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Outline
•Historical introduction: first experimental puzzles. 

•Theoretical developments that led to the understanding of the 
Kondo effect in metals:  

• the Anderson and Kondo models. 
• Kondo’s calculation. 
• Anderson’s scaling. 
• Non-perturbative approaches. 
• Strong coupling: the Kondo resonance. 

•The two-impurity Kondo problem, generalization to the lattice 
(slave bosons and 1/N expansions) and relevance to heavy fermion 
materials. 
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Outline

•Modern aspects of the Kondo effect in mesoscopic systems: 
quantum dots and nanotubes, non-equilibrium effects, etc. 

•New developments: hybrid systems (competition between 
superconductivity and Kondo), Yu-Shiba-Rusinov, states, etc. 
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Local magnetic moments in metals

Some relevant questions: 

•How does a magnetic moment survive in a metallic environment? 

•How does it affect the conduction electrons of the host metal? 

•What is the origin of various anomalous contributions to many metallic properties, 
particularly transport?
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Early puzzles

First experiments in Leiden (1934): de 
Haas et al discovered a “resistance 
minimum” that develops in the resistivity 
of copper, gold, silver and many other 
metals at low temperatures.

The phonon contribution becomes 
smaller as temperature decreases as         

bu t , somehow, the res is t iv i ty 
increases as low temperatures.  
What is going on?

R(T ) ⇠ T 5
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Early puzzles

Clogson et al, 1962; 
Sarachik et al, 1964

It took a further 30 years 
before the purity of metals 
and alloys improved to a 
point where the resistance 
minimum could be linked to 
the presence of magnetic 
impurities
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Early puzzles

Such anomalous behavior of the electrical resistivity as 
a function of temperature challenged theorists for 
decades. The resistivity increases logarithmically 
as temperature decreases!!!
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•Magnetic impurities contribute with a Curie-Weiss term in the spin susceptibility 
in addition to the temperature independent Pauli susceptibility of the host metal: 

Early puzzles

T

�

Curie

Ramón Aguado ICMM-CSIC

� =
g2µ2

BS(S + 1)

3kB(T + T0)



Apart from the minimum in resistivity 
many anomalous features: 

•The logarithmic increase saturates at 
a characteristic temperature T*. 

•At this T*, the susceptibility changes 
from Curie to constant=Pauli (the local 
moment “disappears”!). 

•Completely opposite to 
ferromagnetism: at low enough 
temperatures, traces of magnetism 
seem to disappear.

Early puzzles
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Key observation: 

•A constant susceptibility at T=0 is 
characteristic of a singlet state. 

•Since the logarithmic increase of 
resistivity vanishes once the impurities 
begin to condense into singlet states, 
the resistivity minimum must be due to 
the interaction of the impurity spin with 
those of the host metal.  

Early puzzles
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Early puzzles

�

TT ⇤
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T ⇤

CuriePauli

•Big puzzle: band theory (very 
successful at that time) could not 
explain these observations.  

•The question was: what a magnetic 
moment in a metal means?
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Early puzzles

Also, Owen, Browne, Knight and Kittel, Phys. Rev. 102, 1501 (1956) 
Yosida, Phys. Rev. 106, 893 (1957), etc.

X

k�

"knk� + J ~S.~s
• First models 

describing magnetic 
impurities in metallic 
hosts appear in the 
1950’s (MJ Calderón’s 
lecture). 

• These models are 
essentially ad-hoc 
Heisenberg-like 
models between the 
impurity spins and 
conduction electrons. 
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Local magnetic moments in metals: some 
history
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1928 Felix Bloch’s PhD Thesis “Quantum Mechanics of Electrons in Crystals and 
Developing the Theory of Metallic Conduction”. First student of Werner 
Heisenberg just one year after his famous uncertainty principle was formulated.  



Anderson’s model combines two basic ideas: 

1.The localizing influence of Coulomb interactions. Peierls and Mott had 
reasoned in the 1940s that strong-enough Coulomb repulsion between electrons 
in an atomic state would blockade the passage of electrons, converting a metal 
into what is now called a “Mott insulator”. These ideas were independently 
explored by Van Vleck and Hurvitz in an early attempt to understand magnetic 
ions in metals. 

2.The formation of an electronic resonance. In the 1950’s Friedel and Blandin 
proposed that electrons in the core states of magnetic atoms tunnel out into the 
conduction sea, forming a resonance. Revolutionary idea at that time: Impurities 
in a metal can be described as scattering processes.  

Local magnetic moments in metals: basic 
phenomenology
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•An impurity in a nonmagnetic metal can give rise to a local moment if an 
electronic state on the impurity is singly occupied (Friedel, Nuovo Cimento Supp. 
VII 287, 1958). 

•Friedel’s model describes the effect of the impurity as an effective deep 
Coulombic core plus an angular momentum-dependent centrifugal barrier 

Local magnetic moments in metals: some 
history

•Such a potential can support bound states. Those 
occurring well below the Fermi energy will be doubly 
occupied and have no magnetic moments. A local 
magnetic moment can form, however, in a bound or 
resonant state of the impurity near the Fermi level if 
spins are nondegenerate.
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Local magnetic moments in metals: some 
history
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The Nobel Prize in Physics 1977 was awarded jointly to Philip Warren 
Anderson, Sir Nevill Francis Mott and John Hasbrouck Van Vleck "for 
their fundamental theoretical investigations of the electronic structure of 
magnetic and disordered systems"



Local magnetic moments in metals: some 
history
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•Anderson, adopting the basic ideas of Friedel, developed a one-band model of local 
moment formation (Anderson, Phys. Rev. 124, 41, 1961). 
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•Anderson, adopting the basic ideas of Friedel, developed a one-band model of local 
moment formation (Anderson, Phys. Rev. 124, 41, 1961). 

•The band in the non-metallic host is represented by a set of Bloch states with band 
energies: 

Local magnetic moments in metals: basic 
phenomenology

Second quantization

Hband =
X

k,�

"kc
†
k,�ck,�
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•The impurity is treated as a local site on which a single orbital level is 
placed. While this simplification does not capture the five-fold degeneracy of 
the d-orbitals of typical impuritties, such as Fe, Ni, Co, this deficiency is not 
crucial as we will see. 

•We denote the wave function of the orbital               and the energy required 
to place an electron on the impurity with spin either up or down is  

•The orbital can be either singly occupied or occupied by two electrons. 
The latter case costs an energy U which physically arises from the Coulomb 
repulsion between electrons and is thus given by

�d(~r)
"d

Local magnetic moments in metals: basic 
phenomenology

U = hd|Vee|di =
Z

dr1dr2|�d(r1)|2
e2

|r1 � r2|
|�d(r2)|2

Ramón Aguado ICMM-CSIC



Local magnetic moments in metals: basic 
phenomenology

•The Anderson model only includes on-site interactions which is, a priori, a strong 
approximation. In general, an electron localized on a d-level interacts with localized 
electrons on other sites. These additional interactions where estimated by Hubbard 
(Proc. Roy Soc. Lond. A, 276, 238, 1964) in a lattice model for d-electrons 

hij|Vee|kli =
Z

dr1dr2�
⇤
i (r1)�

⇤
j (r2)

e2

|r1 � r2|
�l(r1)�k(r2)

V = hij|Vee|iji ⇡ 2eV

Y = hij|Vee|jii ⇡ 0.02eV

U = hii|Vee|iii ⇡ 20eVon-site
nearest neighbor
exchange
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•The final ingredient in the Anderson model is a spin-conserving coupling between the 
impurity level and the band states in the metal, described by a matrix element             
this interaction causes a hybridization of the band states and the impurity level. The 
final Anderson hamiltonian reads: 

Local magnetic moments in metals: basic 
phenomenology

Vk,d

H =
X

k,�

"ka
†
k�ak� +

X

�

"dnd�
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X

k,�
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†
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†
d�ak�) + Und"nd#

nd� = a†d�ad� is the number operator for a localized spin �
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Local magnetic moments in metals: basic 
phenomenology

H =
X

k,�

"ka
†
k�ak� +

X

�

"dnd�

+
X

k,�

Vkd(a
†
k�ad� + a

†
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• Paradigm model of strong correlations 

• Despite its apparent simplicity, extremely nontrivial: 
strong on-site interactions+quantum fluctuations
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Anderson, Phys. Rev. 124, 41, 1961



1. The Coulomb interaction favors the formation of local moments because it 
tends to inhibit double occupation of a site. 

2. On the other hand, quantum fluctuations of charge on the impurity caused by 
strong hybridization of the impurity level with the band states tends to wash out 
local moments. These fluctuations are governed by an energy scale 

Density of electron k-states per volume and per spin 
evaluated at the impurity energy

Physics of the Anderson model 
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Physics of the Anderson model 
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Physics of the Anderson model 
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Atomic limit 

Non-magnetic
<latexit sha1_base64="rH1CFoHMJtn3onIcC8mIuH/jzy0=">AAAB/nicbVDLSsNAFJ3UV62vqMtuBosgCCUpRd0IRRFcVjBtoQlhMr1th04ezEyEEgv6M7oSdedH+AP+jdOahbae1bn3nDvMOUHCmVSW9WUUlpZXVteK66WNza3tHXN3ryXjVFBwaMxj0QmIBM4icBRTHDqJABIGHNrB6HKqt+9ASBZHt2qcgBeSQcT6jBKlV75ZvvKz+5orSDTgMDmvuZBIxrXSO3Z8s2JVrRnwIrFzUkE5mr756fZimoYQKcqJlF3bSpSXEaEY1a+X3FRCQuiIDKCraURCkF42CzHBh/1YYDUEPJt/ezMSSjkOA+0JiRrKeW26/E/rpqp/5mUsSlIFEdUWrfVTjlWMp13gHhNAFR9rQqhg+peYDokgVOnGSjq+PR92kbRqVfukWr+pVxoXeRFFVEYH6AjZ6BQ10DVqIgdR9Iie0Rt6Nx6MJ+PFeP2xFoz8Zh/9gfHxDREvlX4=</latexit>

E|2i = 2✏d + U
<latexit sha1_base64="NvmYW0DUSgn3UmsKbVdnpRxKvZ8=">AAAB8nicbVBNS8NAEN3Ur1o/WvXoJVgETyWRol6EoggeK9gPaEPYbCft0s0m7E6EEvtH9CTqzZ/iH/DfuK05aOs7vZn3Zpg3QSK4Rsf5sgorq2vrG8XN0tb2zm65srff1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+numdB1Cax/IeJwl4ER1KHnJG0bT8SvnGzx6dvqJyKGB66fiVqlNz5rCXiZuTKsnR9Cuf/UHM0ggkMkG17rlOgl5GFXJmNpb6qYaEsjEdQs9QSSPQXjY/fGofh7GycQT2vP7tzWik9SQKjCeiONKL2qz5n9ZLMbzwMi6TFEEyYzFamAobY3uW3x5wBQzFxBDKFDdX2mxEFWVovlQy8d3FsMukfVpzz2r1u3q1cZU/okgOyRE5IS45Jw1yS5qkRRhJyTN5I+8WWk/Wi/X6Yy1Y+cwB+QPr4xsTLpBp</latexit>

E|0i = 0
<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="497xokC2hDyOILeryD53HnwMp7U=">AAAB6nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQtQl0Y1LTAQ00JDpcAsTZtpmZmpCKi+hK6PufBxfwLdxwC4UPKtv7jmT3HODRHBtXPfLKaysrq1vFDdLW9s7u3vl/YO2jlPFsMViEau7gGoUPMKW4UbgXaKQykBgJxhfzfzOAyrN4+jWTBL0JR1GPOSMGju6f6z1FI2GAvvlilt15yLL4OVQgVzNfvmzN4hZKjEyTFCtu56bGD+jynAmcFrqpRoTysZ0iF2LEZWo/Wy+8JSchLEiZoRk/v6dzajUeiIDm5HUjPSiNxv+53VTE174GY+S1GDEbMR6YSqIicmsNxlwhcyIiQXKFLdbEjaiijJjr1Oy9b3FssvQrlW9s2r9pl5pXOaHKMIRHMMpeHAODbiGJrSAgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnbuN9Q==</latexit>

|2i
Magnetic

<latexit sha1_base64="oMqQtFfBuAs4n6iNL+e6kcgQfDo=">AAAB+3icbVDLSsNAFJ34rPUVdSO4GSyCq5JIUTdCUQSXFewDmhAm05t26GQSZiZCifVndCXqzr/wB/wbpzULbT2rc+85d5hzwpQzpR3ny1pYXFpeWS2tldc3Nre27Z3dlkoySaFJE57ITkgUcCagqZnm0EklkDjk0A6HVxO9fQ9SsUTc6VEKfkz6gkWMEm1Wgb1/HeQPrieJ6HMYX3iQKsaN0AvsilN1psDzxC1IBRVoBPan10toFoPQlBOluq6Taj8nUjNqni57mYKU0CHpQ9dQQWJQfj5NMMZHUSKxHgCezr+9OYmVGsWh8cRED9SsNln+p3UzHZ37ORNppkFQYzFalHGsEzwpAveYBKr5yBBCJTO/xHRAJKHa1FU28d3ZsPOkdVJ1T6u121qlflkUUUIH6BAdIxedoTq6QQ3URBQ9omf0ht6tsfVkvVivP9YFq7jZQ39gfXwDe5SUrQ==</latexit>

E|1i = ✏d

<latexit sha1_base64="KKz5ep7Wqz09b/3K9qUa1dU6UGM=">AAAB83icbZC7TsMwFIadcivlFmBksaiQmKoEIWCsYGEsEr1ITVQ57klr1XEiX4qq0CeBCQEbb8IL8Da4JQO0/NPn8/+WzvmjjDOlPe/LKa2srq1vlDcrW9s7u3vu/kFLpUZSaNKUp7ITEQWcCWhqpjl0MgkkiTi0o9HNzG+PQSqWins9ySBMyECwmFGi7ajnuo+ByYiU6UMgiRhw6LlVr+bNhZfBL6CKCjV67mfQT6lJQGjKiVJd38t0mBOpGeUwrQRGQUboiAyga1GQBFSYzzef4pM4lVgPAc/fv7M5SZSaJJHNJEQP1aI3G/7ndY2Or8KcicxoENRGrBcbjnWKZwXgPpNANZ9YIFQyuyWmQyIJ1bamij3fXzx2GVpnNf+idn53Xq1fF0WU0RE6RqfIR5eojm5RAzURRWP0jN7Qu2OcJ+fFef2JlpzizyH6I+fjGw4PkaY=</latexit>

| "i
<latexit sha1_base64="RtMlhG01EF4gM3qqWMcJ+sXXEsU=">AAAB9XicbVDLTsMwEHTKq5RXKEcuFhUSpypBCDhWcOFYJPqQ2qhy3E1r1bEj26FUoZ8CJwTc+BF+gL/BLTlAy5xmd2ZXuxMmnGnjeV9OYWV1bX2juFna2t7Z3XP3y00tU0WhQSWXqh0SDZwJaBhmOLQTBSQOObTC0fVMb92D0kyKOzNJIIjJQLCIUWJsq+eWH7t9ORZEKTnuKiIGHHpuxat6c+Bl4uekgnLUe+6n3UHTGIShnGjd8b3EBBlRhlEO01I31ZAQOiID6FgqSAw6yOa3T/FxJBU2Q8Dz+rc3I7HWkzi0npiYoV7UZs3/tE5qossgYyJJDQhqLVaLUo6NxLMIcJ8poIZPLCFUMXslpkOiCDU2qJJ93198dpk0T6v+efXs9qxSu8qDKKJDdIROkI8uUA3doDpqIIoe0DN6Q+/O2HlyXpzXH2vByWcO0B84H9+g0JKN</latexit>

| #i



Ramón Aguado ICMM-CSIC

Non-magnetic

Magnetic

<latexit sha1_base64="REYfufveeg/HIEsxTs8QeXZHWfg=">AAAB+XicbZDNSsNAFIVv6l+tf1HBjZtgEQShJKWoy6IblxVMW2hKmUxv2qGTH2YmQol5GF2JuvM1fAHfxmnNQlvv6pt7zsA9x084k8q2v4zSyura+kZ5s7K1vbO7Z+4ftGWcCooujXksuj6RyFmErmKKYzcRSEKfY8ef3Mz0zgMKyeLoXk0T7IdkFLGAUaL0amAeeZhIxjUOz71AEJq5eVbPB2bVrtnzsZbBKaAKxbQG5qc3jG kaYqQoJ1L2HDtR/YwIxSjHvOKlEhNCJ2SEPY0RCVH2s/n9uXUaxMJSY7Tm79/ejIRSTkNfe0KixnJRmy3/03qpCq76GYuSVGFEtUVrQcotFVuzGqwhE0gVn2ogVDB9pUXHROdXuqyKju8shl2Gdr3mXNQad41q87ooogzHcAJn4MAlNOEWWuAChUd4hjd4NzLjyXgxXn+sJaP4cwh/xvj4BgJfk9g=</latexit>

✏d +
U

2

<latexit sha1_base64="STTgQGKzDi8P0Bk2VobkeO9o7mw=">AAAB4nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaY9Ql0Y1LSCyQQEOmwy1MmE6bmakJaXgBXRl15yP5Ar6NA3ah4Fl9c8+Z5J4bpoJr47pfTmltfWNzq7xd2dnd2z+oHh61dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE07u5n7nEZXmiXww0xSDmI4kjzijxo5a/qBac+vuQmQVvAJqUKg5qH72hwnLYpSGCap1z3NTE+RUGc4Ezir9TGNK2YSOsGdR0hh1kC8WnZGzKFHEjJEs3r+zOY21nsahzcTUjPWyNx/+5/UyE90EOZdpZlAyG7FelAliEjLvS4ZcITNiaoEyxe2WhI2poszYq1RsfW+57Cq0L+reVf2ydVlr3BaHKMMJnMI5eHANDbiHJvjAAOEZ3uDdGTpPzovz+hMtOcWfY/gj5+Mbqe2Kdw==</latexit>

U

<latexit sha1_base64="gFNX4rGbJ/C1+PKY0mbDURvLkQI=">AAAB+3icdVDNSsNAGNz4W+tf1YvgZbEIglCSGNp6EIpePFYwbaEtZbP90i7d/LC7EUqIL6MnUW++hS/g27ipFVR0TrMzs/DNeDFnUpnmu7GwuLS8slpYK65vbG5tl3Z2WzJKBAWXRjwSHY9I4CwEVzHFoRMLIIHHoe1NLnO/fQtCsii8UdMY+gEZhcxnlCgtDUr7PYgl45oOT3q+IDR1s9TOzt1BqWxWzupV26lis2KaNcu2cmLXnFMHW1rJUUZzNAelt94wokkAoaKcSNm1zFj1UyIUoxyyYi+REBM6ISPoahqSAGQ/nTXI8JEfCazGgGfv79mUBFJOA09nAqLG8reXi3953UT59X7KwjhREFId0Z6fcKwinA+Bh0wAVXyqCaGC6SsxHRO9gNJzFXX9r474f9KyK1a14lw75cbFfIgCOkCH6BhZqIYa6Ao1kYsoukMP6Bm9GJlxbzwaT5/RBWP+Zw/9gPH6AZbAlMA=</latexit>

✏d +
U

2
= U

<latexit sha1_base64="D3G10ju9+sPd6v4I67IVXpFV5Ks=">AAAB/HicdVDNSgMxGMz6W+tf1ZN4CRZBEMvuurT1IBS9eKzgtoW2lGz6bRua/SHJCmWpvoyeRL35FL6Ab2O2VlDROU1mJvDNeDFnUpnmuzE3v7C4tJxbya+urW9sFra2GzJKBAWXRjwSLY9I4CwEVzHFoRULIIHHoemNLjK/eQNCsii8VuMYugEZhMxnlCgt9Qq7HYgl45r2jzq+IDR1J6k9OTt2e4WiWTqtlm2njM2SaVYs28qIXXFOHGxpJUMRzVDvFd46/YgmAYSKciJl2zJj1U2JUIxymOQ7iYSY0BEZQFvTkAQgu+m0wgQf+JHAagh4+v6eTUkg5TjwdCYgaih/e5n4l9dOlF/tpiyMEwUh1RHt+QnHKsLZErjPBFDFx5oQKpi+EtMh0RMovVde1//qiP8nDbtklUvOlVOsnc+GyKE9tI8OkYUqqIYuUR25iKI79ICe0Ytxa9wbj8bTZ3TOmP3ZQT9gvH4ACD2U9w==</latexit>

✏d +
U

2
= �U

Empty

Doubly occupied

Singly occupied 
(Local Moment)

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="d5hhh4VLshEevneGxf7Vt4hGwGY=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f/R6ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnDaN9A==</latexit>

|1i

<latexit sha1_base64="497xokC2hDyOILeryD53HnwMp7U=">AAAB6nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQtQl0Y1LTAQ00JDpcAsTZtpmZmpCKi+hK6PufBxfwLdxwC4UPKtv7jmT3HODRHBtXPfLKaysrq1vFDdLW9s7u3vl/YO2jlPFsMViEau7gGoUPMKW4UbgXaKQykBgJxhfzfzOAyrN4+jWTBL0JR1GPOSMGju6f6z1FI2GAvvlilt15yLL4OVQgVzNfvmzN4hZKjEyTFCtu56bGD+jynAmcFrqpRoTysZ0iF2LEZWo/Wy+8JSchLEiZoRk/v6dzajUeiIDm5HUjPSiNxv+53VTE174GY+S1GDEbMR6YSqIicmsNxlwhcyIiQXKFLdbEjaiijJjr1Oy9b3FssvQrlW9s2r9pl5pXOaHKMIRHMMpeHAODbiGJrSAgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnbuN9Q==</latexit>

|2i

<latexit sha1_base64="rH1CFoHMJtn3onIcC8mIuH/jzy0=">AAAB/nicbVDLSsNAFJ3UV62vqMtuBosgCCUpRd0IRRFcVjBtoQlhMr1th04ezEyEEgv6M7oSdedH+AP+jdOahbae1bn3nDvMOUHCmVSW9WUUlpZXVteK66WNza3tHXN3ryXjVFBwaMxj0QmIBM4icBRTHDqJABIGHNrB6HKqt+9ASBZHt2qcgBeSQcT6jBKlV75ZvvKz+5orSDTgMDmvuZBIxrXSO3Z8s2JVrRnwIrFzUkE5mr756fZimoYQKcqJlF3bSpSXEaEY1a+X3FRCQuiIDKCraURCkF42CzHBh/1YYDUEPJt/ezMSSjkOA+0JiRrKeW26/E/rpqp/5mUsSlIFEdUWrfVTjlWMp13gHhNAFR9rQqhg+peYDokgVOnGSjq+PR92kbRqVfukWr+pVxoXeRFFVEYH6AjZ6BQ10DVqIgdR9Iie0Rt6Nx6MJ+PFeP2xFoz8Zh/9gfHxDREvlX4=</latexit>

E|2i = 2✏d + U
<latexit sha1_base64="NvmYW0DUSgn3UmsKbVdnpRxKvZ8=">AAAB8nicbVBNS8NAEN3Ur1o/WvXoJVgETyWRol6EoggeK9gPaEPYbCft0s0m7E6EEvtH9CTqzZ/iH/DfuK05aOs7vZn3Zpg3QSK4Rsf5sgorq2vrG8XN0tb2zm65srff1nGqGLRYLGLVDagGwSW0kKOAbqKARoGATjC+numdB1Cax/IeJwl4ER1KHnJG0bT8SvnGzx6dvqJyKGB66fiVqlNz5rCXiZuTKsnR9Cuf/UHM0ggkMkG17rlOgl5GFXJmNpb6qYaEsjEdQs9QSSPQXjY/fGofh7GycQT2vP7tzWik9SQKjCeiONKL2qz5n9ZLMbzwMi6TFEEyYzFamAobY3uW3x5wBQzFxBDKFDdX2mxEFWVovlQy8d3FsMukfVpzz2r1u3q1cZU/okgOyRE5IS45Jw1yS5qkRRhJyTN5I+8WWk/Wi/X6Yy1Y+cwB+QPr4xsTLpBp</latexit>

E|0i = 0

<latexit sha1_base64="oMqQtFfBuAs4n6iNL+e6kcgQfDo=">AAAB+3icbVDLSsNAFJ34rPUVdSO4GSyCq5JIUTdCUQSXFewDmhAm05t26GQSZiZCifVndCXqzr/wB/wbpzULbT2rc+85d5hzwpQzpR3ny1pYXFpeWS2tldc3Nre27Z3dlkoySaFJE57ITkgUcCagqZnm0EklkDjk0A6HVxO9fQ9SsUTc6VEKfkz6gkWMEm1Wgb1/HeQPrieJ6HMYX3iQKsaN0AvsilN1psDzxC1IBRVoBPan10toFoPQlBOluq6Taj8nUjNqni57mYKU0CHpQ9dQQWJQfj5NMMZHUSKxHgCezr+9OYmVGsWh8cRED9SsNln+p3UzHZ37ORNppkFQYzFalHGsEzwpAveYBKr5yBBCJTO/xHRAJKHa1FU28d3ZsPOkdVJ1T6u121qlflkUUUIH6BAdIxedoTq6QQ3URBQ9omf0ht6tsfVkvVivP9YFq7jZQ39gfXwDe5SUrQ==</latexit>

E|1i = ✏d

<latexit sha1_base64="KKz5ep7Wqz09b/3K9qUa1dU6UGM=">AAAB83icbZC7TsMwFIadcivlFmBksaiQmKoEIWCsYGEsEr1ITVQ57klr1XEiX4qq0CeBCQEbb8IL8Da4JQO0/NPn8/+WzvmjjDOlPe/LKa2srq1vlDcrW9s7u3vu/kFLpUZSaNKUp7ITEQWcCWhqpjl0MgkkiTi0o9HNzG+PQSqWins9ySBMyECwmFGi7ajnuo+ByYiU6UMgiRhw6LlVr+bNhZfBL6CKCjV67mfQT6lJQGjKiVJd38t0mBOpGeUwrQRGQUboiAyga1GQBFSYzzef4pM4lVgPAc/fv7M5SZSaJJHNJEQP1aI3G/7ndY2Or8KcicxoENRGrBcbjnWKZwXgPpNANZ9YIFQyuyWmQyIJ1bamij3fXzx2GVpnNf+idn53Xq1fF0WU0RE6RqfIR5eojm5RAzURRWP0jN7Qu2OcJ+fFef2JlpzizyH6I+fjGw4PkaY=</latexit>

| "i
<latexit sha1_base64="RtMlhG01EF4gM3qqWMcJ+sXXEsU=">AAAB9XicbVDLTsMwEHTKq5RXKEcuFhUSpypBCDhWcOFYJPqQ2qhy3E1r1bEj26FUoZ8CJwTc+BF+gL/BLTlAy5xmd2ZXuxMmnGnjeV9OYWV1bX2juFna2t7Z3XP3y00tU0WhQSWXqh0SDZwJaBhmOLQTBSQOObTC0fVMb92D0kyKOzNJIIjJQLCIUWJsq+eWH7t9ORZEKTnuKiIGHHpuxat6c+Bl4uekgnLUe+6n3UHTGIShnGjd8b3EBBlRhlEO01I31ZAQOiID6FgqSAw6yOa3T/FxJBU2Q8Dz+rc3I7HWkzi0npiYoV7UZs3/tE5qossgYyJJDQhqLVaLUo6NxLMIcJ8poIZPLCFUMXslpkOiCDU2qJJ93198dpk0T6v+efXs9qxSu8qDKKJDdIROkI8uUA3doDpqIIoe0DN6Q+/O2HlyXpzXH2vByWcO0B84H9+g0JKN</latexit>

| #i

<latexit sha1_base64="4pRNeMr/qrE16wlAT16i17HAfYU=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f3R7ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbmrGN8w==</latexit>

|0i

<latexit sha1_base64="497xokC2hDyOILeryD53HnwMp7U=">AAAB6nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQtQl0Y1LTAQ00JDpcAsTZtpmZmpCKi+hK6PufBxfwLdxwC4UPKtv7jmT3HODRHBtXPfLKaysrq1vFDdLW9s7u3vl/YO2jlPFsMViEau7gGoUPMKW4UbgXaKQykBgJxhfzfzOAyrN4+jWTBL0JR1GPOSMGju6f6z1FI2GAvvlilt15yLL4OVQgVzNfvmzN4hZKjEyTFCtu56bGD+jynAmcFrqpRoTysZ0iF2LEZWo/Wy+8JSchLEiZoRk/v6dzajUeiIDm5HUjPSiNxv+53VTE174GY+S1GDEbMR6YSqIicmsNxlwhcyIiQXKFLdbEjaiijJjr1Oy9b3FssvQrlW9s2r9pl5pXOaHKMIRHMMpeHAODbiGJrSAgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnbuN9Q==</latexit>

|2i



Physics of the Anderson model 
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Physics of the Anderson model 
Hartree-Fock solution
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Physics of the Anderson model 
Hartree-Fock solution

Ed� = "d + Uhnd��i effective level

The exact Green’s function of the problem can be solved formally as:
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Physics of the Anderson model 
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Physics of the Anderson model 
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As a result of quantum fluctuations the energy levels of the impurity become broadened. the 
width of these levels is governed by �

"d + U
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"F

Physics of the Anderson model 

Ramón Aguado ICMM-CSIC

<latexit sha1_base64="497xokC2hDyOILeryD53HnwMp7U=">AAAB6nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQtQl0Y1LTAQ00JDpcAsTZtpmZmpCKi+hK6PufBxfwLdxwC4UPKtv7jmT3HODRHBtXPfLKaysrq1vFDdLW9s7u3vl/YO2jlPFsMViEau7gGoUPMKW4UbgXaKQykBgJxhfzfzOAyrN4+jWTBL0JR1GPOSMGju6f6z1FI2GAvvlilt15yLL4OVQgVzNfvmzN4hZKjEyTFCtu56bGD+jynAmcFrqpRoTysZ0iF2LEZWo/Wy+8JSchLEiZoRk/v6dzajUeiIDm5HUjPSiNxv+53VTE174GY+S1GDEbMR6YSqIicmsNxlwhcyIiQXKFLdbEjaiijJjr1Oy9b3FssvQrlW9s2r9pl5pXOaHKMIRHMMpeHAODbiGJrSAgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnbuN9Q==</latexit>

|2i

<latexit sha1_base64="d5hhh4VLshEevneGxf7Vt4hGwGY=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuMZEfAxPSKXegoZ2ZtB0TMvISujLqzsfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w9aOk4VwyaLRaw6AdUoeIRNw43ATqKQykBgOxhfz/z2AyrN4+jOTBL0JR1GPOSMGju6f/R6ikZDgf1yxa26c5Fl8HKoQK5Gv/zZG8QslRgZJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FiErUfjZfeEpOwlgRM0Iyf//OZlRqPZGBzUhqRnrRmw3/87qpCS/9jEdJajBiNmK9MBXExGTWmwy4QmbExAJlitstCRtRRZmx1ynZ+t5i2WVonVW982rttlapX+WHKMIRHMMpeHABdbiBBjSBgYRneIN3RzhPzovz+hMtOPmfQ/gj5+MbnDaN9A==</latexit>

|1i



Physics of the Anderson model 

"d + U

"d

"F

2�

As a result of quantum fluctuations the energy levels of the impurity become broadened. the 
width of these levels is governed by �

Physics of the Anderson model 

Minimal realization of the 
Hubbard “bands” discussed 
in the first lectures by Leni
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Mean field phase diagram of the Anderson 
model 
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Mean field phase diagram of the Anderson 
model 
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Mean field phase diagram of the Anderson 
model 
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Deep physical meaning in terms 
of scattering phase shifts
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Friedel’s sum rule that relates the occupancy of the impurity site and the phase 
shifts of conduction electrons at the Fermi energy scattering on the impurity.
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Deep physical meaning in terms 
of scattering phase shifts
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Physics of the Anderson model 
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Quenching of local moments: Kondo’s calculation

As we mentioned, the first models describing the interaction of local 
spins with conduction electrons date back the 1950’s. The essence of 
these models is that an exchange interaction J exists between the local 
impurity spin and the conduction electrons. 

H =
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k�
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X
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It turns out that both models can be related. The Kondo model is a limiting case of the 
Anderson model when charge fluctuations are integrated out.
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The basic idea is the following: second-order virtual processes in the Anderson model that 
lead to scattering of a conduction electron with a local moment. Such processes have 

amplitudes
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Such processes can be formally traced out by a unitary transformation (Schrieffer-Wolff)
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Kondo showed that a logarithmic correction appears in a perturbative 
expansion in terms of J (Prog. Theor. Phys. 32, 37, 1964).

HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation



HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Conduction electrons

Impurity

 k =

✓
ak"
ak#

◆
 d =

✓
ad"
ad#

◆

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation



HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Sx =
~
2

✓
0 1
1 0

◆

Sy =
~
2

✓
0 �i
i 0

◆

Sz =
~
2

✓
1 0
0 �1

◆

yy =
�~2
4

X

k,k0

(c†k0"ck# � c†k0#ck")(a
†
d"ad# � a†d#ad")

xx =
~2
4

X

k,k0

(c†k0"ck# + c†k0#ck")(a
†
d"ad# + a†d#ad")

zz =
~2
4

X

k,k0

(c†k0"ck# � c†k0#ck")(a
†
d"ad# � a†d#ad")

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation



HK =
X

k,�

"knk,� �
X

k,k0

Jkk0

~2 ( †
k0S k).( 

†
dS d)

Remember: the goal was to calculate the resistivity minimum. 
Linear response theory tells us that we need essentially the T-matrix of the problem

� =
ne2

m
⌧(kF )

Wkk0 =
2⇡Nimp

~ |Tkk0 |2

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation

<latexit sha1_base64="8j+h/RHEqMvTDKK7rycBeuHq6Lk="></latexit>

1

⌧(k)
=

X

k0

Wkk0(1� cos✓kk0)�("k � "k0)



H =
X

k,k0

Jkk0(S+
a
†
k,#ak0," + S

�
a
†
k,"ak0,# + S

z(a†k,"ak0," � a
†
k,#ak0,#))

Compact notation

Lowest order (Born approximation)

hk, " |T |k0
, "i(1) = hk, " |H|k0

, "i = Jkk0S
z

hk, " |T |k0
, #i(1) = hk, " |H|k0

, #i = Jkk0S
�

hk, # |T |k0
, #i(1) = hk, # |H|k0

, #i = �Jkk0S
z

hk, # |T |k0
, "i(1) = hk, # |H|k0

, "i = Jkk0S
+

|Tkk0 |2 = |Jkk0 |2(2S2
z + S+S� + S�S+)

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation



|Tkk0 |2 = |Jkk0 |2(2S2
z + S+S� + S�S+)

1

⌧(kF )
=

3⇡cimpnJ2

2"F~
S(S + 1)

Temperature independent

Wkk0 =
2⇡Nimp

~ |Tkk0 |2 =
2⇡Nimp

~
J2

N2
s

(2S2
z + S+S� + S�S+)

n =
p3F

3⇡2~3cimp =
Nimp

Ns
Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation

<latexit sha1_base64="8j+h/RHEqMvTDKK7rycBeuHq6Lk="></latexit>

1

⌧(k)
=

X

k0

Wkk0(1� cos✓kk0)�("k � "k0)



H =
X

k,k0

Jkk0(S+
a
†
k,#ak0," + S

�
a
†
k,"ak0,# + S

z(a†k,"ak0," � a
†
k,#ak0,#))

Compact notation

The next order generates many contributions

hk,�|T |k0
,�

0i(2) = hk,�|H 1

"�H0 + i⌘
H|k0

,�
0i

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation



*

k " k0 "

k0 = k1,k = k0
2,k

0
1 = k2

Longitudinal terms

J
2

X

k1,k0
1,k2,k0

2

hk0
, " |Sz

a
†
k1"ak0

1"
1

"�H0 + i⌘
S
z
a
†
k2"ak0

2"|k, "i

* *Sz Sz

k2 "

J2
X

k2

SzSz (1� f("k2))

("� "k2 + i⌘)

Ramón Aguado ICMM-CSIC

Quenching of local moments: Kondo’s calculation
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Pauli principle, leads to a nontrivial temperature dependence 

of the scattering amplitudes. 
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Quenching of local moments: Kondo’s calculation

Logarithmic divergences
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Quenching of local moments: Kondo’s calculation
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If we add the phonon term, 
Kondo’s calculation explains the 
resistance minimum.

R(T ) = AT 5 �Bln
kBT

D
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Quenching of local moments: Kondo’s calculation
R =

3⇡cimpmJ2
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)
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Quenching of local moments: the Kondo problem

Physics behind the divergence at low temperatures: 

•the magnetic impurity causes a dramatic increase of the 
scattering rate near the Fermi energy.  This is remarkable as the 
Fermi energy is not an energy scale associated with the impurity.

•Emergent scale at low energies

1
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R =
3⇡mJ2

2e2~"F
S(S + 1)(1� 4J⇢(0)ln

kBT

D
)

•More relevant: the resistivity diverges as  
  
The solution of this Non-perturbative  problem is what is 
known as the Kondo problem. More than three decades of 
theory work towards solving this problem helped to develop 
a great deal of strongly correlated electron techniques. 

•Scaling: Anderson 60’s 
•Numerical renormalization group: Wilson 70’s, Nobel prize. 
•Fermi liquid: Langreth, Nozieres, 70’s 
•Exact solutions by Bethe Anstaz: Andrei, Wiegman, 80’s 
•1/N expansions 80’s, 90‘s 
•Non-equilibrium properties, 2000-present

T ! 0
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Quenching of local moments: the Kondo problem

Physics behind the divergence at low temperatures: 

•the magnetic impurity causes a dramatic increase of the 
scattering rate near the Fermi energy.  This is remarkable as the 
Fermi energy is not an energy scale associated with the impurity.

•The fact that such anomalous enhancement of the scattering rate 
is tied to the Fermi energy plays a key role in the analysis of the 
Kondo problem. 
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Quenching of local moments: the Kondo problem

We will discuss how this enhanced scattering rate is tied 
to a non-trivial energy dependence of the phase shift 
(optical theorem) and, hence, via the Friedel sum rule to 
an enhanced density of states near the 
Fermi energy. 

1

⌧(p)
=

3⇡cimpnJ2

2"F~
S(S + 1)(1 + 4J⇢(0)ln

D

max(|"p|, kBT
)

Kondo resonance
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Quenching of local moments: the Kondo problem

(ln(
D

kBT
))n�1

First non-perturbative calculations Abrikosov Physics 2, 5, 1965 
(resummation of so-called parquet diagrams to leading logartihmic order: 
terms that at order n diverge as 

+

"

etc...+ + +
+ + + + + ++ + + + +
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Quenching of local moments: the Kondo problem
Theoretical challenge, spins do no commute so standard Wick’s 
decoupling in diagrammatics can NOT be applied. 

Trick: represent spins as fermions+constraint (Abrikosov Fermions), 
first use of slave particles.
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nf = 1

However, unwanted expansion of the Hilbert space (empty and doubly occupied states need to be eliminated).



Quenching of local moments: the Kondo problem
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nf = 1

However, unwanted expansion of the Hilbert space (empty and doubly occupied states need to be eliminated).

The projection can be performed by using the Popov-Fedatov complex chemical potential

µ = �i⇡
T

2

G(i!n) =
1

i!n + µ
! 1

i!n � i⇡ T
2

=
1

2⇡iT (n+ 1
4 )
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Quenching of local moments: the Kondo problem

(ln(
D

kBT
))n�1

R =
3⇡cimpmJ2

2e2~"F
S(S + 1)

1

(1 + 2J⇢(0)lnkBT
D )2

First non-perturbative calculations Abrikosov Physics 2, 5, 1965 
(resummation of so-called parquet diagrams to leading logartihmic order: 
terms that at order n diverge as 

The logarithm is now in the denominator due to 
the summation of a geometric series (infinite 
subset of diagrams)
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Quenching of local moments: the Kondo problem

(ln(
D

kBT
))n�1

For ferromagnetic coupling J<0, the zero temperature limit is well defined and we 
recover the Curie limit of a free impurity 

� =
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3kBT
[1� 2J⇢(0)

1 + 2J⇢(0)lnkBT
D

]
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First non-perturbative calculations Abrikosov Physics 2, 5, 1965 
(resummation of so-called parquet diagrams to leading logartihmic order: 
terms that at order n diverge as 
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Quenching of local moments: the Kondo problem
First non-perturbative calculations Abrikosov Physics 2, 5, 1965 
(resummation of so-called parquet diagrams to leading logartihmic order: 
terms that at order n diverge as 

(ln(
D

kBT
))n�1

For antiferromagnetic coupling J>0, this expression diverges now at finite temperature! 

kBT = De�
1

2J⇢(0)
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Spin susceptibility



Quenching of local moments: the Kondo problem

kBT = De�
1

2J⇢(0)

Known as “Kondo temperature” although Kondo was NOT the first who derived it!!!!

Non-divergent summations beyond Abrikosov’s were done essentially at the same 
time by Suhl and Nagaoka in 1965.
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Quenching of local moments: the Kondo problem

•An interesting physical picture starts to emerge: 
non-perturbative effects give rise to resonant 
scattering near the Fermi energy. 

•Strictly speaking, the “Kondo resonance” 
should be called Abrikosov-Suhl-Nagaoka resonance!!
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Quenching of local moments: the Kondo problem

The nature of the ground state of the problem was first worked out by Yosida 
(Physical Review 147, 223, 1966) who understood, using a variational wave 

function approach, that this resonance comes from a singlet ground 
state between the impurity and the conduction electrons.
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•Essentially, the idea of Anderson's “poor man's scaling" is to integrate out 
degrees of freedom far away from the Fermi level, thereby reducing the 
bandwidth D. 

•In this way, the argument kBT/D of the divergent logarithm will be reduced, and 
the divergence becomes weaker. Upon integrating out these degrees of freedom, 
one has to adapt, or “renormalize" the important coupling parameters of the 
theory.

•This is essentially an equivalent way of re-arranging perturbation theory similar 
to Abrikosov’s non-perturbative result.

•First use of renormalisation ideas (before they became successful in high 
energy physics).

Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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J. Phys. C:  Solid St. Phys., 1970, Vol. 3. Printed in Great Britain 

A poor man's derivation of scaling laws 
for the Kondo problem 

P. W. ANDERSON 
Cavendish Laboratory,? Cambridge, England 
and 
Bell Telephone Laboratories, Murray Hill, New Jersey. USA 
M S .  received 28th April 1970 

Abstract. The scaling laws derived by a complicated space-time approach for the Kondo 
problem in previous work are rederived by a 'cutoff renormalization' technique used 
previously in the theory of superconductivity. 

In a series of recent papers (Anderson and Yuval 1969, 1970, Anderson rt al. 1970a, b) 
we showed the equivalence of an anisotropic Kondo problem to a certain kind of one 
dimensional statistical problem, and solved that problem by deriving scaling laws connect- 
ing solutions for different sets of parameters with each other, and specifically with one or 
another soluble case. 

Here we show that these scaling laws are derivable directly and easily in the Kondo 
problem itself. As in the previous work, the solution of the ferromagnetic case becomes 
trivial, but the antiferromagnetic one may require, for some purposes, solution of an 
auxiliary problem. As in previous methods, the parameters of the auxiliary problem are not 
perfectly defined, but it is clear that that solution behaves like a simple bound state with no 
singular properties. 

The method is based on a technique used in the theory of the 'Coulomb pseudopotential' 
in superconductivity (Morel and Anderson 1962, Schrieffer 1964). In that problem it was 
convenient to confine one's interest to the region within a Debye energy of the Fermi 
surface so what was done was to calculate an effective interaction or 'pseudopotential' 
which was equivalent, acting in this limited region of momentum space, to the real potential 
in the full region. Here our technique will be the same to eliminate successively the higher 
energy regions in favour of an effective interaction. 

Consider the Dyson equation for the scattering matrix T 

is the anisotropic Kondo interaction. (S, = S,  i- is),). Go is the unperturbed Green func- 
tion for propagation of free electrons in the band 

GO = (0) - %o)- '  (3) 

-) Work at the Cavendish Laboratory supported in part by the Air Force Office of Scientific 
Research Office of Aerospace Research, US Air Force, under Grant Number 1052-69. 
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and for simplicity this band is assumed symmetric about the Fermi surface with a sharp 
cutoff at E,. 

(1) is the exact definition of the matrix 7; which is not assumed to have single particle 
scattering character or any other limitation. We are interested in o near the ground state 
in energy, so not a great many excited particles will in fact be present. It is an exact identity 
that 

G = Go + GOTGO (5) 

and the lowest pole of G, and thus of 7; determines the ground state. G is here not a many 
body Green function in the usual Matsubara sense but the actual resolvent operator 
(0 - % ) - I .  

Figure 1. 

We now attempt to reduce the cutoff energy E,  to E ,  - AE,  A E  e E,. (see figure 1). 
States near E ,  are not highly occupied in the ground state and AE is arbitrarily small, so 
it is certainly rigorous to study only states with few or no excited electrons k" with 
E ,  > I E ~ , , ~  > E ,  - AE (we shift energy zero to E F  = 0). We now try to take into account 
explicitly all scatterings from our low energy state of interest into E ,  > E ~ , ,  > E ,  - AE by 
introducing 4 projection operator P ,  which projects on to states containing one or more 
such particles. We then simply resolve (1) 

T = V + VPAEGOT + V(1 - PAE) GOT 

and resubstituting (1) in the second term we get 

T I/ + VPAEGoV + (V + VPAEGoV) (1 - PAE) GOT + VPAEGOVPAEGOT 

= I/' + V'(1 - PAE) GOT 

where 

V'  = V' + VPAEGOV. 

In getting (6) we have neglected (relative to 1) 

I/P,EGoVPAEGo z (AE)2  p 2 ( E )  V2/E: 

which is proportional to (AE)2  and mav thus be made small. 
EquatibnsA(5), (6) and (7) are equivalent to the statement that the original problem with 

cutoff at E, is exactly (to order (AE)2)  equivalent to a new problem in which. according to (6) 
we may cut out all matrix elements of T(and therefore of V )  leading into the AE subspace. 
By multiplying (6) by (1 - P)  on the left and right, we eliminate all matrix elements outside 
the new cutoff, and have a complete new physical problem as far as matrix elements of G 
within the remaining subspace are concerned. The new potential V ' ,  according to (7), is 
changed from V by an amount 

proportional to AE (The projection operators (1 - P)  on the left and right may be under- 
stood of course.). 

Clearly if we can evaluate (9) we are left with a new problem to which the same trick may 
be applied and in the end we get a differential equation relating sets of equivalent problems. 
Let us then insert (2) in (9). Formally, 

d V =  VPAEGoV (9) 



•Essentially, the idea of Anderson's “poor man's scaling" is to integrate out 
degrees of freedom far away from the Fermi level, thereby reducing the 
bandwidth D. 

•In this way, the argument kBT/D of the divergent logarithm will be reduced, and 
the divergence becomes weaker. Upon integrating out these degrees of freedom, 
one has to adapt, or “renormalize" the important coupling parameters of the 
theory.

•This is essentially an equivalent way of re-arranging perturbation theory similar 
to Abrikosov’s non-perturbative result.

•First use of renormalisation ideas (before they became 
successful in high energy physics).

Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)

T (") = V + V
1

"�H0
V + ... = V + V

1

"�H0
T (") �D < " < D

What is the goal?

V ! Ṽ

H0 ! H̃0

T (") remains invariant when as high-energy states are removed

T (") = Ṽ + Ṽ
1

"� H̃0

T (")

D ! D̃ = D � �D
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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adding both terms
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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J(D � |�D|) = J(D) + 2J2⇢
|�D|
D

= J(D)� 2J2⇢
�D

D

The virtual emission of a high-energy electron and hole 
generates an antiferromagnetic correction to the original 
Kondo exchange since we have reduced the bandwidth
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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= �(g) = �2g2 +O(g3)
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@lnD
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Breakthrough: Anderson’s scaling ideas 
(the art of projecting out unwanted high-energy scales)
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= �(g) = �2g2 +O(g3)

g = 0 is a fixed point since 
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�(g = 0) = 0
(Scaling comes to a halt at this fixed point)
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@g

@lnD
= �(g) = �2g2 +O(g3)

g = 0 is a fixed point
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g(D0) =
g0

1� 2g0ln(D0/D0)
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Ferromagnetic case

g(D0) = � |g0|
1 + 2|g0|ln(D0/D0)

Very gradual decreasing of the effective coupling of the local moment to the surrounding 
conduction sea. Irrelevant since the interaction scales to zero (the problem remains 

perturbative).
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Antiferromagnetic case

g(D0) =
g0

1� 2g0ln(D0/D0)
=

1

2

1

ln[ D0

D0exp(�1/2g0)
]
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2g(D0) =
1

ln(D0/TK)

TK = D0exp[�1/2g0]
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Antiferromagnetic case

The effective coupling diverges at a dynamically generated scale: 
the Kondo temperature.
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• The Kondo interaction can only be treated perturbatively at energies 
larger compared with the Kondo temperature.

• The Kondo problem does not depend on the high-energy details of the 
model but rather on one relevant energy scale, the Kondo temperature

TK = D0exp[�1/2g0]
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TK = D0exp[�1/2g0]



Scaling of the Anderson model (Haldane’s PhD thesis 
1977) gives:
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TK ⇠ D

r
2�U

⇡
e

⇡"d("d+U)
2�U



Scaling of the Anderson model (Haldane’s PhD thesis 
1977) gives:
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TK ⇠ D

r
2�U

⇡
e

⇡"d("d+U)
2�U

The Nobel Prize in Physics 2016 was 
awarded with one half to David J. Thouless, 
and the other half to F. Duncan M. Haldane 
and J. Michael Kosterlitz "for theoretical 
discoveries of topological phase transitions 
and topological phases of matter" 
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TK = D0exp[�1/2g0]

1

g0
� 2lnD0 =

1

g(D0)
� 2lnD0

Remember 1

g0
� 1

g(D0)
= �2ln(D0/D0)

The Kondo temperature is a scaling invariant quantity.
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g(D0) =
g

1� 2gln( D
D0 )

� =
(gµB)2S(S + 1)

3kBT
[1� g]

Anderson’s scaling ideas
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g(D0) =
g

1� 2gln( D
D0 )

� =
(gµB)2S(S + 1)

3kBT
[1� g]

� =
(gµB)2S(S + 1)

3kBT
[1� g

1� 2gln D
kBT

]

Non-perturbative

Anderson’s scaling ideas
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All logarithmic corrections vanish when the high-energy cutoff equals the thermal energy:

g(kBT ) =
g

1� 2gln( D
kBT )

2g =
1

ln(T/TK)

TK = De�
1
2g

All physical quantities depend on temperature only 
through this logarithm

Anderson’s scaling ideas



Still, this kind of scaling analysis breaks down below 
the Kondo temperature so a good description of the 
strong coupling limit at zero temperature was needed. 
This led to many theoretical approaches trying to 
describe such strong coupling limit.
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Extracted from Anderson’s Nobel lecture 1977


