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More Is Different

Broken symmetry and the nature of
the hierarchical structure of science.

P. W. Anderson

P. Anderson, Science'72

X Y

solid state or elementary particle
many-body physics physics

chemistry many-body physics

molecular biology chemistry

cell biology molecular biology

psychology physiology

social sciences psychology

But this hierarchy does not imply
that science X is “just applied Y." At

each stage entirely new laws, concepts,
and generalizations are necessary, re-
quiring inspiration and creativity to just
as great a degree as in the previous one.
Psychology is not applied biology, nor
is biology applied chemistry.

In my own field of many-body phys-
ics, we are, perhaps, closer to our fun-
damental, intensive underpinnings than
in any other science in which non-
trivial complexities occur, and as a re-
sult we have begun to formulate a
general theory of just how this shift
from quantitative to gualitative differ-

entiation takes place. This formulation,
called the theory of “broken sym-
metry,” may be of help in making more

generally clear the breakdown of the
constructionist converse of reduction-
ism. I will give an elementary and in-




Broken symmetry in the phase diagram
full of CPT&QPT

Temperature

ferromagnetism
(AF)

Antiferromagnetic insulator

Charge order

0.2 0.1 0.1 0.2

Electron doping, x Hole doping, p



Classical phase transitions
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Phase 1 P ﬁrerr(ual

Control parameter: temperature...

Quantum phase transitions
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Control parameter: pressure, magnetic field...
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Hamiltonian description (micro scale,
high energy, lattice...)

H(X,..., X )w (X)) = Ew; (X))

H(X,..., X)wy (%) = Epy(X)
H(XI"“ﬂxN):Helecldnetic(xl)+Helec,ion(X19 * )+Helecelec( 19009 )+H/on( 19009 N)

In principle we get ground state and excitations

Too many degrees of freedom! Even more for phase transitions
Simplification: Ising model (Spin)..., Hubbard model (spin and charge)... still
complicated, even more for phase transitions



Effective theory (macro scale, low
energy, continuum)

In the effective theory there are just the relevant degrees of freedom ¢
close to the phase transition

Example for effective action

1
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How to chose the relevant degrees of freedom?



Symmetry

Symmetry in Physics is the invariance of a physical law under
transformations.

Symmetries form a group (O(n), SU(n)...)

For example, for the group O(3), the rotational group
R is orthogonal if RR" =1
IfR,R, € O(3) RR, € O(3)
(RR,)’RR,=R/R/RR,=1— Rformsa group



Symmetries in condensed matter

Symmetry  System Order Conjugate  Physical
Discrete parameter field example
Z,/Ising uniaxial FM {m,) h,
uniaxial AF (mm — m,,g) h._.,,[ — hzj RngiF4,
K,MnF,
order-disorder {(ng — ng) 14 — [B f-brass
displacive (u,) f. BaTiO;
Continous duid-gas {np — ng) I many
0,/U(1) easy-plane FM {m) h
easy-plane AF (my — mp) h, —hg
] superfluid (w) hy, He,
Internal: smectic-C Fig. 2.7.1
gauge symmetries  hexatic-B (e516) Fig. 2.7.7
0, Heisenberg FM  (m) h EuS, EuO,
Fe, Ni
Qo Heisenberg AF {(m, — mjp) h, —h; RbMnF;
SAW polymer

Time-reversal symmetry: broken in ferromagnets, Chern insulator...

And more...can you think of an example?

Chaikin & Lubensky
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Landau theory

%f ing.
Phase 1 1 ‘Eéreﬂ%al
| ~f;ub£@tians

Control parameter: temperature

High symmetry (isotropic, homogeneous...),
Kinetic dominates over correlation, higher entropy

At Tc
breaking Of FM phase

&4

Lower symmetry (order), Correlation
dominates over Kinetic energy,
Lower entropy, higher order




Landau Theory

Low symmetry TA Phase transition High symmetry
o .r.:,p|mrg|ﬁg
Phase 1 iher(nal Phase 2
b wflugtgatlcms

RegA! &f

>

Using these facts Landau proposed a theory (assumptions):

1. Order parameter ¢, <$¢p>=0 in the high symmetry phase and
<¢$>#0 in the ordered phase with lower symmetry. Symmetry
breaking. Ex magnetization (broken symmetry: spin rotation)

2. Free energy determined minimizing the following functional: F
=Fy(T)+F_(T,®) ¢ controls the thermodynamic.

3. Building of F (T,®): ® small close to the phase transition,
expand F (T,®) in powers of ® respecting symmetries (Ex: ® -
>-O discrete broken symmetry)



Landau Theory

4. Non-trivial T dependence is in the lowest order signifying the
competition between minimizing energy and increasing entropy,
F=E-TS.

1
F(®,T)=F,(T)+ v(zro(T— TP + g(ﬂd)“j sandad

5. Minimizing the Landau functional over ® we obtain the mean
field theory.

e 0 T>T,

0 _

— =0 (T-T)P+4g(MD’ =0 >D=(_, (7_T))"

P o(T—-T)D+49(T) (rO(T 7;)) reT
T>T E ! g
T=T:
T<T \%




Contact with experiments:
susceptibility

For example: magnetization:
SmaII (magnetic) perturbation

T-T
F[T,m]= fo( 5 )n72+g(T)m Linear response

v Susceptibility:

Z_am Eﬂyh_

OFIT,m] _ ™S

—>r(T-T)m+4g(T)n? =h T T
o It diverges! Second order
oh phase transition

;{01——0(;"(7_ T)
om



Contact with experiments: Lineal
response theory

Small (electromagnetic) : _
oerturbation ——> Lineal response (Ex. m=yH)
Response to one particle: thermodynamic quantities
(specific heat, compressibility, magnetic susceptibility...),
ARPES, STM,

Response to two particles: transport (electric current, spin
current, Hall current->Kubo formalism), spectroscopic
techniques (Raman, X-ray, optical conductivity, neutron

scattering...)

7N



1t Order phase transitions

The order parameter is not a continuous function of T but it has a iump.

Susceptibility also with a jump. Nod
There can be phase separation (negative compressibility) v
and may exhibit hysteresis. /L

P
Described by a Landau functional with more terms: cubic, sixth with
negative fourth...

(1'=[3(T—T0)

T=T __

1st Order (y<0)

T=T<T e | o)

U=2p +%P4 +%P6 _EP




Ginzburg-Landau

Fluctuations around the mean field solution-> Getting closer to Criticality

Long-wavelengths fluctuations can be added in Landau theory fluctuations: ¢(x) is
slowly varying and one just keeps the gradient term

1 2 r ) Ginzburg-Landau Functional:
FalT,@]= I x® EC(VCD) +§q) +9(NP" —h®... | include fluctuations
\ D(x) —> local order parameter
A scale is introduced: & £ = C___ _, & Diverges at T->Tc as ¥
Correlation length at T>Tc rL(T-T,) in mean field

For second order phase transitions the correlation length diverges as a power
law at the critical point. At the transition point is infinite, implying that the
thermodynamic properties Cy, y, ... also diverge
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Spontaneous symmetry breaking in the

Ising model A
Ex: Consider the Ising model (S=£1) //////////
H=-JLS S, Z=2e" /7777
U S} I B S

The hamiltonian possess a discrete symmetry-> Z, invariant (+1->-1) but in the
ordered phase the ground state is not invariant-> Spontaneous symmetry

breaking!
<m> = ﬂ2(3> — lzz Se—ﬂH — Q! Infactitis impossible to observe a
f. .

Z i (s phase transition in a finite system

Solution -> Thermodynamic limit & extra field (h) in the Hamiltonian

h—0 N—w
Emergence of the FM phase

H=_JzSiSj_h2Si llmllm m>:m¢0
{7)

i

Limits cannot be interchanged!



Definitions: Correlation function

In Statistical Physics all the information is encoded in the partition function
The probability of finding the system in the microstate i with energy E, is given
in thermal equilibrium by the Boltzmann factor: exp(- E/kgT)/Z

Z =Ze‘ﬁ” — Generating function Z = e‘ﬁF SN F:—lan

_JZ S S .UZ BS B, -> fictitious (conjugate) field

8)- z S| M)

(2 _ ,
1 AInZ Correlation function: measure how
G; = S:S' _<S;> S;)= correlated is the system over a
(55)-815) = L

j|g_o certain range of space

Fluctuation-dissipation theorem:

_om FInZ 5
— S v -> response function Correlations
B ﬁ JB,0B P Z<S > <S>< >can be measure!

At a phase transition x diverges -
> infinite fluctuations




In general: Spontaneous Symmetry
Breaking SSB *

G a symmetry group of the Hamiltonian H™
Then SSB occurs if in the ground state (T= O) at the
thermodynamic limit

lim lim<m> =mM=0

h—0 N—ow

When |[i-j|-> (long wavelengths),

G = fTT -> long-range ordered

observable not G-inv.-> The ground state is not invariant
under G
m : order parameter (of the new phase)
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Atland & Simons: Condensed Matter Field

Theory

Definition: Continuum limit

.
S o0z
4 & — > - () - N->c0  V->e N/V-> finite

F o e " .
‘.,'."“._‘,O @@ Xi=al->X

™ . N

LI T Y 1
" et RN

N
N S~

d(x) is a smooth function (field): relative fluctuations on atomic scales
are weak-> Field theory



arXiv:2507.06041

High Temperature

Low Temperature

Macro-Micro bridge

Microscopic Model Continuos Model

Each site is a vital norm, the
spin configuration is the Local perception ¢(x)

internal evaluation of the norm

Emergence of macroscopic patterns
from microscopic degrees of freedom:

Intuition:

if S
Joﬁ N\

Z _ e_ﬁ E ~ e_ﬁ F e—min{q)}ﬂ FL[T,(D]

Formal theory
Saddle point approach:

Z=e"F=Y e’ xR | Dp g el
A




Formal connection with Landau Theory:

It can be shown that after a Hubbard-Stratonovich transformation the Ising
model close to the phase transition transforms to the f* theory (®<<1) in the

continuum limit _ _
Landau-Ginzburg functional or

Ising model (discrete) effective action (continuum)
H=-J2.S S - [ o L (@) + La? + goot
%: "7 ClosetoTc )S@]_Idxd(z(étb) +5CD tgo J
Hubb-Strat _
/= Ze_ﬂH Transform. Z= J D e 3%
(S}

For1D: r o (1-28J) goJ> Macro parameters in function of micro!

r will change sign at T_-> kgT.=2J The same result is obtained using mean field
kTc=q J with g-> number of nearest neighbors. Mean field is equivalent to the
saddle point approach:

@:O —> CI)MF

To study fluctuations one must go beyond the saddle point approximation
Book: Atland&Simons



Fluctuations around mean field:
approaching criticality

v Thermal fluctuations will tend to decrease Tc

v Validity of mean field: The amplitude of the fluctuations is
small if the dimension of the system is larger than a critical
dimension (d_=4 for the Ising Universality class). This is stated
by the Ginzburg criterion.

ANT g pno
w6 T

v" Beyond mean field > renormalization group (a procedure to
eliminate high energy states keeping only what affects the low

energy physics).
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Criticality

Criticality can be studied in the continuum limit: the correlation length is
the only relevant length scale:

o N XE Disorder phase
G(x0)~e X (Proper definition of €)
In the ordered phase:

In the disordered phase at long distances the correlation function:
lim G(x,0)= nr Ordered phase: Long range order
X—>0

There must be a phase transition showing critical behavior.

HE S EHEDE!

| G-> power
i law

b ) ¢ diverges->
criticality




Critical exponents

Experimentally, with scaling arguments, or with renormalization group it
can be shown power law decay:

At the critical point 1 1
the correlation function ->  G(x) ~ —55-  G(k) ~ PE=
X

Correlation length -> E=1/r" r=r,(T-T)

Using the fluctuation-dissipation theorem

—V217

=] -> experimentally

z‘r

|,4 and © ... are critical exponents: set of different exponents
characterizing the transition. They are universal.

Book: Le Bellac



Typical critical exponents:

(T, — T)P Note that the Landau
Order parameter: vl s theory for an Ising
model (or ¢* theory)
Correlation length: o (T, —T)™ gives
e ey
Susceptibility: xx (T, —T) B=1/2
Specific heat: C x (T, —T)™® V=11/2
y:
: I (2) =0
Correlation function: G, (r) ~ —=w ——rlarge and T=Tc 5oc: s
2 —aq=2 — =
The exponents are related: a=2p+y @2=mv=Y

(only 2 are independent) 2—a=pB6+1) vd=2—-a



Universality

At T, -> criticality, scale invariance, cooperative phenomena-> the properties
(critical exponents) depend on

*Dimensionality of the space

*Dimensionality of the order parameter

*Symmetries of the local couplings

But not on the details of the interaction.

Ex: For the Ising model the square and the triangular lattice have the same
critical exponents (at Tc the system is rotational invariance)

Ex: the solid and liquid or solid and gas transition (water, carbon dioxide...)
belongs to the same universality class than the magnetic transition

Magnetic transition Solid liquid/gas transition
Fluctuation magnetization fluctuating density
Order parameter m density

Neutron scattering light scattering

M x (T,—T)? oL — pg| < |T, — T|P

Better understood in the RG framework (fixed point)
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Continuous symmetry o=(® (x),0,(x),..., D (X))

N
O | =) @
i=1
N

(VO) — |V =D (0,®,)

i=1

h®—->h O Congugate field

Important theorems:

- Goldstone theorem

- Mermin-Wagner theorem
- 2D->Korsterlitz-Thouless transition



Spontaneous symmetry breaking of a
continuous symmetry: Goldstone Theorem

Low energy (long wavelength) excitations are possible in systems with
continuous symmetry. The excitations are Goldstone Modes ->
EMERGENT QUASIPARTICLES
Example: Heisenberg model with S
H = —JEE;‘ gj = _JECOSHU" L_S:i ERB,
(if) (i)

§i21

E~ J(1—cos0) ~ JB&* (for small @) The cost of this energy can be

ishingl Il
Spin waves with wavelength A: magnons vanishingly sma

e

W

S380ARNE

5 it



Other goldstone modes

v'In a crystalline solid: acoustic phonons
E ~|q].

Q-0-0-0 O
SeSesesele

O-HOHDH0-0
Seseterele

: :
3gises

neutral fluid), Bogoliubov modes.

OFOLOrOrO)
0 001010
o PP
OLOrOrOrO

V' In a superflui

— 00000

¢* theory, ® complex U(1) symmetry

F=(0,0)(0"¢")+m¢ -+ A(¢'9)
p—>€'g - V(¢)




No Goldstone modes

The Ising model has discrete symmetry:
E~J (domain wall) every excitation costs finite energy

TP

A charged fluid (superconductor) develops a gapped spectrum:
Anderson-Higgs mechanism due to the electromagnetic field.



Mermin-Wagner theorem

(Phase transitions and dimensionality)
Mermin, N. D. & Wagner, H. Phys. Rev. Lett. 17, 1133—1136 (1966).

Goldstone modes gives rise to large fluctuation effects in low dimensions

In general if we have:

« Spontaneous symmetry of a continuous group (i.e. not applicable to
Ising model)

» Short range forces

Then there is no phase transition (associated with a long range order!) for
dimension d<2 (for T > 0).



The special case of d=2 and D=2: the
Kosterlitz-Thouless transition

The XY model (D=2) in 2dim (d=2) has continuous symmetry U(1)/O(2),
hence it cannot have a phase transition to a long-range ordered state

(Mermin-Wagner).
§ =(cosd,sin0) AR
=(cosf,smd,
i i \ /.L
H:—JZSi*Sj:—JZCDS(H.i—ej) j \F #:i
Berezinskii (1970), Kosterlitz and Thouless (1972) demostrated that the

system undergoes a phase transition (though not long range ordered,
there is not symmetry breaking).




=2

2and D

The special case of d

the Kosterlitz-Thouless transition

vortices (topological defects) that contribute to the entropy.

Solution
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2D,

dislocations in 2D crystals, vortices in 2D superconductors (Y~¢'9) or

superfluids...)

IN

Topological defects (Coulomb charges

XY universality class



Quantum phase transitions



Quantum phase transitions

QPT: T=0
<D Bive‘r;qm:_:;
Ground state 1 P *qﬁan?:um ’ e Ground state 2
‘*ﬂﬁctgatms

>
Control parameter: pressure, magnetic field...

Quantum fluctuations are driven by the Heisenberg uncertainty principle

H(g) = Hy + gH; 51 EffectatT#0
g . . . ﬂé" \‘*\quaﬂtumf(
 Transition at g, (a point of non-analyticity of o R  critical

!

the ground state).

* The nature of the correlations in the ground
state changes qualitatively at gc.

control parameter



Non Fermi liquid behavior

a :
Quantum critical r
matter 3
D
=) 7
B s
@ s
o o
e 2
o 5
D s
= :
/"N
6 —
Tuning parameter
b
Antiferromagnet Quantum critical Heavy fermion metal

matter

(;SA ? ;i is e e s

P. Coleman & A. Schofield, Nat.'05



Quantum phase transitions
QPT: T=0

Ground state 1

Ground state 2

Tl S8
>
Control parameter: pressure, magnetic field...
QPT have consequences at T#O0. 2nd order QPT:
~1 4 L & 1 idl
g~ ‘g ~g 5 Non Fermi I|qu!d.
4 ¢ New! | O P critical’
e ew! ©’ Z . y
A ~ ‘g — gcr . /
ordered Fermi
phase liquid
z is the dynamical exponent, A is the gap 0 >

control paramefer g
|q, is the coherence time, time over which the wave function retains its

memory of its phase: it diverges at a QPT



Example: Quantum Ising model

Ising model in a transverse field

:_ng Z"z z

(ij’y

~x | 0 1 ~y | O = ~2 |1 0
o = o’ =| o =
I 0 i 0 0 -1

For g=0 -> Ising model o©32=1,-1 |g>, |\¥> -> Ordered phase

For g#0 o*-> off diagonal-> quantum mechanical tunneling |[g\> -> |V>
-> Disordered phase

This model can describe real systems such as LiHoF, where it has
been identified a QCP



Example: Quantum Ising model T=0,
g>>1 limit

Ising model in a transverse field

H=-Jg) 6 -JD 67c7
i {1

Limits:
g>>1 18t term dominates: quantum paramagnetic (QPM)
0 =TT,
=), =(1,+1,)/v2 D
<) =(N-B)vz iy=|) 111-),
The system is totally uncorrelated. 15t excitations (égp=A)
(0]67570) 16"




Example: Quantum Ising model T=0,
g<<1 limit

Ising model in a transverse field
H=-Jg) c! Z 726

Limits:
g<<1 2nd term dominates: Z, symmetry: Magnetic long range order
(MLRO)

)= HW or \¢>—H\¢>

EXC|tat|ons (gap=A): domain waIIs turning on g will mix up and
down spins but still Z, symmetry. \D DWWWD‘D

Only in the thermodynamic limit:
Jlim (0|6757|0)~ M*  M=1if g=0

J




Example: Quantum Ising model
T=0, Quantum phase transition

Ising model in a transverse field

H=—ng Z"Z ’

Limits: s
9>>1 <O‘ o} > ~e At g=g. we have a QPT, we expect ¢
1 lim O ~z~z M2 — diverges and G goes as a power law
g<< < . > ~
|x X; |—>oo

7

It is possible to calculate the exact spectrum using a Jordan-Wigner
transformation (mapping between spin 72 degrees of freedom and spinless

fermions). The result is:

g>1 exp. law

&(k)=2J(1+g —2gcosk)"? A=2J|1-g|-> g =1 QCP!L[

g<1 long range

1
gk—0,9=1)=2J2-2(1 +§k2 )"* =2J|K|— Excitations without gap!



Example: Quantum Ising model
Phase diagram: Exact solution

z=1
LATTICE
AL T~lg-g 1 T~J
o enr o —
Ay *
‘o T>A contivuum kel To
Effective theory N HIGH T ‘TSA Effective theory
withbwQp— | , =& or /! with
—> A QUANTUM -~ ) ]
LOW T N CRITICAL , LOW T flipped spins QP
Magnetic long-range order -~ » Quantum paramagnet
-h , r ,‘."
9c g
Low T Low T
(magnetically ordered) T (quantum paramagnetic),
guasi-classical particles  Continuum high  quasi-classical particles
—domain walls (quantum critical) —flipped spins
1/2

¢ (ﬂ) AIT A -
relaxational a1 rl 1A

- igﬁff cot(m /16) iEMUT

¢ 2T 2T 2T

Sachdeev: Quantum phase transitions



Quantum classical mapping

Z=Ye™ H=H,+H,,
{si}
In a classical system [H,;,, H,,]=0 thus Z=2,;, 2, and statics and dynamics
are decoupled -> Effective time-independent theories in D dimensions.
In a quantum system [H;,,H,]#0 thus statics and dynamics are
coupled. ¢(x,T). The operator eT |ooks like e

1/kT= 1=-it/h-> Mapping

D (>1 dimensional classical )=d (dimensional quantum)+z
These models belong to the same universality class

£ T I I N O I Z measures the

anisotropy between x-
dim and t-dim




Are QPT(d+z) different from CPT(D)?

The Quantum-Classical mapping yields quantum correlation
functions that are in imaginary time. The analytical
continuation to real time is highly non-trivial.

It emerges a new time scale: the coherence time 71, (not
present in the classical analog)

Berry physics

Emergence of the quantum critical region



Classical Phase
Transitions

« CPT are points or sets of points
in the phase diagram which are
singularities in the free energy as
a function of T. SSB mechanism.
1st and 2"d order.

*Thermal fluctuations arises from
the competition between S and E
Kinetic and Potential energy are
decoupled. (z no special role)
*The critical exponents
characterize the CPT

« At Tc the correlation length
diverges

Quantum Phase
Transitions

* QPT are points or sets of points
non-analytic as a function of a
non thermal parameter. SSB
mechanism. 1st and 2" order.
*Quantum fluctuations arises
from the competition between
different ground states.

*Kinetic and Potential energy are
coupled,

*z characterized the transitions
together with the other critical
exponents.

At Tc the coherent time and the
correlation length diverges
*Quantum critical region (NFL)

Quantum classical mapping:
D (>1 dimensional classical )=d (dimensional quantum)+z
(it has its limitations)




Condensed Matter Field Theory
Hubbard-like, topology, non-eq), life systems

y
Many fermions + Interactions o
imensionality é
Using Path integral&relevant degrees ¥
of freedom (symmetries...)
X c Eﬁectlvg actlon_ |n_ the
gc) W continuum limit
o <
o 2 55/50=0 ]
Q O bl
€V S
W= Mean field solution =
O+6P
Beyond mean field: perturbation theory (Gaussian model), mapping ¥

to a known system, goldstone modes, defects, RG
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