrees of freedom to have an effective spinless system.
e p-wave superconductors are very rare in nature.

Clever proposals that overcome these challenges have the
same three main ingredients:

e — — Allows to use
1 Instead of using |ntr|nS|c superconduchwty use | standard

the superconducting proximity effect. T materials!!!
2 Time-reversal symmetry breaking
3.Spin-orbit coupling.

—_— - - - = —_— e
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Physical realisations for engineering p-wave topological superconductors

Experimental
relevance
Experimentalists
listen
A
A
Non-Abelian
t even anyons,

late 1980°s @

Conceptual novelty

Jason Alicea and Ady Stern, “Designer non-Abelian anyon platforms: from Majorana to Fibonacci”,
Physica. Scripta. 2015, 014006, 2015



