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1. Topological order as a new paradigm: local vs global

Order parameter  
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Global order parameter?

Global properties?



1. Topological order as a new paradigm: local vs global

In the QHE or the 2D Dirac equation (QAHE)

�H =
e2

h
N

<latexit sha1_base64="eA4SxfV23b9hA98Nkk9dWi1miMw="></latexit>

N is an integer, it does not change when adding small fluctuations

Haldane model phase diagram



1. Topological order as a new paradigm: local vs global

We had local fields, free energies, and so to describe different phases

Now we need quantities that do not change upon local fluctuations


Topology offers these quantities 

Z

M
KdA = 2⇡�(M) = 4⇡(1� g)

<latexit sha1_base64="wcZJ614dAJLx/g80V3rlMkDRjIA="></latexit>

Gauss-Bonnet theorem:

(Gaussian) Curvature

Euler characteristic

Number of holes



SPTs: Zero temperature quantum states of matter having a symmetry and an energy gap

that 


i) Different SPTs with a given symmetry cannot be deformed into each other preserving

The symmetry without closing the gap.

ii)   Different SPTs can be deformed into each other without closing the gap if the 

Deformation breaks the symmetry.

Each SPT is 
characterized by the 
value of a topological 

invariant 

�H =
e2

h
N

<latexit sha1_base64="eA4SxfV23b9hA98Nkk9dWi1miMw="></latexit>

II.   Definition of symmetry protected topological phases

Topological invariants from geometric 
quantities in momentum space: 

“Berryology”



Example: 1D Su-Schrieffer-Heeger model

 k = (cA,k, cB,k)
<latexit sha1_base64="d9K4YgAq+qwUZmpvBdMMGu2DKQ8="></latexit>

H =
X

n

vc
+
A,ncB,n + wc

+
A,n+1cb,n + h.c.

<latexit sha1_base64="/7JP0judGjohALoY0uWvxc1RWCM="></latexit>

H =
X

k

 
+
k [(v + w cos k)�1 + w sin k�2] k =

X

k

 
+
k (� · d(k)) k
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Example: 1D Su-Schrieffer-Heeger model

H =
X

k

 
+
k [(v + w cos k)�1 + w sin k�2] k =

X

k

 
+
k (� · d(k)) k
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Insulator (gapped) Insulator (gapped)(gapless)

II.   Definition of symmetry protected topological phases



If a SPT, which symmetry goes with the system?

In this model we have not a symmetry but a chiral “symmetry”

[H,U ] = 0
<latexit sha1_base64="CBd+GEMKcNPqqv8eKNmOe5X8MPE="></latexit>

HU = �UH
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U = �3
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d3 = 0
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As long as the chiral symmetry is fulfilled, 

II.   Definition of symmetry protected topological phases



How we define a topological invariant in the SSH model?

H(k) = � · dk
<latexit sha1_base64="4VMMYlnIx1DnVJ0dcQcUHM03LD8="></latexit>

d3 = 0
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k 2 [0, 2⇡)
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nk =
dk

|dk|
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H(k)
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How we define a topological invariant in the SSH model?

H(k) = � · dk
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How we define a topological invariant in the SSH model?

H(k) = � · dk
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d3 = 0
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k 2 [0, 2⇡)
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dk
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H(k)
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The application H defines a winding number as long as          is in the planenk
<latexit sha1_base64="URYfcRYxZ7AKGld3xgx9Gtl4Rc4="></latexit>
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How we define a topological invariant in the SSH model?

H(k) = � · dk
<latexit sha1_base64="4VMMYlnIx1DnVJ0dcQcUHM03LD8="></latexit>

d3 = 0
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nk =
dk

|dk|
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⌫ =
1

2⇡

Z ⇡

�⇡
(nk ⇥ @knk) · zdk
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⌫ =
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Z ⇡
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i hs| @k |si dk ⌘ 1

2⇡

Z ⇡

�⇡
Akdk
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Berry connection

II.   Definition of symmetry protected topological phases



Insulator (gapped) Insulator (gapped)(gapless)

⌫ = 0
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⌫ =?
<latexit sha1_base64="AQce2DZbaoQPijMT5TAjLZg3ZWY="></latexit>

⌫ = 1
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Trivial Non trivial
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We cannot deform the loop and change the winding number without crossing the origin 
(closing the gap) and keeping the chiral symmetry

H ! H +��3
<latexit sha1_base64="pB9ihYuZ91v3K+oA85aplITIeyM="></latexit>

U = �3
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d3 = 0
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What are the consequences of all of this? Surface/edge states

⌫ = 0
<latexit sha1_base64="3jm9nFNLBER7RQ46VrlMi7ePY5E="></latexit>

H =
X

n

vc
+
A,ncB,n + wc

+
A,n+1cb,n + h.c.
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II.   Definition of symmetry protected topological phases

H =
X

k

 
+
k [(v + w cos k)�1 + w sin k�2] k =

X

k

 
+
k (� · d(k)) k
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⌫ = 1
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⌫ = 0
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II.   Definition of symmetry protected topological phases

What are the consequences of all of this? Surface/edge states

H =
X

n

vc
+
A,ncB,n + wc

+
A,n+1cb,n + h.c.
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H |N,Bi = 0
<latexit sha1_base64="Nxiuh8PO0JQlXzl1Jg5tg2ksuDk="></latexit>

H |1, Ai = 0
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edge states

(one per side!)

⌫ = 1
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⌫ = 0
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II.   Definition of symmetry protected topological phases

What are the consequences of all of this? Surface/edge states

⌫ = 1
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⌫ = 0
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What if we glue a trivial with a nontrivial phase?

⌫ = 0
<latexit sha1_base64="3jm9nFNLBER7RQ46VrlMi7ePY5E="></latexit>

A zero energy state

Marks the boundary

Between trivial and 

nontrivial

Insulators (domain 

wall state)

⌫ = 1
<latexit sha1_base64="lZBetUwHhlUQUPIF4Bq4YxOudKw="></latexit>

A Gorlach et al PRB 99 205122 (2019)
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III.   Berry phase: “The mother of the lamb”

One way to construct the topological invariant is by the winding of some vector, 
but the key is the geometry of the eigenstates

⌫ =
1

2⇡

Z ⇡

�⇡
i hs| @k |si dk ⌘ 1

2⇡

Z ⇡

�⇡
Akdk
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Berry connectionAk = i hs|@ksi
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|si ! |s0i = ei�(k) |si
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A0
k = i hs0|@ks0i = i hs|@ksi � @k�(k)
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After a local change (in momentum space) of the phase of the state, 

the quantity        changes as a connectionAk
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If we vary k along the circle, initial and final states are the same
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2⇡

Z ⇡
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Akdk = n

<latexit sha1_base64="lkjkY8kuBDi7BcJahbEK2Va42q8="></latexit>

|s0i = ei� |si ! e2⇡in |si



Let’s move on to two dimensions

H = Hk + V

V (r) = V (r + a)

"k = "k+G

k

 = eikruk(r)
<latexit sha1_base64="B5c+A86Ox782pEQVA9BQsgJyQvo="></latexit>

uk(r + a) = eikauk(r)
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F Bloch (1905-1983)
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Let’s move on to two dimensions

H(k) = ⌧vF�1k1 + �2k2+�3h(k)
<latexit sha1_base64="maYUqwydNPcXjuPkxVHXSCTLxFs="></latexit>
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d3
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Non trivial Homotopy group

There is a generalization of

A winding number

III.   Berry phase: “The mother of the lamb”
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nk =
dk

|dk|



Let’s move on to two dimensions

H(k) = ⌧vF�1k1 + �2k2+�3h(k)
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⌫ =
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I

M
A(k) · dk =

1

4⇡

Z
nk · (@1nk ⇥ @2nk)d

2k
<latexit sha1_base64="Gak2z9a8Hgv1CMEy8zDZrmKiCUs="></latexit>

Berry curvature

Pontryagin index

Usually known as Chern number

III.   Berry phase: “The mother of the lamb”

<latexit sha1_base64="8/X0OLkKnKgD+erEyaCu4/aQD+s="></latexit>

ω =
1

4ε

∫

M
d2k · ϑk →A(k) =

1

4ε

∫

M
d2k ·!(k)



Let’s move on to two dimensions

H(k) = ⌧vF�1k1 + �2k2+�3h(k)
<latexit sha1_base64="maYUqwydNPcXjuPkxVHXSCTLxFs="></latexit>

⌫ =
1

4⇡

Z

M
d2k ·⌦(k)
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Number of times the vector              winds⌦(k)
<latexit sha1_base64="ql6UOdDPpGCrU7iXXpvE93aSDq4="></latexit>
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Let’s move on to two dimensions

H(k) = ⌧vF�1k1 + �2k2+�3h(k)
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How does it change under time reversal? 

k ! �k
<latexit sha1_base64="wtvnzeRh1UaW3QTQX8bdIlqNHVE="></latexit>

⌦(k) = @k ⇥A(k)
<latexit sha1_base64="zgu5LEjRSTKZ6HcwKuWJ0w+sUt0="></latexit>

A(k) = i

Z
dru⇤(k, r)

@

@ki
u(k, r)
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AT (k) = A(�k)
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⌦T (k) = �⌦(�k)
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If the system is time

 reversal symmetric

⌦(k) = �⌦(�k)
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It’s an odd function of k
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Berry connection transforms 

as the position under TRS (and inversion)

III.   Berry phase: “The mother of the lamb”

Let us show that this is actually an integer



Electromagnetism in real space Berry phase in momentum space
U(1) local invariance of the wave function U(1) local invariance of the Bloch w.f. in momentum 

space

 (r) ! ei�(r) (r)
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u(r, k) ! ei�(k)u(r, k)
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and and

k̂µ = i@µ ! k̂µ �Aµ
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Aµ = Aµ � @µ�(r)
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Any field configuration such Any Berry connection configuration such

Ai = Ai � @i�(k)
<latexit sha1_base64="wd57owCW0HnkW42+YQVgQ4JDlUw="></latexit>

has no physical effect. has no physical effect.

B = r⇥A
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⌦ = rk ⇥A
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Aharonov-Bohm effect QAHE
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<latexit sha1_base64="8Xak6209AhYu7dIfryarEJT5jKs="></latexit>

The magnetic field does 

not change

<latexit sha1_base64="guHO0Pzm17yKDivUgsfxcEY08g4="></latexit>

Aµ = @µ�(r)

Berry curvature does not

change
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Ai = @ki�(k)



Can the topological invariants be measured?

�H =
e2

h
N

<latexit sha1_base64="eA4SxfV23b9hA98Nkk9dWi1miMw="></latexit>

Quantum Hall effect 
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QAHE:

�H =
e2

h
N
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@ B=0

⇢xy 6= 0

magnetically doped
3DTI

with ordered magnetization

III.   Berry phase: “The mother of the lamb”



Hall conductance as integral of the Berry curvature

H = H(k) + V V = eE · r = �ieE · @k

H(k) |un(k)i0 = En(k) |un(k)i0

|ũn(k)i = |un(k)i � ieEi

X

m 6=n

|um(k)i hum(k)| @ki |un(k)i
Em � En

hũn(k)| = hun(k)|+ ieEi

X

m 6=n

hun(k)| @ki |um(k)i
Em � En

hum(k)|

J = ev = e
dr

dt
=

e

i~ [H, r] =
e

~
@H

@k

DJ Thouless, M Kohmoto, MP Nightingale, M Den Nijs, PRL, 49, 405 (1982)

first order perturbation 
theory!hJi = e

4⇡2~

Z
d
2k hũn|

@H

@k
|ũni
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Hall conductance as integral of the Berry curvature

DJ Thouless, M Kohmoto, MP Nightingale, M Den Nijs, PRL, 49, 405 (1982)
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This one is time reversal invariant

III.   Berry phase: “The mother of the lamb”



IV.   Time reversal invariant topological insulators

We have seen that TRS constraints the Berry curv. to be odd in momentum space.
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As a SPT phase, it can be stabilised 
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V.   Topological insulators in three dimensions

How these things work in 3D?
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V.   Topological insulators in three dimensions
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V.   Topological insulators in three dimensions

S =

Z
d4x✓"ijlrFijFlr /

Z
d4x✓@i("ijlrAj@lAr)

<latexit sha1_base64="/xQPnKuvRQUg+UIZOnRW5quOVFA="></latexit>

✓ = ✓(r, t)
<latexit sha1_base64="m+KVsleexHbUK2AETM5zBTTTBcQ="></latexit>

S =

Z
d4x(@i✓)"ijlrAj@lAr

<latexit sha1_base64="c5IMRNfka65EzjoEglgSo8iHG3E="></latexit>

@i✓ = bi
<latexit sha1_base64="yw5eRqAX/qHgQiuwScaZi8W/QYs="></latexit>

Three dimensional QAHE

✓ = b · r
<latexit sha1_base64="dXYB1jIKURHiZLvkGIFKYHsVNqI="></latexit>

Weyl semimetals

✓ = �H⇥(z2 � d2)
<latexit sha1_base64="lQiu1BNMWv8OrKpk/eQDZz688P0="></latexit>

Surface QAHE



V.   Edge/surface states.
SPT phases need for a symmetry to play with. 

They are characterised by a topological invariant defined in some parameter 
space.
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VI.   Conclusions to part II

Topological insulators are an example of a type of quantum matter called 
Symmetry protected topological phases. 
What characterizes these phases is the value of a topological invariant and not
an order parameter.
In these SPT phases, the topological invariant is a winding number, that, in many
cases, can be rephrased in terms of a Berry phase.
Berry phase physics is also compatible with time reversal symmetry and with 
Higher dimensions.
Most important, the topological invariant “can be measured” (has observational 
consequences)


