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As you have seen in previous lectures: 

•The main propery of 2D TIs is the 
presence of counterpropagating spin-
filtered edge states (helical states) that 
are connected by time-reversal symmetry.  

•The bulk is gapped.  

•Counterpropagating edge modes are 
Kramer’s partners.
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Fig. 4. – a) The surface states of a 3D topological insulator can be described as a single Dirac
cone. While encircling the Dirac cone, the electron spins wind by 2π which converts conventional
s-wave pairing into p-wave, as described by eq. (78). b) The edge states of a two-dimensional
topological insulator are counterpropagating helical channels. As long as time-reversal symmetry
is preserved, backscattering between these Kramer’s partners is supressed, thus giving rise to a
symmetry-protected topological phase with quantized conductance (quantum spin Hall effect).

p-wave superconducting correlations starting from conventional s-wave superconductors.
As we shall see in this section, we only need three main ingredients for the clever recipe:
the superconducting proximity effect, spin-orbit coupling and time-reversal symmetry
breaking.

4.1. The Fu and Kane model . – In 2008, Liang Fu and Charlie Kane published their
highly influential paper [24] where they showed that one can engineer p-wave super-
conductivity out of s-wave superconductors by virtue of the superconducting proximity
effect with the helical surface of a three dimensional topological insulator. In order to
illustrate the idea, let us follow the original argument by Fu and Kane and consider the
low-energy Dirac Hamiltonian describing the surface of a topological insulator:

(76) H0 =
∫

dr2rΨ† [−iv(∂xσy − ∂yσx) − µ] Ψ,

where v is the Dirac cone velocity, µ the chemical potential and σ the Pauli matrices in
spin space. Equation (76) describes surface eigenstates with energies ϵ±(k) = ±v|k|− µ
which are the upper and lower branches of a single Dirac cone with definite spin-helicity.
(fig. 4a). Their key observation is that standard singlet s-wave pairing effectively behaves
as p-wave when projected onto the basis of helical electrons. This can be seen by analysing
the consequences that a standard BCS pairing term of the form

(77) HS =
∫

dr2∆
(
ψ†
↑ψ

†
↓ + H.c

)
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cone. While encircling the Dirac cone, the electron spins wind by 2π which converts conventional
s-wave pairing into p-wave, as described by eq. (78). b) The edge states of a two-dimensional
topological insulator are counterpropagating helical channels. As long as time-reversal symmetry
is preserved, backscattering between these Kramer’s partners is supressed, thus giving rise to a
symmetry-protected topological phase with quantized conductance (quantum spin Hall effect).
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A gap opens owing to a mass 
term: Zeeman interaction that 

breaks time-reversal symmetry. 
Edge spectrum becomes

✏±(k) = �µ±
p
(vk)2 + h2
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Fig. 4. – a) The surface states of a 3D topological insulator can be described as a single Dirac
cone. While encircling the Dirac cone, the electron spins wind by 2π which converts conventional
s-wave pairing into p-wave, as described by eq. (78). b) The edge states of a two-dimensional
topological insulator are counterpropagating helical channels. As long as time-reversal symmetry
is preserved, backscattering between these Kramer’s partners is supressed, thus giving rise to a
symmetry-protected topological phase with quantized conductance (quantum spin Hall effect).
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Fig. 4. – a) The surface states of a 3D topological insulator can be described as a single Dirac
cone. While encircling the Dirac cone, the electron spins wind by 2π which converts conventional
s-wave pairing into p-wave, as described by eq. (78). b) The edge states of a two-dimensional
topological insulator are counterpropagating helical channels. As long as time-reversal symmetry
is preserved, backscattering between these Kramer’s partners is supressed, thus giving rise to a
symmetry-protected topological phase with quantized conductance (quantum spin Hall effect).
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conductivity out of s-wave superconductors by virtue of the superconducting proximity
effect with the helical surface of a three dimensional topological insulator. In order to
illustrate the idea, let us follow the original argument by Fu and Kane and consider the
low-energy Dirac Hamiltonian describing the surface of a topological insulator:

(76) H0 =
∫

dr2rΨ† [−iv(∂xσy − ∂yσx) − µ] Ψ,
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spin space. Equation (76) describes surface eigenstates with energies ϵ±(k) = ±v|k|− µ
which are the upper and lower branches of a single Dirac cone with definite spin-helicity.
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The Hamiltonian in the new basis acquires p-wave pairing terms!!
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Fu and Kane, PRB 79, 161408(R), 2009
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Kitaev’s model for 1D spinless p-wave superconductor, which is 
topological for
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Fig. 5. – a) The edge of a two-dimensional topological insulator becomes a one-dimensional
topological superconductor when proximitized by a superconductor (green). This topological
superconductor supports Majorana bound states (yellow circles) at boundaries which break
time reversal symmetry, like, e.g., at the boundaries with a ferromagnetic insulator (purple).
b) Phase diagram, the proximitized edge is a one-dimensional topological superconductor when
EZ <

p
µ2 + ∆2.

For the more general situation µ ̸= 0, it is instructive to make connection with Kitaev’s
model. In the EZ ≫ ∆ limit and with µ close to the bottom of the upper band, one
may project out the ψ− band in eq. (80) and perform a low momentum expansion which
gives an effective Hamiltonian in real space:

(85) H =
∫

dxψ†
+(x)

[
− ∂2

x

2meff
− µeff

]
ψ+(x) − ∆eff

2

[
ψ†

+(x)i∂xψ†
+(x) + H.c.

]
,

with meff = v2/EZ , µeff = µ − EZ and ∆eff = v∆/EZ . Interestingly, the effective
model described by eq. (85) is equivalent to the low-energy limit of Kitaev’s model (i.e.
the low-density limit, near µ = −t, of eq. (53)). A similar mapping holds for µ near
the top of the lower band, for a full discussion see, e.g., ref. [35]. Having established the
connection with the Kitaev model for EZ ≫ ∆, we can conclude that the proximitized
edge of a 2D topological insulator will host a topologically trivial (strong pairing) phase
when |µ| ! EZ and a topologically non-trivial (weak pairing) phase when |µ| " EZ .
The full phase diagram, valid at any µ, ∆ and EZ , can be obtained by nullifying the
quasiparticle gap extracted from eq. (80):

(86) E±(k) = ±
√

∆2
p + ∆2

s +
ϵ2+(k) + ϵ2−(k)

2
± (ϵ+(k) − ϵ−(k))

√
∆2

s + µ2,

which vanishes for E2
Z = ∆2 +µ2. By considering the above analysis for the EZ ≫ ∆, we

can conclude that the proximitized edge is a one-dimensional topological superconductor
when EZ <

√
µ2 + ∆2 (fig. 5).

4.2. The Rashba semiconductor model . – The above ideas of engineering p-wave super-
conductivity by proximitizing helical electrons are by no means restricted to topological
insulators. In 2010, four seminal papers demonstrated that a promising strategy can be
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For the more general situation µ ̸= 0, it is instructive to make connection with Kitaev’s
model. In the EZ ≫ ∆ limit and with µ close to the bottom of the upper band, one
may project out the ψ− band in eq. (80) and perform a low momentum expansion which
gives an effective Hamiltonian in real space:

(85) H =
∫

dxψ†
+(x)

[
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2meff
− µeff
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ψ+(x) − ∆eff
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,

with meff = v2/EZ , µeff = µ − EZ and ∆eff = v∆/EZ . Interestingly, the effective
model described by eq. (85) is equivalent to the low-energy limit of Kitaev’s model (i.e.
the low-density limit, near µ = −t, of eq. (53)). A similar mapping holds for µ near
the top of the lower band, for a full discussion see, e.g., ref. [35]. Having established the
connection with the Kitaev model for EZ ≫ ∆, we can conclude that the proximitized
edge of a 2D topological insulator will host a topologically trivial (strong pairing) phase
when |µ| ! EZ and a topologically non-trivial (weak pairing) phase when |µ| " EZ .
The full phase diagram, valid at any µ, ∆ and EZ , can be obtained by nullifying the
quasiparticle gap extracted from eq. (80):
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∆2

s + µ2,

which vanishes for E2
Z = ∆2 +µ2. By considering the above analysis for the EZ ≫ ∆, we

can conclude that the proximitized edge is a one-dimensional topological superconductor
when EZ <

√
µ2 + ∆2 (fig. 5).

4.2. The Rashba semiconductor model . – The above ideas of engineering p-wave super-
conductivity by proximitizing helical electrons are by no means restricted to topological
insulators. In 2010, four seminal papers demonstrated that a promising strategy can be
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•One can also engineer systems that realize a topological phase 
supporting Majorana fermions in two dimensions by inducing an 
effective p+ip superconducting pairing in a spinless 2D electron 
gas. Simplest case 3D TIs:

H3DTI =

Z
d
2
r 

†[�iv(@x�
y � @y�

x)� µ] 

•For any chemical potential residing within 
the bulk gap there us only one single Fermi 
surface (Dirac cones non-degenerate). 
•Electrons along the Fermi surface are not 
spin-polarized (momentum-spin locking) so 
p+ip pairing can be effectively induced by 
s-wave proximity effect.

E±(k) =
q

✏2±(k) +�2
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Fig. 4. – a) The surface states of a 3D topological insulator can be described as a single Dirac
cone. While encircling the Dirac cone, the electron spins wind by 2π which converts conventional
s-wave pairing into p-wave, as described by eq. (78). b) The edge states of a two-dimensional
topological insulator are counterpropagating helical channels. As long as time-reversal symmetry
is preserved, backscattering between these Kramer’s partners is supressed, thus giving rise to a
symmetry-protected topological phase with quantized conductance (quantum spin Hall effect).

p-wave superconducting correlations starting from conventional s-wave superconductors.
As we shall see in this section, we only need three main ingredients for the clever recipe:
the superconducting proximity effect, spin-orbit coupling and time-reversal symmetry
breaking.

4.1. The Fu and Kane model . – In 2008, Liang Fu and Charlie Kane published their
highly influential paper [24] where they showed that one can engineer p-wave super-
conductivity out of s-wave superconductors by virtue of the superconducting proximity
effect with the helical surface of a three dimensional topological insulator. In order to
illustrate the idea, let us follow the original argument by Fu and Kane and consider the
low-energy Dirac Hamiltonian describing the surface of a topological insulator:

(76) H0 =
∫

dr2rΨ† [−iv(∂xσy − ∂yσx) − µ] Ψ,

where v is the Dirac cone velocity, µ the chemical potential and σ the Pauli matrices in
spin space. Equation (76) describes surface eigenstates with energies ϵ±(k) = ±v|k|− µ
which are the upper and lower branches of a single Dirac cone with definite spin-helicity.
(fig. 4a). Their key observation is that standard singlet s-wave pairing effectively behaves
as p-wave when projected onto the basis of helical electrons. This can be seen by analysing
the consequences that a standard BCS pairing term of the form

(77) HS =
∫

dr2∆
(
ψ†
↑ψ

†
↓ + H.c

)
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•Time-reversal breaking of any form will generate chiral Majorana edge 
states at the boundary between topologically superconducting and 
magnetically gapped regions in the surface of a 3D TI.

✏±(k) = ±v|k|� µ

Fu and Kane, PRL 100, 096407, 2008
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p-wave superconducting correlations starting from conventional s-wave superconductors.
As we shall see in this section, we only need three main ingredients for the clever recipe:
the superconducting proximity effect, spin-orbit coupling and time-reversal symmetry
breaking.

4.1. The Fu and Kane model . – In 2008, Liang Fu and Charlie Kane published their
highly influential paper [24] where they showed that one can engineer p-wave super-
conductivity out of s-wave superconductors by virtue of the superconducting proximity
effect with the helical surface of a three dimensional topological insulator. In order to
illustrate the idea, let us follow the original argument by Fu and Kane and consider the
low-energy Dirac Hamiltonian describing the surface of a topological insulator:

(76) H0 =
∫

dr2rΨ† [−iv(∂xσy − ∂yσx) − µ] Ψ,

where v is the Dirac cone velocity, µ the chemical potential and σ the Pauli matrices in
spin space. Equation (76) describes surface eigenstates with energies ϵ±(k) = ±v|k|− µ
which are the upper and lower branches of a single Dirac cone with definite spin-helicity.
(fig. 4a). Their key observation is that standard singlet s-wave pairing effectively behaves
as p-wave when projected onto the basis of helical electrons. This can be seen by analysing
the consequences that a standard BCS pairing term of the form
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Figure from Carlo Beenakker, Annual Review Condensed Matter, 4, 113, 2013
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EF
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s-wave superconductor on top of a topological insulator

The masless 2D Dirac equation includes a 
zero mode solution (Majorana). 

Zero-point motion, relativistic particles have

↵ = 0

 Vortex created by a magnetic field. 
This vortex traps midgap states.

Fu and Kane, PRL, 100, 096407, 2008
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Fu & Kane’s proposal: the surface of a 3D Topological Insulator 
proximized with an s-wave superconductor is effectively a 2D 

p+ip superconductor. Vortices bind Majoranas
Fu and Kane, PRL, 100, 096407, 2008
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Lutchyn, Sau and Das Sarma, PRL 105, 077001 (2010)
Oreg, Refael, von Oppen, PRL, 105, 177002 (2010)

In the presence of s-wave pairing 
such helical nanowire is a realization 
of Kitaev’s one-dimensional p-wave 
superconductor model (2001). 
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The two Majoranas constitute a single electronic 
excitation which can be arbitrarily delocalized. 
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Very attractive proposal, all the ingredients are available in the lab:

•Nanowires with strong spin-orbit coupling (In As, InSb)

•Large g-factors       

•Good proximity effect with superconductors (Niobium, Vanadium, etc) with 
large critical fields.

•Gate-tunable (low chemical potential) nanowires.

↵SO ⇠ 0.1� 0.2eV Å

g ⇠ 10� 50

Lutchyn, Sau and Das Sarma, PRL 105, 077001 (2010)
Oreg, Refael, von Oppen, PRL, 105, 177002 (2010)
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The two Majoranas constitute a single electronic 
excitation which can be arbitrarily delocalized. 
Non-Abelian statistics, relevant for topological 
quantum computation
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Fig. 9. – A semiconducting nanowire with Rashba spin-orbit coupling (purple) in proximity with
an s-wave superconductor (grey) becomes a one-dimensional topological superconductor with
Majorana zero modes at its ends (yellow) when the applied Zeeman field EZ is larger than the
critical field Ec

Z ≡
p

∆2 + µ2. In realistic samples of finite length L, the Majoranas are not true

zero modes but weakly overlapping modes of energy ε ∼ kF e−
L
ξ cos(kF L), where the Majorana

localization length ξ depends on the strength of the spin-orbit interaction, see text.

For strong spin-orbit coupling, ∆2 remains roughly constant and roughly equal to the
original gap ∆2 ∼ ∆, see fig. 8 (bottom).

The Majorana wave functions exponentially decay into the bulk of the superconductor
as ψ(x) ∼ e−x/ξM e±ikF x, with kF the Fermi wave vector associated with the zero mode
and ξM their typical coherence length(17). This gives rise to a residual overlap between
Majorana modes residing at opposite ends of the nanowire in realistic wires of finite
length L. This overlap leads to the hybridization of Majoranas [74-77] into Bogoliubov
quasiparticles of energy

(96) δε ∼ !2kF
e−2L/ξM

mξM
cos(kF L).

This residual energy is expected to be exponentially small but its importance of course
depends on the ratio L/ξM . The spatial extension of the Majoranas ξM depends on vari-
ous relevant energy scales of the problem and should be of the order of ξM ∼ !vF /∆, with
vF being the Fermi velocity. In the strong spin-orbit regime, where ESO ≫ EZ , the Fermi
velocity is well approximated by α/! and then ξM ∼ α/∆. For weak spin-orbit coupling
(or large Zeeman), the correlation length acquires a prefactor that depends on the ratio
between the Zeeman and the spin-orbit energies, namely ξM ∼ (EZ/ESO)α/∆ which can

(17) The Majorana wave function presents an exponential decay provided that EZ ≫ Ec
Z . Near

the transition, both gaps ∆1 and ∆2 still contribute to the decay and the wave function presents
a double-exponential decay, see ref. [78].

• The Majorana wave functions exponentially decay into the bulk of the superconductor. 
• This gives rise to a residual overlap between Majorana modes residing at opposite ends of the nanowire in 

realistic wires of finite length (deviations from zero energy, so-called Majorana oscillations):
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Fig. 10. – Bogoliubov-de Gennes spectrum of a finite-length nanowire for increasing Zeeman
fields. Without spin-orbit coupling (left panel), the superconducting gap closes at EZ = ∆
and never reopens again, since the Zeeman field induces depairing in an overall trivial s-wave
superconductor. The sector ∆ < EZ < Ec

Z (region between purple and red dashed lines)
contains BdG levels with both spin components, while the spectrum is fully spin-polarized
when EZ > Ec

Z . With spin-orbit coupling (right panel), this spin-polarized spectrum becomes
topological: the superconducting gap first closes at Ec

Z ≡
p

∆2 + µ2 but it reopens again at
EZ > Ec

Z since the system is effectively a non-trivial p-wave superconductor. The non-trivial
phase is characterized by near-zero Majorana modes which weakly overlap (small deviations
from strict zero energy) owing to the finite length, see text. Adapted from ref. [71].

be written in terms of the spin-orbit length lSO = !2/(mα) as ξM ∼ 2(EZ/∆)lSO [78,79].
Thus, for realistic values of the spin-orbit coupling, one expects a Majorana correlation
length which should be of the order of the spin-orbit length and which should increase
with Zeeman.

One can understand the important role that spin-orbit coupling has in the mechanism
leading to a topological transition by comparing α = 0 and α ̸= 0 BdG spectra as a
function of Zeeman field (fig. 10). Without spin-orbit coupling (left panel), the gap
closes when ∆ = EZ (purple dashed line). This Zeeeman depairing effect is due to the
Zeeman splitting of the BdG levels that cross zero energy when EZ = ∆. After the
closing of the gap, the zero-energy crossings of Zeeman-split levels are not protected
and the gap never reopens. Interestingly, while the regime ∆ < EZ < Ec

Z (region
between purple and red dashed lines in the left panel of fig. 10) corresponds to BdG
levels with both spin components, one spin sector is completely removed when EZ > Ec

Z
and the spectrum is fully spin polarised. This spin-polarised spectrum is the one that
becomes topological when α ̸= 0. This is explicitly shown in the right panel, where
it is clear that the finite spin orbit coupling shifts the gap closing point at Ec

Z while
inducing avoided crossings between levels at finite energy. This results in a reopening
of the gap for EZ > Ec

Z =
√

∆2 + µ2 which now contains a subgap level near zero
energy. This BdG excitation that oscillates near zero energy [74-77] corresponds to the
two overlapping Majoranas that we described previously in eq. (96) and is separated
from the rest of excitations by a so-called topological gap (essentially the distance to the
first finite-energy excitation) which is governed by the amount of spin-orbit coupling.

BdG spectrum without spin-orbit coupling BdG spectrum with spin-orbit coupling
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Fig. 10. – Bogoliubov-de Gennes spectrum of a finite-length nanowire for increasing Zeeman
fields. Without spin-orbit coupling (left panel), the superconducting gap closes at EZ = ∆
and never reopens again, since the Zeeman field induces depairing in an overall trivial s-wave
superconductor. The sector ∆ < EZ < Ec

Z (region between purple and red dashed lines)
contains BdG levels with both spin components, while the spectrum is fully spin-polarized
when EZ > Ec

Z . With spin-orbit coupling (right panel), this spin-polarized spectrum becomes
topological: the superconducting gap first closes at Ec

Z ≡
p

∆2 + µ2 but it reopens again at
EZ > Ec

Z since the system is effectively a non-trivial p-wave superconductor. The non-trivial
phase is characterized by near-zero Majorana modes which weakly overlap (small deviations
from strict zero energy) owing to the finite length, see text. Adapted from ref. [71].

be written in terms of the spin-orbit length lSO = !2/(mα) as ξM ∼ 2(EZ/∆)lSO [78,79].
Thus, for realistic values of the spin-orbit coupling, one expects a Majorana correlation
length which should be of the order of the spin-orbit length and which should increase
with Zeeman.

One can understand the important role that spin-orbit coupling has in the mechanism
leading to a topological transition by comparing α = 0 and α ̸= 0 BdG spectra as a
function of Zeeman field (fig. 10). Without spin-orbit coupling (left panel), the gap
closes when ∆ = EZ (purple dashed line). This Zeeeman depairing effect is due to the
Zeeman splitting of the BdG levels that cross zero energy when EZ = ∆. After the
closing of the gap, the zero-energy crossings of Zeeman-split levels are not protected
and the gap never reopens. Interestingly, while the regime ∆ < EZ < Ec

Z (region
between purple and red dashed lines in the left panel of fig. 10) corresponds to BdG
levels with both spin components, one spin sector is completely removed when EZ > Ec

Z
and the spectrum is fully spin polarised. This spin-polarised spectrum is the one that
becomes topological when α ̸= 0. This is explicitly shown in the right panel, where
it is clear that the finite spin orbit coupling shifts the gap closing point at Ec

Z while
inducing avoided crossings between levels at finite energy. This results in a reopening
of the gap for EZ > Ec

Z =
√

∆2 + µ2 which now contains a subgap level near zero
energy. This BdG excitation that oscillates near zero energy [74-77] corresponds to the
two overlapping Majoranas that we described previously in eq. (96) and is separated
from the rest of excitations by a so-called topological gap (essentially the distance to the
first finite-energy excitation) which is governed by the amount of spin-orbit coupling.

Finite length effects 

• TOPOLOGICAL REGIME 
WITH NEAR ZERO 
MAJORANA MODES

• SEPARATED BY A GAP 
FROM THE REST OF 
BdG QUASIPARTICLE 
EXCITATIONS
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and never reopens again, since the Zeeman field induces depairing in an overall trivial s-wave
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when EZ > Ec
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Z since the system is effectively a non-trivial p-wave superconductor. The non-trivial
phase is characterized by near-zero Majorana modes which weakly overlap (small deviations
from strict zero energy) owing to the finite length, see text. Adapted from ref. [71].

be written in terms of the spin-orbit length lSO = !2/(mα) as ξM ∼ 2(EZ/∆)lSO [78,79].
Thus, for realistic values of the spin-orbit coupling, one expects a Majorana correlation
length which should be of the order of the spin-orbit length and which should increase
with Zeeman.

One can understand the important role that spin-orbit coupling has in the mechanism
leading to a topological transition by comparing α = 0 and α ̸= 0 BdG spectra as a
function of Zeeman field (fig. 10). Without spin-orbit coupling (left panel), the gap
closes when ∆ = EZ (purple dashed line). This Zeeeman depairing effect is due to the
Zeeman splitting of the BdG levels that cross zero energy when EZ = ∆. After the
closing of the gap, the zero-energy crossings of Zeeman-split levels are not protected
and the gap never reopens. Interestingly, while the regime ∆ < EZ < Ec

Z (region
between purple and red dashed lines in the left panel of fig. 10) corresponds to BdG
levels with both spin components, one spin sector is completely removed when EZ > Ec

Z
and the spectrum is fully spin polarised. This spin-polarised spectrum is the one that
becomes topological when α ̸= 0. This is explicitly shown in the right panel, where
it is clear that the finite spin orbit coupling shifts the gap closing point at Ec

Z while
inducing avoided crossings between levels at finite energy. This results in a reopening
of the gap for EZ > Ec

Z =
√

∆2 + µ2 which now contains a subgap level near zero
energy. This BdG excitation that oscillates near zero energy [74-77] corresponds to the
two overlapping Majoranas that we described previously in eq. (96) and is separated
from the rest of excitations by a so-called topological gap (essentially the distance to the
first finite-energy excitation) which is governed by the amount of spin-orbit coupling.
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Andreev conductance

Topologically-trivial regime (BTK formula): For a single spinful channel, this formula describes all the possible values of 
Andreev conductance, from tunneling to fully ballistic, depending on the transparency of the normal-superconductor interface
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Fig. 1.9: (a) Differential conductance, G, normalized to the normal-state
value, GN, as a function of the dimensionless barrier height Z

computed at zero voltage, V ⇤ 0. (b) Conductance as a function of
V across the normal-superconducting interface and Z, constructed
using Eq. (1.30) (c)–(e) Conductance cuts from (b) showing the
evolution of G(V) from open (low Z) to tunneling (high Z) regime.
For high barriers G(V) / ⇢s(eV).



B field

Recipe for Majoranas:

•Make a Normal-Superconductor junction with In 
As or  InSb nanowires coupled to, say, Niobium 
contacts.
•Gate the system to reach low density.
•Increase magnetic field along the wire direction.
•Look for zero bias peaks in 
conductance that emerge after a gap 
closing (transition from trivial to non-
trivial phase) as B field increases.

N: Normal contact
S: Robust superconductor

G =
2e2

h

Resonant Andreev reflection in the NS interface:
owing to the presence of the Majorana bound state there is a 
peak at V=0.  Particle-hole symmetry implies unitary transport

Law, Lee and Ng, PRL 103, 237001 (2009)

Ramón Aguado ICMM-CSIC
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Fig. 12. – Transport characteristics of Majorana normal-superconductor junctions. (a) Top:
Schematic of Andreev reflection in a normal-superconductor junction: an incident electron is
converted into a hole and a Cooper pair is created in the superconductor. Bottom: If the junction
contains a Majorana bound state, Andreev reflection can be understood as a resonant process at
zero energy through a “two lead” double barrier system where, conceptually, the original normal
lead is separated into two “electron” and “hole” leads. (b) Sketch of the expected behavior of
differential conductance curves dI/dV as a function of voltage for increasing magnetic fields.
Blue and red denote trivial and non-trivial regions, respectively.The topological transition is
seen as a closing of the superconducting gap at the critical Zeeman field and the emergent zero
bias anomaly signals the appearance of Majorana zero modes in the system, see, e.g., ref. [87].

all the information about Andreev reflection is encoded. These poles can be written as
ϵn = En−iΓn and represent the real energy En and decay rate Γn into the normal contact
of quasibound Bogoliubov excitations in the wire. Particle-hole symmetry requires that
these complex poles come in pairs symmetrically arranged around the imaginary axis
(ϵn and −ϵ∗n). In this language, topology is characterized by the number of poles, NY ,
with zero real part (at a topological phase transition NY changes by ±1). However, in a
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Fig. 10. – Bogoliubov-de Gennes spectrum of a finite-length nanowire for increasing Zeeman
fields. Without spin-orbit coupling (left panel), the superconducting gap closes at EZ = ∆
and never reopens again, since the Zeeman field induces depairing in an overall trivial s-wave
superconductor. The sector ∆ < EZ < Ec

Z (region between purple and red dashed lines)
contains BdG levels with both spin components, while the spectrum is fully spin-polarized
when EZ > Ec

Z . With spin-orbit coupling (right panel), this spin-polarized spectrum becomes
topological: the superconducting gap first closes at Ec

Z ≡
p

∆2 + µ2 but it reopens again at
EZ > Ec

Z since the system is effectively a non-trivial p-wave superconductor. The non-trivial
phase is characterized by near-zero Majorana modes which weakly overlap (small deviations
from strict zero energy) owing to the finite length, see text. Adapted from ref. [71].

be written in terms of the spin-orbit length lSO = !2/(mα) as ξM ∼ 2(EZ/∆)lSO [78,79].
Thus, for realistic values of the spin-orbit coupling, one expects a Majorana correlation
length which should be of the order of the spin-orbit length and which should increase
with Zeeman.

One can understand the important role that spin-orbit coupling has in the mechanism
leading to a topological transition by comparing α = 0 and α ̸= 0 BdG spectra as a
function of Zeeman field (fig. 10). Without spin-orbit coupling (left panel), the gap
closes when ∆ = EZ (purple dashed line). This Zeeeman depairing effect is due to the
Zeeman splitting of the BdG levels that cross zero energy when EZ = ∆. After the
closing of the gap, the zero-energy crossings of Zeeman-split levels are not protected
and the gap never reopens. Interestingly, while the regime ∆ < EZ < Ec

Z (region
between purple and red dashed lines in the left panel of fig. 10) corresponds to BdG
levels with both spin components, one spin sector is completely removed when EZ > Ec

Z
and the spectrum is fully spin polarised. This spin-polarised spectrum is the one that
becomes topological when α ̸= 0. This is explicitly shown in the right panel, where
it is clear that the finite spin orbit coupling shifts the gap closing point at Ec

Z while
inducing avoided crossings between levels at finite energy. This results in a reopening
of the gap for EZ > Ec

Z =
√

∆2 + µ2 which now contains a subgap level near zero
energy. This BdG excitation that oscillates near zero energy [74-77] corresponds to the
two overlapping Majoranas that we described previously in eq. (96) and is separated
from the rest of excitations by a so-called topological gap (essentially the distance to the
first finite-energy excitation) which is governed by the amount of spin-orbit coupling.

Nonlinear conductance (finite voltage)

Zero bias anomaly with quantized 
conductance at zero temperature
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InSb nanowires (Erik Bakker’s Eindhoven-Delft)

Majorana device 
(Leo Kouwenhoven -Delft)

Ramón Aguado ICMM-CSIC



ZERO-BIAS ANOMALY EXPERIMENTS I: DELFT
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Since 2012 there has been considerable debate of whether 
other physical scenarios giving ZBAs can mimic Majoranas: 

•Disorder? Liu et al, Phys. Rev. Lett. 109, 267002 (2012). 
•Weak antilocalization? Pikulin et al,  New J. Phys. 14 125011 
•Kondo? Lee et al, Phys. Rev. Lett. 109, 186802 (2012); Finck 
et al, Phys. Rev. Lett. 110, 126406 (2013). 
•0.7 anomalies? Churchill et al, Phys. Rev. B 87, 241401(R) 
(2013). Estrada Saldaña et al (Science Advances, 2019). 
•Andreev bound states? Lee et al, Nature Nano 9, 79 (2014)

https://arxiv.org/find/cond-mat/1/au:+Saldana_J/0/1/0/all/0/1


THESE QUESTIONS CAN BE BROADLY CLASSIFIED  
IN TWO MORE GENERAL GROUPS:

1) ROLE OF DISORDER, SOFT INDUCED GAPS, ETC.

II) WHAT IS THE ROLE OF ANDREEV LEVELS  IN 
“MAJORANA” NANOWIRES? IS QUANTUM DOT 
PHYSICS RELEVANT? SMOOTH CONFINEMENT?



RAPID COMMUNICATIONS

H. O. H. CHURCHILL et al. PHYSICAL REVIEW B 87, 241401(R) (2013)
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FIG. 1. (Color online) (a) Scanning electron micrograph of one of the devices measured (device 2). An InSb nanowire was deposited over
HfO2-insulated bottom gates and contacted by Ti/Au leads (N) on the ends and a Ti/NbTiN lead (S) in the middle. (b) Zero-bias differential
conductance g at B = 0 (blue curve) and By = 0.5 T (red curve) as a function of the voltage Vg on the gate labeled in (a). (c) g as a function
of By and Vsd applied to the normal lead for Vg = 1.6 V [left dashed line in (b)]. (d) Cuts from (c) for By between 0 and 1 T, offset for clarity
except for the B = 0 trace. (e) g as a function of By and Vsd for Vg = 3 V [right dashed line in (b)]. (f) Cuts from (e) for By between 0 and 1 T,
offset for clarity except for the B = 0 trace. All data are from device 1.

At finite source-drain voltage Vsd, differential conductance
increased steeply around Vsd = ±0.5 mV [Figs. 1(c)–1(f)],
consistent with an induced superconducting gap in the
nanowire significantly smaller than the ∼3 meV bulk gap of
NbTiN we observed. The zero-field subgap conductance was
only a few times smaller than that on the coherence peaks,40

and several subgap resonances are evident, most clearly in
Fig. 1(d).

Figures 1(c)–1(f) show zero-bias conductance peaks emerg-
ing at finite By for two settings of Vg . The peaks reached a

maximum height of 0.2e2/h above the finite-bias background
at By ∼ 0.5 T for the gate voltage setting shown in Figs. 1(c)
and 1(d) and 0.4e2/h for the configuration of Figs. 1(e) and
1(f) at the same magnetic field. The zero-bias peaks persisted
up to at least By = 1 T, but above 0.5 T a pair of additional
resonances split away from zero bias for the data shown in
Figs. 1(c) and 1(d). The peaks for the two configurations
both have full widths at half maximum of 0.11 meV, three
times larger than expected for thermal broadening based on
Coulomb blockade thermometry of device 1 (0.1 K electron
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GREAT VARIETY OF SAMPLE GEOMETRIES, CONTACTS, GATE CONFIGURATIONS…VERY 
DIFFERENT FROM THE IDEAL LUTCHYN AND OREG MODELS:  

THE DEVIL IS IN THE DETAILS!


