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• Since the   matrices are in general complex, 
the solutions of Dirac’s equation are complex. 
This is expected since electrons are 
electrically charged and this requires 
complex spinors. 

• Majorana’s question (1937): does the Dirac 
equation necessarily involve complex 
solutions? 

(i~�µ@µ �mc) = 0

Ramón Aguado ICMM-CSIC

�
<latexit sha1_base64="3eX/Fx2/iLnX9DAkcJX833rAWNQ=">AAAB53icbZDNTsJAFIVv8Q/xD3XpppGYuCItmuiS6MYlJoIk0JDb4RZGZtpmZmpCCM+gK6PufB9fwLdxwC4UPKtv7jmT3HPDVHBtPO/LKaysrq1vFDdLW9s7u3vl/YOWTjLFqMkSkah2iJoEj6lpuBHUThWhDAXdh6PrmX//SErzJL4z45QCiYOYR5yhsaNWd4BSYq9c8areXO4y+DlUIFejV/7s9hOWSYoNE6h1x/dSE0xQGc4ETUvdTFOKbIQD6liMUZIOJvNtp+5JlCjXDMmdv39nJyi1HsvQZiSaoV70ZsP/vE5mostgwuM0MxQzG7FelAnXJO6stNvnipgRYwvIFLdbumyICpmxpynZ+v5i2WVo1ar+WbV2e16pX+WHKMIRHMMp+HABdbiBBjSBwQM8wxu8O9x5cl6c159owcn/HMIfOR/fcbGMrg==</latexit>

What is a Majorana Fermion?



Majorana’s answer: No, if Weyl matrices are purely  
imaginary (Majorana representation)

 =  ⇤

(i~�µ@µ �mc) = 0

�0 = �y ⌦ �x

�1 = i�x ⌦ 1

�2 = i�z ⌦ 1

�3 = i�y ⌦ �y

•Neutral particle equals its own antiparticle.  
•Very relevant in high-energy physics (neutrinos, dark 
matter, etc). 
•Many experimental efforts to search for Majorana 
neutrinos are underway. To date their detection remains an 
experimental challenge.
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What is a Majorana Fermion?



RELEVANT FOR US: in the most general case, it is sufficient to 
demand in any representation that there exists a matrix such that 
both charge conjugate solutions are equal

ΨC = CΨ∗ = Ψ

charge conjugation operator

C = ⌧y ⌦ �y =

✓
0 �i�y

i�y 0

◆
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@µ ! i@µ + eAµ
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More rigorously, the particle and antiparticle are charge conjugate solutions of 
the Dirac equation coupled to the electromagnetic field.  

What is a Majorana Fermion?
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Dirac equation in Weyl representation (chiral spinors where the spin of a 
particle points in the same direction as its momentum)

(i@t � �p) R �m L = 0

(i@t + �p) L �m R = 0
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In the Dirac equation, the mass term mixes left and right chiralities

What is a Majorana Fermion?
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Dirac equation in Weyl representation (chiral spinors where the spin of a 
particle points in the same direction as its momentum)

In the Majorana equation, chiralities become decoupled and the mass term 
mixes particles and antiparticles (technically, this implies that the equation 
is not gauge invariant, hence Majorana particles cannot be coupled to the 
electromagnetic field and are thus necessarily charge neutral).  

 C =  Impose charge conjugation

(i@t � �p) R � im�y 
⇤
R = 0

(i@t + �p) L � im�y 
⇤
L = 0
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What is a Majorana Fermion?
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Majorana Fermions in Condensed Matter



ALL PROPOSALS ARE BASED 
ON SYSTEMS INVOLVING 

SUPERCONDUCTORS, WHY?
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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The ground state (zero energy) 
is composed of pai rs of 
electrons of opposite spin 
(Cooper pairs)

Majorana Fermions in Condensed Matter
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
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0

)
e−i kN,ex + A
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0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue
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)
ei kex +D
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)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Very important: quasiparticle excitations in 
a superconductor are electron-hole 
quantum superpositions

�† ⇠ uc† + vc
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.

2�
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Superconducting BCS mean-field pairing for a generic Hamiltonian

H =

Z
dr[

X

�,�0

H
�,�0

0 (r)c†�rc�0r + (�(r)c†"rc
†
#r +H.c.)].
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Four-component Nambu spinor

H =
1

2

Z
dr ̂†(r)HBdG(r) ̂(r),
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Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat 
electrons and holes at the same footing

 ̂(r) =
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c#,r
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c†",r
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H =
1

2

Z
dr ̂†(r)HBdG(r) ̂(r),
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Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat 
electrons and holes at the same footing

HBdG(r) =

✓
H0(r) �(r)
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y
H

⇤
0 (r)�
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◆
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Electron sector

hole sector (time-reversed 
version of the electron)
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The redundancy is resolved by observing that the BdG Hamiltonian 
has particle-hole (charge conjugation) symmetry. 

C = ⌧y�y =

✓
0 �i�y

i�y 0

◆

Charge conjugation operator

CH
⇤
BdG(r)C

† = �HBdG(r)
For each eigenstate at positive energy there is an equivalent 
particle-hole conjugate eigenstate at negative energy

Majorana Fermions in Superconductors



Ramón Aguado ICMM-CSIC

�n(r) = [un"(r), un#(r), vn"(r), vn#(r)]
T
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Bogoliubov-DeGennes (BdG) hamiltonian, which is a redundant description to treat 
electrons and holes at the same footing
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Redundancy in the BdG Hamiltonian  

Positive energy Negative energy

Same excitation
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<latexit sha1_base64="/GToNV1YpUpwefMLf5PF/WrtGAg=">AAACGnicbVBLSwMxGMz6tr6qHr0Ei+Cp7IqgF0EUwWMFq0K3Lt+m326DSXZJskJZ9p/on9GTWG9e/DemtQdfc5rMTOCbiXPBjfX9D29qemZ2bn5hsba0vLK6Vl/fuDJZoRm2WSYyfRODQcEVti23Am9yjSBjgdfx3enIv75HbXimLu0gx66EVPGEM7BOiuoHZchA0PPqKEw0sDKoyr0qNIWM1FmkwhSkhNuwB2mKOlL0S4hULao3/KY/Bv1LgglpkAlaUX0Y9jJWSFSWCTCmE/i57ZagLWcCq1pYGMyB3UGKHUcVSDTdclywojtJpqntIx2/v2dLkMYMZOwyEmzf/PZG4n9ep7DJYbfkKi8sKuYizksKQW1GRzvRHtfIrBg4AkxzdyVlfXATWbfmqH7wu+xfcrXXDPxmcLHfOD6ZDLFAtsg22SUBOSDH5Jy0SJsw8kieyZC8eQ/ek/fivX5Fp7zJn03yA977J4E4oRA=</latexit><latexit sha1_base64="/GToNV1YpUpwefMLf5PF/WrtGAg=">AAACGnicbVBLSwMxGMz6tr6qHr0Ei+Cp7IqgF0EUwWMFq0K3Lt+m326DSXZJskJZ9p/on9GTWG9e/DemtQdfc5rMTOCbiXPBjfX9D29qemZ2bn5hsba0vLK6Vl/fuDJZoRm2WSYyfRODQcEVti23Am9yjSBjgdfx3enIv75HbXimLu0gx66EVPGEM7BOiuoHZchA0PPqKEw0sDKoyr0qNIWM1FmkwhSkhNuwB2mKOlL0S4hULao3/KY/Bv1LgglpkAlaUX0Y9jJWSFSWCTCmE/i57ZagLWcCq1pYGMyB3UGKHUcVSDTdclywojtJpqntIx2/v2dLkMYMZOwyEmzf/PZG4n9ep7DJYbfkKi8sKuYizksKQW1GRzvRHtfIrBg4AkxzdyVlfXATWbfmqH7wu+xfcrXXDPxmcLHfOD6ZDLFAtsg22SUBOSDH5Jy0SJsw8kieyZC8eQ/ek/fivX5Fp7zJn03yA977J4E4oRA=</latexit><latexit sha1_base64="/GToNV1YpUpwefMLf5PF/WrtGAg=">AAACGnicbVBLSwMxGMz6tr6qHr0Ei+Cp7IqgF0EUwWMFq0K3Lt+m326DSXZJskJZ9p/on9GTWG9e/DemtQdfc5rMTOCbiXPBjfX9D29qemZ2bn5hsba0vLK6Vl/fuDJZoRm2WSYyfRODQcEVti23Am9yjSBjgdfx3enIv75HbXimLu0gx66EVPGEM7BOiuoHZchA0PPqKEw0sDKoyr0qNIWM1FmkwhSkhNuwB2mKOlL0S4hULao3/KY/Bv1LgglpkAlaUX0Y9jJWSFSWCTCmE/i57ZagLWcCq1pYGMyB3UGKHUcVSDTdclywojtJpqntIx2/v2dLkMYMZOwyEmzf/PZG4n9ep7DJYbfkKi8sKuYizksKQW1GRzvRHtfIrBg4AkxzdyVlfXATWbfmqH7wu+xfcrXXDPxmcLHfOD6ZDLFAtsg22SUBOSDH5Jy0SJsw8kieyZC8eQ/ek/fivX5Fp7zJn03yA977J4E4oRA=</latexit><latexit sha1_base64="/GToNV1YpUpwefMLf5PF/WrtGAg=">AAACGnicbVBLSwMxGMz6tr6qHr0Ei+Cp7IqgF0EUwWMFq0K3Lt+m326DSXZJskJZ9p/on9GTWG9e/DemtQdfc5rMTOCbiXPBjfX9D29qemZ2bn5hsba0vLK6Vl/fuDJZoRm2WSYyfRODQcEVti23Am9yjSBjgdfx3enIv75HbXimLu0gx66EVPGEM7BOiuoHZchA0PPqKEw0sDKoyr0qNIWM1FmkwhSkhNuwB2mKOlL0S4hULao3/KY/Bv1LgglpkAlaUX0Y9jJWSFSWCTCmE/i57ZagLWcCq1pYGMyB3UGKHUcVSDTdclywojtJpqntIx2/v2dLkMYMZOwyEmzf/PZG4n9ep7DJYbfkKi8sKuYizksKQW1GRzvRHtfIrBg4AkxzdyVlfXATWbfmqH7wu+xfcrXXDPxmcLHfOD6ZDLFAtsg22SUBOSDH5Jy0SJsw8kieyZC8eQ/ek/fivX5Fp7zJn03yA977J4E4oRA=</latexit>

�n =

Z
dr�†

n(r) ̂(r) =

Z
dr[u⇤

n,"(r)cr," + u⇤
n,#(r)cr,# � v⇤n,"(r)c

†
r,# + v⇤n,#(r)c

†
r,"]

<latexit sha1_base64="asXsrTV2wyHZtmdICbNB9C2ntkk="></latexit><latexit sha1_base64="asXsrTV2wyHZtmdICbNB9C2ntkk="></latexit><latexit sha1_base64="asXsrTV2wyHZtmdICbNB9C2ntkk="></latexit><latexit sha1_base64="asXsrTV2wyHZtmdICbNB9C2ntkk="></latexit>

En
<latexit sha1_base64="X8d7mqwoF4IqqO5UHom8Fes6HUc=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4KoktaDLogguK9gfaEOZTG+aoZNJmJkIJfQRdCXqzhfyBXwbk5qFtp7VN/ecgXuuFwuujW1/WaW19Y3NrfJ2ZWd3b/+genjU1VGiGHZYJCLV96hGwSV2DDcC+7FCGnoCe970Jvd7j6g0j+SDmcXohnQiuc8ZNfnodiQro2rNrtsLkVVwCqhBofao+jkcRywJURomqNYDx46Nm1JlOBM4rwwTjTFlUzrBQYaShqjddLHrnJz5kSImQLJ4/86mNNR6FnpZJqQm0MtePvzPGyTGv3JTLuPEoGRZJPP8RBATkbwyGXOFzIhZBpQpnm1JWEAVZSY7TF7fWS67Ct1G3bmoN+6btdZ1cYgynMApnIMDl9CCO2hDBxgE8Axv8G5NrCfrxXr9iZas4s8x/JH18Q1B+ItX</latexit>

Em = �En
<latexit sha1_base64="WeuqDetwMhqlQRzDPUlQZLboofM=">AAAB6nicbZDNSgMxFIXv1L9a/6ou3QSL4MYyUwXdCEUpuKxgW6UdhkyatqFJZkgyQhn6EroSdefj+AK+jZk6C209qy/3nMA9N4w508Z1v5zC0vLK6lpxvbSxubW9U97da+soUYS2SMQjdR9iTTmTtGWY4fQ+VhSLkNNOOL7O/M4jVZpF8s5MYuoLPJRswAg2dvTQCMTlSSOQpaBccavuTGgRvBwqkKsZlD97/YgkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q5FiQXVfjpbeIqOBpFCZkTR7P07m2Kh9USENiOwGel5Lxv+53UTM7jwUybjxFBJbMR6g4QjE6GsN+ozRYnhEwuYKGa3RGSEFSbGXier782XXYR2reqdVmu3Z5X6VX6IIhzAIRyDB+dQhxtoQgsICHiGN3h3uPPkvDivP9GCk//Zhz9yPr4BOWuNBA==</latexit>

�†
m = �n

<latexit sha1_base64="RCvGF+hdIYeN/FahCCu9bFFRRCs=">AAAB/XicbVDNSsNAGNz4W+tf1JtegkXwVJIq6EUoevFYwf5AE8OX7dd06W4SdjdCKUVfRk+i3nwJX8C3Mak5aOucZmdm4ZsJEs6Utu0vY2FxaXlltbRWXt/Y3No2d3ZbKk4lxSaNeSw7ASjkLMKmZppjJ5EIIuDYDoZXud++R6lYHN3qUYKegDBifUZBZ5Jv7rshCAG+uHN7EIYoLwohKvtmxa7aU1jzxClIhRRo+Oan24tpKjDSlINSXcdOtDcGqRnlOCm7qcIE6BBC7GY0AoHKG087TKyjfiwtPUBr+v6dHYNQaiSCLCNAD9Ssl4v/ed1U98+9MYuSVGNEs0jm9VNu6djKp7B6TCLVfJQRoJJlV1p0ABKozgbL6zuzZedJq1Z1Tqq1m9NK/bIYokQOyCE5Jg45I3VyTRqkSSh5JM/kjbwbD8aT8WK8/kQXjOLPHvkD4+MbTJ2VCg==</latexit>

�Em(r) = C�⇤
En

(r)
<latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit>
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• Note however that this Majorana property is fulfilled by the 
entire field operator not by the eigenmodes of well defined 
energy (which is what we typically probe in an experiment).

�†
m = �n

<latexit sha1_base64="RCvGF+hdIYeN/FahCCu9bFFRRCs=">AAAB/XicbVDNSsNAGNz4W+tf1JtegkXwVJIq6EUoevFYwf5AE8OX7dd06W4SdjdCKUVfRk+i3nwJX8C3Mak5aOucZmdm4ZsJEs6Utu0vY2FxaXlltbRWXt/Y3No2d3ZbKk4lxSaNeSw7ASjkLMKmZppjJ5EIIuDYDoZXud++R6lYHN3qUYKegDBifUZBZ5Jv7rshCAG+uHN7EIYoLwohKvtmxa7aU1jzxClIhRRo+Oan24tpKjDSlINSXcdOtDcGqRnlOCm7qcIE6BBC7GY0AoHKG087TKyjfiwtPUBr+v6dHYNQaiSCLCNAD9Ssl4v/ed1U98+9MYuSVGNEs0jm9VNu6djKp7B6TCLVfJQRoJJlV1p0ABKozgbL6zuzZedJq1Z1Tqq1m9NK/bIYokQOyCE5Jg45I3VyTRqkSSh5JM/kjbwbD8aT8WK8/kQXjOLPHvkD4+MbTJ2VCg==</latexit>

Em = �En = E
<latexit sha1_base64="SH08+FOBPDkFaN6WCSstcFD51dI=">AAAB7HicbZDLSgMxGIUzXmu9VV26CRbBjWWmCropFKXgsoK9wHQYMmmmDc1lSDJCGfoWuhJ159P4Ar6NmToLbT2rL/85gf/8UcKoNq775aysrq1vbJa2yts7u3v7lYPDrpapwqSDJZOqHyFNGBWkY6hhpJ8ognjESC+a3OZ+75EoTaV4MNOEBByNBI0pRsaO/FbIG+etUDRa5bBSdWvuXHAZvAKqoFA7rHwOhhKnnAiDGdLa99zEBBlShmJGZuVBqkmC8ASNiG9RIE50kM1XnsHTWCpoxgTO37+zGeJaT3lkMxyZsV708uF/np+a+DrIqEhSQwS2EevFKYNGwrw5HFJFsGFTCwgrareEeIwUwsbeJ6/vLZZdhm695l3U6veX1eZNcYgSOAYn4Ax44Ao0wR1ogw7AQIJn8AbeHeE8OS/O6090xSn+HIE/cj6+AUstjZo=</latexit>

�Em(r) = C�⇤
En

(r)
<latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit><latexit sha1_base64="7utTbR3o2myyALASQvG75GYBgNc=">AAACDnicbVDNSsNAGNzUv1r/oh69LBahKpREBL0IxSJ4rGB/oIlhs920S3eTsLsRSsg76MvoSdSbB1/At3FTA2p1TrMzs/DN+DGjUlnWh1Gam19YXCovV1ZW19Y3zM2tjowSgUkbRywSPR9JwmhI2ooqRnqxIIj7jHT9cTP3u7dESBqF12oSE5ejYUgDipHSkmceOq0R9dILj2e11PEDKLL9s2Yu3hzkcvgtVzyzatWtKeBfYhekCgq0PPPdGUQ44SRUmCEp+7YVKzdFQlHMSFZxEklihMdoSPqahogT6abTUhncCyIB1YjA6ftnNkVcygn3dYYjNZKzXi7+5/UTFZy6KQ3jRJEQ64j2goRBFcF8GziggmDFJpogLKi+EuIREggrvWBe354t+5d0juq2VbevjquN82KIMtgBu6AGbHACGuAStEAbYHAPHsELeDXujAfjyXj+ipaM4s82+AXj7RMlXprJ</latexit>

 ̂(r) = C ̂⇤(r) =

✓
 ̂(r)

i�y ̂⇤(r)

◆

<latexit sha1_base64="+nsYDeSBKuWTE8X69guS1Q8TD6U="></latexit>

• These symmetries originate from the Nambu spinor whose form is in 
turn dictated by the structure of the second quantized BdG 
Hamiltonian. BdG theory has Majorana character built in!
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�†
m = �m

<latexit sha1_base64="4KPYFyjB1B6qnlf3+TU4yEgDkRY=">AAAB/XicbVDNSsNAGNzUv1r/qt70EiyCp5JUQS9C0YvHCvYHmhi+bL+kS3eTsLsRSin6MnoS9eZL+AK+jWmNoK1zmp2ZhW/GTzhT2rI+jcLC4tLySnG1tLa+sblV3t5pqTiVFJs05rHs+KCQswibmmmOnUQiCJ9j2x9cTvz2HUrF4uhGDxN0BYQRCxgFnUleec8JQQjwxK3TgzBEef4jlLxyxapaU5jzxM5JheRoeOUPpxfTVGCkKQeluraVaHcEUjPKcVxyUoUJ0AGE2M1oBAKVO5p2GJuHQSxN3Udz+v6dHYFQaij8LCNA99WsNxH/87qpDs7cEYuSVGNEs0jmBSk3dWxOpjB7TCLVfJgRoJJlV5q0DxKozgab1Ldny86TVq1qH1dr1yeV+kU+RJHskwNyRGxySurkijRIk1DyQJ7IK3kz7o1H49l4+Y4WjPzPLvkD4/0LSx6VCQ==</latexit>

Em = �Em = 0
<latexit sha1_base64="Gos/5vKa7wykfrYXfdxVYCYu96Q=">AAAB7HicbVDLSsNAFL3xWeur6tLNYBHcWJIq6EYoiuCygn1AGspkOmmHzmTCzEQooX+hK1F3fo0/4N84qVlo61lczr3nXLjnhgln2rjul7O0vLK6tl7aKG9ube/sVvb221qmitAWkVyqbog15SymLcMMp91EUSxCTjvh+CbXO49UaSbjBzNJaCDwMGYRI9jYkX/bF1eneXHL/UrVrbkzoEXiFaQKBZr9ymdvIEkqaGwIx1r7npuYIMPKMMLptNxLNU0wGeMh9S2NsaA6yGYnT9FxJBUyI4pm/W9vhoXWExFaj8BmpOe1fPif5qcmugwyFiepoTGxFqtFKUdGojw5GjBFieETSzBRzF6JyAgrTIz9Tx7fmw+7SNr1mndWq9+fVxvXxSNKcAhHcAIeXEAD7qAJLSAg4Rne4N2JnSfnxXn9sS45xc4B/IHz8Q0qQY2E</latexit>

�†
m = �n

<latexit sha1_base64="RCvGF+hdIYeN/FahCCu9bFFRRCs=">AAAB/XicbVDNSsNAGNz4W+tf1JtegkXwVJIq6EUoevFYwf5AE8OX7dd06W4SdjdCKUVfRk+i3nwJX8C3Mak5aOucZmdm4ZsJEs6Utu0vY2FxaXlltbRWXt/Y3No2d3ZbKk4lxSaNeSw7ASjkLMKmZppjJ5EIIuDYDoZXud++R6lYHN3qUYKegDBifUZBZ5Jv7rshCAG+uHN7EIYoLwohKvtmxa7aU1jzxClIhRRo+Oan24tpKjDSlINSXcdOtDcGqRnlOCm7qcIE6BBC7GY0AoHKG087TKyjfiwtPUBr+v6dHYNQaiSCLCNAD9Ssl4v/ed1U98+9MYuSVGNEs0jm9VNu6djKp7B6TCLVfJQRoJJlV1p0ABKozgbL6zuzZedJq1Z1Tqq1m9NK/bIYokQOyCE5Jg45I3VyTRqkSSh5JM/kjbwbD8aT8WK8/kQXjOLPHvkD4+MbTJ2VCg==</latexit>

Em = �En = E
<latexit sha1_base64="SH08+FOBPDkFaN6WCSstcFD51dI=">AAAB7HicbZDLSgMxGIUzXmu9VV26CRbBjWWmCropFKXgsoK9wHQYMmmmDc1lSDJCGfoWuhJ159P4Ar6NmToLbT2rL/85gf/8UcKoNq775aysrq1vbJa2yts7u3v7lYPDrpapwqSDJZOqHyFNGBWkY6hhpJ8ognjESC+a3OZ+75EoTaV4MNOEBByNBI0pRsaO/FbIG+etUDRa5bBSdWvuXHAZvAKqoFA7rHwOhhKnnAiDGdLa99zEBBlShmJGZuVBqkmC8ASNiG9RIE50kM1XnsHTWCpoxgTO37+zGeJaT3lkMxyZsV708uF/np+a+DrIqEhSQwS2EevFKYNGwrw5HFJFsGFTCwgrareEeIwUwsbeJ6/vLZZdhm695l3U6veX1eZNcYgSOAYn4Ax44Ao0wR1ogw7AQIJn8AbeHeE8OS/O6090xSn+HIE/cj6+AUstjZo=</latexit>

�0(r) = C�⇤
0(r)
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.

2�
<latexit sha1_base64="bYo1B5pTkbzi0aa4HBawmFq7m/8=">AAAB6HicbZDLTgJBEEVr8IX4Ql26mUhMXJEZNNElURcuMZFHAhPS09RAS88j3TUmZMI/6MqoO7/HH/BvbHAWCt7V6bq3k7rlJ1Jocpwvq7Cyura+UdwsbW3v7O6V9w9aOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vZ377EZUWcXRPkwS9kA0jEQjOyIzatd4NSmL9csWpOnPZy+DmUIFcjX75szeIeRpiRFwyrbuuk5CXMUWCS5yWeqnGhPExG2LXYMRC1F42X3dqnwSxsmmE9vz9O5uxUOtJ6JtMyGikF73Z8D+vm1Jw6WUiSlLCiJuI8YJU2hTbs9b2QCjkJCcGGFfCbGnzEVOMk7lNydR3F8suQ6tWdc+qtbvzSv0qP0QRjuAYTsGFC6jDLTSgCRzG8Axv8G49WE/Wi/X6Ey1Y+Z9D+CPr4xu8mIzR</latexit>

2�
<latexit sha1_base64="bYo1B5pTkbzi0aa4HBawmFq7m/8=">AAAB6HicbZDLTgJBEEVr8IX4Ql26mUhMXJEZNNElURcuMZFHAhPS09RAS88j3TUmZMI/6MqoO7/HH/BvbHAWCt7V6bq3k7rlJ1Jocpwvq7Cyura+UdwsbW3v7O6V9w9aOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vZ377EZUWcXRPkwS9kA0jEQjOyIzatd4NSmL9csWpOnPZy+DmUIFcjX75szeIeRpiRFwyrbuuk5CXMUWCS5yWeqnGhPExG2LXYMRC1F42X3dqnwSxsmmE9vz9O5uxUOtJ6JtMyGikF73Z8D+vm1Jw6WUiSlLCiJuI8YJU2hTbs9b2QCjkJCcGGFfCbGnzEVOMk7lNydR3F8suQ6tWdc+qtbvzSv0qP0QRjuAYTsGFC6jDLTSgCRzG8Axv8G49WE/Wi/X6Ey1Y+Z9D+CPr4xu8mIzR</latexit>

�
<latexit sha1_base64="wBvN3N+CWLMiNK4I3AjlUNSA2lY=">AAAB53icbZDLTgJBEEVr8IX4Ql26mUhMXJEZNNElURcuMZFHAhPS09RAS88j3TUmZMI36MqoO//HH/BvbHAWCt7V6bq3k7rlJ1Jocpwvq7Cyura+UdwsbW3v7O6V9w9aOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vZ377EZUWcXRPkwS9kA0jEQjOyIxavRuUxPrlilN15rKXwc2hArka/fJnbxDzNMSIuGRad10nIS9jigSXOC31Uo0J42M2xK7BiIWovWy+7dQ+CWJl0wjt+ft3NmOh1pPQN5mQ0UgverPhf143peDSy0SUpIQRNxHjBam0KbZnpe2BUMhJTgwwroTZ0uYjphgnc5qSqe8ull2GVq3qnlVrd+eV+lV+iCIcwTGcggsXUIdbaEATODzAM7zBuyWsJ+vFev2JFqz8zyH8kfXxDUvojJU=</latexit>

��
<latexit sha1_base64="XUKpKRYXEmtmNBpkFh96UpE2WJE=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8EguDHMqKDLoC5cRjAPSIbQ06lJ2vQ86K4RwpB/0JWoO7/HH/Bv7MRZaOJdna57G+qWn0ihyXG+rMLS8srqWnG9tLG5tb1T3t1r6jhVHBs8lrFq+0yjFBE2SJDEdqKQhb7Elj+6nvqtR1RaxNE9jRP0QjaIRCA4IzNqnXRvUBLrlStO1ZnJXgQ3hwrkqvfKn91+zNMQI+KSad1xnYS8jCkSXOKk1E01JoyP2AA7BiMWovay2boT+yiIlU1DtGfv39mMhVqPQ99kQkZDPe9Nh/95nZSCSy8TUZISRtxEjBek0qbYnra2+0IhJzk2wLgSZkubD5linMxtSqa+O192EZqnVfesenp3Xqld5YcowgEcwjG4cAE1uIU6NIDDCJ7hDd6tB+vJerFef6IFK/+zD39kfXwDtQSMzA==</latexit>

E = 0
<latexit sha1_base64="JIjVbxEJ0WA7B/7IyBJLniLOuMA=">AAAB5HicbZDNSgMxFIXv+FvrX9Wlm2ARXJWZKuhGKIrgsqL9gXYomfROG5rJDElGKEPfQFei7nwiX8C3Ma2z0Naz+nLPCdxzg0RwbVz3y1laXlldWy9sFDe3tnd2S3v7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqd+6xGV5rF8MOME/YgOJA85o8aO7m8u3V6p7FbcmcgieDmUIVe9V/rs9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP5utOiHHYayIGSKZvX9nMxppPY4Cm4moGep5bzr8z+ukJrzwMy6T1KBkNmK9MBXExGTamPS5QmbE2AJlitstCRtSRZmxdyna+t582UVoViveaaV6d1auXeWHKMAhHMEJeHAONbiFOjSAwQCe4Q3endB5cl6c15/okpP/OYA/cj6+AX2niuM=</latexit>

Very important: don’t forget 
spin!!!

�† ⇠ uc†" + vc#
<latexit sha1_base64="tE6MI3NlqkngeYhyfMmXYrLQ/A0="></latexit><latexit sha1_base64="tE6MI3NlqkngeYhyfMmXYrLQ/A0="></latexit><latexit sha1_base64="tE6MI3NlqkngeYhyfMmXYrLQ/A0="></latexit><latexit sha1_base64="tE6MI3NlqkngeYhyfMmXYrLQ/A0="></latexit>

Majorana Zero Modes



Ramón Aguado ICMM-CSIC

3

20 3. THEORY

Ϯѐ
ѐ

Ͳѐ

DOS

E

-E

a b

E=0

Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.
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In condensed matter settings, spin degeneracy is a problem: we 
need spinless superconductors such as p-wave (early 
proposals). Intrinsic p-wave superconductors very scarce in 
nature: Sr2RuO4, (Matsumoto and Sigrist 1999), 5/2 fractional 
QHE (Read & Green, 2000), Kitaev 2001, etc
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DIRAC FERMI MAJORANA

Majorana Zero Modes
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For an introduction see: “Fractional and 
Majorana fermions”, Jackiw, arXiv1104.4486
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Seminal result in field theory (Jackiw and Rossi, 1981): the Majorana 
equation in two dimensions has non-propagating solutions, namely 

zero modes, if the mass term has a vortex profile.  

Vortex in 2D

�.p + im(~r)�y 
⇤ = E 
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From Majorana fermions to Majorana zero modes
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Dirac equation in Weyl representation (chiral spinors where the spin of a 
particle points in the same direction as its momentum)

In the Majorana equation, chiralities become decoupled and the mass term 
mixes particles and antiparticles (technically, this implies that the equation 
is not gauge invariant, hence Majorana particles cannot be coupled to the 
electromagnetic field and are thus necessarily charge neutral).  

 C =  Impose charge conjugation

(i@t � �p) R � im�y 
⇤
R = 0

(i@t + �p) L � im�y 
⇤
L = 0
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From Majorana fermions to Majorana zero modes
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This is a generalisation of another seminal result by Jackiw and Rebbi (Phys. Rev. D 13, 3398, 
1976) which demonstrates the existence of zero energy bound states in the one dimensional 

Dirac equation at points where the mass term changes sign. 

m > 0
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Zero mode
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For an introduction see: “Fractional and 
Majorana fermions”, Jackiw, arXiv1104.4486

From Majorana fermions to Majorana zero modes
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•The simplest nontrivial time-reversal breaking superconductor in 
2D is the spinless  p+ip superconductor 
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Image from J. Alicea, “New directions in the pursuit of Majorana fermions in solid state systems”
Rep. Prog. Phys. 75, 076501(2012). 

Rep. Prog. Phys. 75 (2012) 076501 J Alicea

trivial) strong pairing phase ĥ(k) initially sweeps out the
shaded region in the northern hemisphere of figure 3(b) but
then ‘unsweeps’ the same area, resulting in a vanishing Chern
number. In contrast, for the (topologically non-trivial) µ > 0
weak-pairing phase ĥz transitions from the south pole at k = 0
to the north pole when |k| → ∞; the map ĥ(k) therefore
covers the entire unit the sphere exactly one time as shown
schematically in figure 3(c), leading to a non-trivial Chern
number C = −1. (Note that other integer Chern numbers are
also possible. For instance, a p − ip superconductor carries
a Chern number C = +1 in the topological phase. An f -
wave superconductor with !̃(k) ∝ (kx +iky)

3 provides a more
non-trivial example. In this case for momenta with fixed |k|,
ĥx and ĥy trace out a circle on the unit sphere three times,
yielding a Chern number C = −3 in the weak-pairing phase;
see, e.g. [63].)

We will now explore the physical consequences of the
non-trivial Chern number uncovered in the topological weak-
pairing phase. Consider the geometry of figure 4(a), where a
topological p + ip superconductor occupies the annulus and a
trivial phase forms elsewhere. We will model this setup by H

in equation (20) with a spatially dependent µ(r) that is positive
inside the annulus and negative outside. Since these regions
realize topologically distinct phases one generically expects
edge states at their interface, which we would like to now
understand following various authors [10, 64–66]. Focusing
on low-energy edge modes and assuming that µ(r) is slowly
varying, one can discard the −∇2/(2m) kinetic term in H .
A minimal Hamiltonian capturing the edge states can then be
written in polar coordinates (r, θ) as

Hedge =
∫

d2r

{
− µ(r)ψ†ψ

+
[
!

2
eiφeiθψ

(
∂r +

i∂θ

r

)
ψ + H.c.

] }
. (28)

Because of the eiθ factor above, the p+ip pairing field couples
states with orbital angular momentum quantum numbers of
different magnitude. In what follows it will be convenient to
gauge this factor away by defining ψ = e−iθ/2ψ ′. (Note that
i∂θ → i∂θ + 1/2 under this change of variables, though the
constant shift vanishes in the pairing term by Fermi statistics.)
Crucially, the new field ψ ′ must exhibit anti-periodic boundary
conditions upon encircling the annulus.

In terms of & ′†(r) = [ψ ′†(r), ψ ′(r)], the edge
Hamiltonian becomes

Hedge = 1
2

∫
d2r& ′†(r)H(r)& ′(r),

H(r) =
(

−µ(r) !e−iφ(−∂r + i∂θ

r
)

!eiφ(∂r + i∂θ

r
) µ(r)

)
. (29)

To find the edge state wavefunctions satisfying H(r)χ(r) =
Eχ(r), it is useful to parametrize χ(r) as

χn(r) = einθ

(
e−iφ/2[f (r) + ig(r)]
eiφ/2[f (r) − ig(r)]

)
, (30)

where n is a half-integer angular momentum quantum number
to ensure the proper anti-periodic boundary conditions. The

Figure 4. (a) A topological p + ip superconductor on an annulus
supports chiral Majorana edge modes at its inner and outer
boundaries. (b) Energy spectrum versus angular momentum n for
the inner (red circles) and outer (blue circles) edge states in the setup
from (a). Here n takes on half-integer values because the Majorana
modes exhibit anti-periodic boundary conditions on the annulus. An
hc/2e flux piercing the central trivial region as in (c) introduces a
branch cut (wavy line) which, when crossed, leads to a sign change
for the Majorana edge modes. The flux therefore changes the
boundary conditions to periodic and shifts n to integer values. This
leads to the spectrum in (d), which includes Majorana zero-modes
γ1 and γ2 localized at the inner and outer edges. The two-vortex
setup in (e) supports one Majorana zero-mode localized around each
puncture, while the outer boundary remains gapped.

functions f and g obey

(E + n!/r)f = − i[µ(r) − !∂r ]g,

(E − n!/r)g = i[µ(r) + !∂r ]f. (31)

For modes well localized at the inner/outer annulus edges,
it suffices to replace r → Rin/out on the left-hand side of
equation (31). Within this approximation one finds that the
energies of the outer edge states are

Eout = n!

Rout
, (32)

while the corresponding wavefunctions follow from f = 0
and [µ(r) − !∂r ]g = 0. The latter equations yield

χout
n (r) = einθe

1
!

∫ r

Rout
dr ′µ(r ′)

(
ie−iφ/2

−ieiφ/2

)
, (33)
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Graphene is a 2D form of carbon that is of current
interest !Novoselov et al., 2005; Zhang et al., 2005; Geim
and Novoselov, 2007; Castro Neto et al., 2009". What
makes graphene interesting electronically is the fact that
the conduction band and valence band touch each other
at two distinct points in the Brillouin zone. Near those
points the electronic dispersion resembles the linear dis-
persion of massless relativistic particles, described by the
Dirac equation !DiVincenzo and Mele, 1984; Semenoff,
1984". The simplest description of graphene employs a
two band model for the pz orbitals on the two equivalent
atoms in the unit cell of graphene’s honeycomb lattice.
The Bloch Hamiltonian is then a 2!2 matrix,

H!k" = h!k" · "! , !3"

where "! = !"x ,"y ,"z" are Pauli matrices and h!k"
= „hx!k" ,hy!k" ,0…. The combination of inversion !P" and
time-reversal !T" symmetry requires hz!k"=0 because P
takes hz!k" to −hz!−k", while T takes hz!k" to +hz!−k".
The Dirac points occur because the two components
h!k" can have point zeros in two dimensions. In
graphene they occur at two points, K and K!=−K,
whose locations at the Brillouin-zone corners are fixed
by graphene’s rotational symmetry. For small q#k−K,
h!q"=#vFq, where vF is a velocity, so H!q"=#vFq ·"! has
the form of a 2D massless Dirac Hamiltonian.

The degeneracy at the Dirac point is protected by P
and T symmetry. By breaking these symmetries the de-
generacy can be lifted. For instance, P symmetry is vio-
lated if the two atoms in the unit cell are inequivalent.
This allows hz!k" to be nonzero. If hz!k" is small, then
near K $Eq. !3"% becomes a massive Dirac Hamiltonian,

H!q" = #vFq · "! + m"z, !4"

where m=hz!K". The dispersion E!q"= ±&'#vFq'2+m2

has an energy gap 2'm'. Note that T symmetry requires
the Dirac point at K! to have a mass m!=hz!K!" with the
same magnitude and sign, m!=m. This state describes an
ordinary insulator.

Haldane !1988" imagined lifting the degeneracy by
breaking T symmetry with a magnetic field that is zero
on the average but has the full symmetry on the lattice.
This perturbation allows nonzero hz!k" and introduces a
mass to the Dirac points. However, P symmetry requires
the masses at K and K! to have opposite signs, m!=−m.
Haldane showed that this gapped state is not an insula-
tor but rather a quantum Hall state with "xy=e2 /h.

This nonzero Hall conductivity can be understood in
terms of Eq. !2". For a two level Hamiltonian of the
form of Eq. !3" it is well known that the Berry flux
!Berry, 1984" is related to the solid angle subtended by
the unit vector ĥ!k"=h!k" / 'h!k"', so that Eq. !2" takes
the form

n =
1

4$
( d2k!!kx

ĥ ! !ky
ĥ" · ĥ . !5"

This simply counts the number of times ĥ!k" wraps
around the unit sphere as a function of k. When the

masses m=m!=0, ĥ!k" is confined to the equator hz=0,
with a unit !and opposite" winding around each of the
Dirac points where 'h'=0. For small but finite m, 'h'
"0 everywhere, and ĥ!K" visits the north or south pole,
depending on the sign of m. It follows that each Dirac
point contributes ±e2 /2h to "xy. In the insulating state
with m=m! the two cancel, so "xy=0. In the quantum
Hall state they add.

It is essential that there were an even number of Dirac
points since otherwise the Hall conductivity would be
quantized to a half integer. This is in fact guaranteed by
the fermion doubling theorem !Nielssen and Ninomiya,
1983", which states that for a T invariant system Dirac
points must come in pairs. We return to this issue in Sec.
IV, where the surface of a topological insulator provides
a loophole for this theorem.

3. Edge states and the bulk-boundary correspondence

A fundamental consequence of the topological classi-
fication of gapped band structures is the existence of
gapless conducting states at interfaces where the topo-
logical invariant changes. Such edge states are well
known at the interface between the integer quantum
Hall state and vacuum !Halperin, 1982". They may be
understood in terms of the skipping motion electrons
execute as their cyclotron orbits bounce off the edge
$Fig. 2!a"%. Importantly, the electronic states responsible
for this motion are chiral in the sense that they propa-
gate in one direction only along the edge. These states
are insensitive to disorder because there are no states
available for backscattering—a fact that underlies the
perfectly quantized electronic transport in the quantum
Hall effect.

The existence of such “one way” edge states is deeply
related to the topology of the bulk quantum Hall state.
Imagine an interface where a crystal slowly interpolates
as a function of distance y between a quantum Hall state
!n=1" and a trivial insulator !n=0". Somewhere along
the way the energy gap has to vanish because otherwise
it is impossible for the topological invariant to change.
There will therefore be low energy electronic states
bound to the region where the energy gap passes
through zero. This interplay between topology and gap-

E

k

EF

0/a−π

Conduction Band

Valence Band

Quantum Hall
State n=1

Insulator n=0

(a) (b)

/a−π

FIG. 2. !Color online" The interface between a quantum Hall
state and an insulator has chiral edge mode. !a" The skipping
cyclotron orbits. !b" The electronic structure of a semi-infinite
strip described by the Haldane model. A single edge state con-
nects the valence band to the conduction band.

3048 M. Z. Hasan and C. L. Kane: Colloquium: Topological insulators

Rev. Mod. Phys., Vol. 82, No. 4, October–December 2010

•The simplest nontrivial time-reversal breaking superconductor in 
2D is the spinless  p+ip superconductor 

Majorana zero modes 
bound to vortices

Two-dimensional chiral p+ip topological superconductor



Two-dimensional p-wave 
superconductor

N. Read and D. Green, "Paired states of fermions in two 
dimensions with breaking of parity and time-reversal 
symmetries and the fractional quantum Hall effect". Phys. Rev. 
B 61, 10267 (2000)

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�3
<latexit sha1_base64="Rhc7s3Y8ORC2+0Rzu9oh3JmCE/g=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNoOnUnCzEQooR+hK1F3/o4/4N84qRVU9KzOPedcuOeGCWdKO867VVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeSx7IVaUs4i2NdOc9hJJsQg57Yazq9zv3lGpWBzd6nlCA4EnERszgrWReoMJFgIPq8NyxbEvGjXPryHHdpy667k58ep+1UeuUXJUYIXWsPw2GMUkFTTShGOl+q6T6CDDUjPC6aI0SBVNMJnhCe0bGmFBVZAt712gs3EskZ5StJy/ZzMslJqL0GQE1lP128vFv7x+qseNIGNRkmoaERMx3jjlSMcor41GTFKi+dwQTCQzVyIyxRITbZ5TMvW/OqL/Scez3art3fiV5uXqEUU4gVM4Bxfq0IRraEEbCHB4gGd4sWbWvfVoPX1GC9Zq5xh+wHr9APkOjZY=</latexit>

�4
<latexit sha1_base64="wMR7jMEkitVcJVzDgvd3eJRYyO8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNIOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSS0DZJeCJ7IVaUs5i2NdOc9lJJsQg57YbTq9zv3lGpWBLf6llKA4HHMYsYwdpIvcEYC4GH/rBcceyLRs3za8ixHafuem5OvLpf9ZFrlBwVWKE1LL8NRgnJBI014VipvuukOphjqRnhdFEaZIqmmEzxmPYNjbGgKpgv712gsyiRSE8oWs7fs3MslJqJ0GQE1hP128vFv7x+pqNGMGdxmmkaExMxXpRxpBOU10YjJinRfGYIJpKZKxGZYImJNs8pmfpfHdH/pOPZbtX2bvxK83L1iCKcwCmcgwt1aMI1tKANBDg8wDO8WFPr3nq0nj6jBWu1cww/YL1+APqMjZc=</latexit>

Majorana zero modes bound 
to h/2e vortex

Ramón Aguado ICMM-CSIC

First proposals more than 20-30 years old!



1d spinless chain with p-wave pairing
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�A
j

<latexit sha1_base64="/v6oZQ5U17ruFljKTLlDWxZBe3Y=">AAAB73icbZDNTsJAFIVv8Q/xD3XpppGYuCKtMeqS4MYlJvKTQCG3wxRGZto6MzUhTZ9DV0bd+S6+gG/jgF0oeFbf3HMmuef6MWdKO86XVVhZXVvfKG6WtrZ3dvfK+wctFSWS0CaJeCQ7PirKWUibmmlOO7GkKHxO2/7keua3H6lULArv9DSmnsBRyAJGUJtRvzdCIXCQ3mf9tJ4NyhWn6sxlL4ObQwVyNQblz94wIomgoSYcleq6Tqy9FKVmhNOs1EsUjZFMcES7BkMUVHnpfOvMPgkiaesxtefv39kUhVJT4ZuMQD1Wi95s+J/XTXRw5aUsjBNNQ2IixgsSbuvInpW3h0xSovnUABLJzJY2GaNEos2JSqa+u1h2GVpnVfeien57XqnV80MU4QiO4RRcuIQa3EADmkBAwjO8wbv1YD1ZL9brT7Rg5X8O4Y+sj2+4vJBc</latexit>

�B
j

<latexit sha1_base64="Z2vxOAlpcc0oGSF6c0Ou3eTjTpQ=">AAAB83icbZDNSsNAFIUn/tb6F3XpZrAIglASKeqy1I3LCvYH2hgm05t27EwSZiaFEvIkuhJ155v4Ar6N05qFtp7VN/ecgXtPkHCmtON8WSura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCziJoaaY5dBMJRAQcOsH4ZuZ3JiAVi6N7PU3AE2QYsZBRos3It+3+kAhB/Ozx3M0fskbu2xWn6syFl8EtoIIKNX37sz+IaSog0pQTpXquk2gvI1IzyiEv91MFCaFjMoSewYgIUF423zzHp2EssR4Bnr9/ZzMilJqKwGQE0SO16M2G/3m9VIfXXsaiJNUQURMxXphyrGM8KwAPmASq+dQAoZKZLTEdEUmoNjWVzfnu4rHL0L6oupfV2l2tUm8URZTQMTpBZ8hFV6iOblETtRBFE/SM3tC7lVpP1ov1+hNdsYo/R+iPrI9vDGuQ/Q==</latexit>

�B
j+1

<latexit sha1_base64="K+johTb/5v0ROK7/OYaw/vTwYPM=">AAAB83icbZDNSsNAFIUn9a/Wv6hLN4NFEISSSFGXVTcuK9gfaGO4mU7asTNJmJkUSsiT6ErUnW/iC/g2TmsWWj2rb+45A/eeIOFMacf5tEpLyyura+X1ysbm1vaOvbvXVnEqCW2RmMeyG4CinEW0pZnmtJtICiLgtBOMr2d+Z0KlYnF0p6cJ9QQMIxYyAtqMfNvuD0EI8LOHEze/zy5z3646NWcu/BfcAqqoUNO3P/qDmKSCRppwUKrnOon2MpCaEU7zSj9VNAEyhiHtGYxAUOVl881zfBTGEusRxfP3z2wGQqmpCExGgB6pRW82/M/rpTq88DIWJammETER44UpxzrGswLwgElKNJ8aACKZ2RKTEUgg2tRUMee7i8f+hfZpzT2r1W/r1cZVUUQZHaBDdIxcdI4a6AY1UQsRNEFP6BW9Wan1aD1bL9/RklX82Ue/ZL1/AQrskPw=</latexit>

�A
j+1

The Kitaev model

Kitaev, Phys.-Usp., 44, 131, 2001



µ

Ramón Aguado ICMM-CSIC

<latexit sha1_base64="9sTblcu4gbD0eyulbk0U2e0BK8s=">AAAB73icbZDNTsJAFIWn+If4h7p000hMXJHWGHWJunGJifwkUMjtcAsjM22dmZqQps+hK6PufBdfwLdxwC4UPKtv7jmT3HP9mDOlHefLKiwtr6yuFddLG5tb2zvl3b2mihJJsUEjHsm2Dwo5C7GhmebYjiWC8Dm2/PH11G89olQsCu/0JEZPwDBkAaOgzajXHYIQ0E/vs156mfXLFafqzGQvgptDheSq98uf3UFEE4GhphyU6rhOrL0UpGaUY1bqJgpjoGMYYsdgCAKVl862zuyjIJK2HqE9e//OpiCUmgjfZATokZr3psP/vE6igwsvZWGcaAypiRgvSLitI3ta3h4wiVTziQGgkpktbToCCVSbE5VMfXe+7CI0T6ruWfX09rRSu8oPUSQH5JAcE5eckxq5IXXSIJRI8kzeyLv1YD1ZL9brT7Rg5X/2yR9ZH9+3PZBb</latexit>

�A
j

<latexit sha1_base64="/v6oZQ5U17ruFljKTLlDWxZBe3Y=">AAAB73icbZDNTsJAFIVv8Q/xD3XpppGYuCKtMeqS4MYlJvKTQCG3wxRGZto6MzUhTZ9DV0bd+S6+gG/jgF0oeFbf3HMmuef6MWdKO86XVVhZXVvfKG6WtrZ3dvfK+wctFSWS0CaJeCQ7PirKWUibmmlOO7GkKHxO2/7keua3H6lULArv9DSmnsBRyAJGUJtRvzdCIXCQ3mf9tJ4NyhWn6sxlL4ObQwVyNQblz94wIomgoSYcleq6Tqy9FKVmhNOs1EsUjZFMcES7BkMUVHnpfOvMPgkiaesxtefv39kUhVJT4ZuMQD1Wi95s+J/XTXRw5aUsjBNNQ2IixgsSbuvInpW3h0xSovnUABLJzJY2GaNEos2JSqa+u1h2GVpnVfeien57XqnV80MU4QiO4RRcuIQa3EADmkBAwjO8wbv1YD1ZL9brT7Rg5X8O4Y+sj2+4vJBc</latexit>

�B
j

<latexit sha1_base64="Z2vxOAlpcc0oGSF6c0Ou3eTjTpQ=">AAAB83icbZDNSsNAFIUn/tb6F3XpZrAIglASKeqy1I3LCvYH2hgm05t27EwSZiaFEvIkuhJ155v4Ar6N05qFtp7VN/ecgXtPkHCmtON8WSura+sbm6Wt8vbO7t6+fXDYVnEqKbRozGPZDYgCziJoaaY5dBMJRAQcOsH4ZuZ3JiAVi6N7PU3AE2QYsZBRos3It+3+kAhB/Ozx3M0fskbu2xWn6syFl8EtoIIKNX37sz+IaSog0pQTpXquk2gvI1IzyiEv91MFCaFjMoSewYgIUF423zzHp2EssR4Bnr9/ZzMilJqKwGQE0SO16M2G/3m9VIfXXsaiJNUQURMxXphyrGM8KwAPmASq+dQAoZKZLTEdEUmoNjWVzfnu4rHL0L6oupfV2l2tUm8URZTQMTpBZ8hFV6iOblETtRBFE/SM3tC7lVpP1ov1+hNdsYo/R+iPrI9vDGuQ/Q==</latexit>

�B
j+1

<latexit sha1_base64="K+johTb/5v0ROK7/OYaw/vTwYPM=">AAAB83icbZDNSsNAFIUn9a/Wv6hLN4NFEISSSFGXVTcuK9gfaGO4mU7asTNJmJkUSsiT6ErUnW/iC/g2TmsWWj2rb+45A/eeIOFMacf5tEpLyyura+X1ysbm1vaOvbvXVnEqCW2RmMeyG4CinEW0pZnmtJtICiLgtBOMr2d+Z0KlYnF0p6cJ9QQMIxYyAtqMfNvuD0EI8LOHEze/zy5z3646NWcu/BfcAqqoUNO3P/qDmKSCRppwUKrnOon2MpCaEU7zSj9VNAEyhiHtGYxAUOVl881zfBTGEusRxfP3z2wGQqmpCExGgB6pRW82/M/rpTq88DIWJammETER44UpxzrGswLwgElKNJ8aACKZ2RKTEUgg2tRUMee7i8f+hfZpzT2r1W/r1cZVUUQZHaBDdIxcdI4a6AY1UQsRNEFP6BW9Wan1aD1bL9/RklX82Ue/ZL1/AQrskPw=</latexit>

�A
j+1

<latexit sha1_base64="nlqVwjy9v5T/YOOrOu20vi7AyCQ="></latexit>

H = � iµ

2

NX

j=1

�
A
j �

B
j +

i

2

N�1X

j=1

h
!+�

B
j �

A
j+1 + !��

A
j �

B
j+1

i
,

<latexit sha1_base64="4TAtwN6751aUdE+f9vCHndUJ+Io="></latexit>

H = �µ

NX

j=1

⇣
c
†
jcj �

1

2

⌘
+

N�1X

j=1

h
� t

�
c
†
jcj+1 + c

†
j+1cj

�
+ �(cjcj+1 + c

†
j+1c

†
j)
i
,

<latexit sha1_base64="H3vpIJUIWsWhA0y42xjycKN60ug=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFEAolkaJuhKIuXFawF2hCmExP2qGTCzMnQgx9Fl2JuvM9fAHfxrRmoa3/6pvz/wPn/F4suELT/NJKS8srq2vl9crG5tb2jr6711FRIhm0WSQi2fOoAsFDaCNHAb1YAg08AV1vfD31uw8gFY/Ce0xjcAI6DLnPGcV85OoHdhTAkLpZbXJp34BAWsOKq1fNujmTsQhWAVVSqOXqn/YgYkkAITJBlepbZoxORiVyJmBSsRMFMWVjOoR+jiENQDnZbPuJcexH0sARGLP372xGA6XSwMszAcWRmvemw/+8foL+hZPxME4QQpZHcs9PhIGRMS3BGHAJDEWaA2WS51sabEQlZZhXNT3fmj92ETqndeus3rhrVJtXRRFlckiOyAmxyDlpklvSIm3CyCN5Jm/kXUu1J+1Fe/2JlrTizz75I+3jGzeZkiQ=</latexit>

!+ = �+ t
<latexit sha1_base64="nyvLDuZO8qY2Mhtn1As3SRQp8uM=">AAAB93icbZDLSsNAFIYn9VbrLV52boJFcNOSSFE3QlEXLivYCzQhTKYn7dDJhZkTIYY+i65E3fkevoBvY1qz0NZ/9c35/4Fzfi8WXKFpfmmlpeWV1bXyemVjc2t7R9/d66gokQzaLBKR7HlUgeAhtJGjgF4sgQaegK43vp763QeQikfhPaYxOAEdhtznjGI+cvUDOwpgSN2sNrm0b0AgrWHF1atm3ZzJWASrgCop1HL1T3sQsSSAEJmgSvUtM0YnoxI5EzCp2ImCmLIxHUI/x5AGoJxstv3EOPYjaeAIjNn7dzajgVJp4OWZgOJIzXvT4X9eP0H/wsl4GCcIIcsjuecnwsDImJZgDLgEhiLNgTLJ8y0NNqKSMsyrmp5vzR+7CJ3TunVWb9w1qs2roogyOSRH5IRY5Jw0yS1pkTZh5JE8kzfyrqXak/aivf5ES1rxZ5/8kfbxDT2rkig=</latexit>

!� = �� t

The Kitaev model

Kitaev, Phys.-Usp., 44, 131, 2001



t = �µ = 0

!� = 0 µ = 0

Ramón Aguado ICMM-CSIC

<latexit sha1_base64="nlqVwjy9v5T/YOOrOu20vi7AyCQ="></latexit>

H = � iµ

2

NX

j=1

�
A
j �

B
j +

i

2

N�1X

j=1

h
!+�

B
j �

A
j+1 + !��

A
j �

B
j+1

i
,

<latexit sha1_base64="UZQ43msflDmrxloynmPEIrSkVC0=">AAACGXicbVBLS8MwHE/na85X1aOX4BAEdbQyppfBnJedZIJ7wF6kWbbFJW1JUmGUfhL9MnoS3c2T38Z0FtHN/+n3CuT3c3xGpbKsTyO1tLyyupZez2xsbm3vmLt7dekFApMa9pgnmg6ShFGX1BRVjDR9QRB3GGk44+vYbzwQIann3qmJTzocDV06oBgpLfXMQqVIVVsGvBfeF+2oG96c2VF7iDhH3bAcafWHXcXsRLunuUzPzFo5a3ZwEdgJyILkqj1z2u57OODEVZghKVu25atOiISimJEo0w4k8REeoyFpaegiTmQnnPWL4NHAE1CNCJzx39kQcSkn3NEZjtRIznux+J/XCtTgshNS1w8UcbGOaG8QMKg8GM8E+1QQrNhEA4QF1b+EeIQEwkqPGde358sugvp5zi7k8rf5bKmcDJEGB+AQHAMbXIASqIAqqAEMnsALeAdT49F4Nl6Nt+9oykje7IM/Z3x8AQGMoDQ=</latexit>

H = it

N�1X

j=1

�
B
j �

A
j+1 .

<latexit sha1_base64="8yi1EXP5O4nN//eoG4PKsRb+9Sg=">AAAB7nicbZDNSgMxFIUz9a/Wv6pLN8EiCEKZKUXdCEU3LivYH2iHkknvtKGZyZjcEcrQ19CVqDsfxhfwbUxrF9p6Vl/uOYF7bpBIYdB1v5zcyura+kZ+s7C1vbO7V9w/aBqVag4NrqTS7YAZkCKGBgqU0E40sCiQ0ApGN1O/9QjaCBXf4zgBP2KDWISCM7Qjv6siGLBedja5qmCvWHLL7kx0Gbw5lMhc9V7xs9tXPI0gRi6ZMR3PTdDPmEbBJUwK3dRAwviIDaBjMWYRGD+bLT2hJ6HSFIdAZ+/f2YxFxoyjwGYihkOz6E2H/3mdFMNLPxNxkiLE3EasF6aSoqLT7rQvNHCUYwuMa2G3pHzINONoL1Sw9b3FssvQrJS983L1rlqqXc8PkSdH5JicEo9ckBq5JXXSIJw8kGfyRt6dxHlyXpzXn2jOmf85JH/kfHwDKimPZA==</latexit>

!+ = 2t

Despite its innocent-looking form, this model is rather nontrivial: 

• Majorana operators on the same site are now decoupled  

• long range coupling is established since Majorana operators 
on neighbouring sites are now coupled. 

•  The Majorana operators at the end of chain seem to have 
disappeared from the problem…

The Kitaev model

Kitaev, Phys.-Usp., 44, 131, 2001



GAPPED SPECTRUM+ZERO-ENERGY MAJORANAS AT 
THE END OF THE WIRE (DECOUPLED FROM THE 

BULK OF THE CHAIN)!!!

fuse fermions across nearest neighbor bonds

Ramón Aguado ICMM-CSIC

<latexit sha1_base64="DTL+/tp+kDaSV9IBEBYu/kbFlGM="></latexit>

dj =
1

2

⇣
�B
j + i�A

j+1

⌘

d†j =
1

2

⇣
�B
j � i�A

j+1

⌘
.

<latexit sha1_base64="VD/agnMPXO6RLiZJxksSFLbEMYE="></latexit>

H = 2t
N�1X

j=1

⇣
d
†
jdj �

1

2

⌘
.

<latexit sha1_base64="M21zBmevbvO6u98kC5JcnnfBeOM=">AAACC3icdVDNTgIxGOziH+If6tFLIzHhYDa7uAE8mCBeOBlM5CeBlXRLgYZ2d9N2TciGR9CX0ZNRb958Ad/GLmKCRuc0nZkm34wXMiqVZX0YqaXlldW19HpmY3Nreye7u9eUQSQwaeCABaLtIUkY9UlDUcVIOxQEcY+Rlje+SPzWLRGSBv61moTE5Wjo0wHFSGmpl813asfdIeIc9WJ7ehOfT92zBelSS1UtWWYvm7PM03Kx4BShZVpWyS7YCSmUnBMH2lpJkANz1HvZ924/wBEnvsIMSdmxrVC5MRKKYkammW4kSYjwGA1JR1MfcSLdeNZoCo8GgYBqRODsvZiNEZdywj2d4UiN5G8vEf/yOpEalN2Y+mGkiI91RHuDiEEVwGQY2KeCYMUmmiAsqL4S4hESCCs9X0bX/+4I/yfNgmkXTefKyVWq8yHS4AAcgjywQQlUQA3UQQNgcA8ewQt4Ne6MB+PJeP6Kpoz5n33wA8bbJxTemmU=</latexit>

[H, �
A
1 ] = [H, �

B
N ] = 0.

t = �µ = 0

The Kitaev model

Kitaev, Phys.-Usp., 44, 131, 2001



Ramón Aguado ICMM-CSIC

µ = �2.25t
<latexit sha1_base64="ncYU492UQha+vVuaKyyiNLBEF/k=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4MZhpiq6EYpuXFawP9gOJZNm2tAkMyQZoQx9Cl2JuvNtfAHfxrTOQlvP6ss9J3DPDRPOtPG8L6ewtLyyulZcL21sbm3vlHf3mjpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fo5up33qkSrNY3ptxQgOBB5JFjGBjRw9dkV6dVN3quemVK57rzYQWwc+hArnqvfJntx+TVFBpCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxKLGgOshmG0/QURQrZIYUzd6/sxkWWo9FaDMCm6Ge96bD/7xOaqLLIGMySQ2VxEasF6UcmRhNi6M+U5QYPraAiWJ2S0SGWGFi7HlKtr4/X3YRmlXXP3Wrd2eV2nV+iCIcwCEcgw8XUINbqEMDCEh4hjd4d4Tz5Lw4rz/RgpP/2Yc/cj6+AdKjjVo=</latexit>

Trivial Phase

E/t
<latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit>

k
<latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit>
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<latexit sha1_base64="2unnJPUQyp9KcY4jfRqjoPhEO/w=">AAAB6HicbZDNSgMxFIXv+FvrX9Wlm2AR3FhmqqAboejGZQX7A+1QMumdNjaZGZKMUIa+g65E3fk8voBvY1pnoa1n9eWeE7jnBong2rjul7O0vLK6tl7YKG5ube/slvb2mzpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsY3Uz91iMqzePo3owT9CUdRDzkjBo7anVlenVaNb1S2a24M5FF8HIoQ656r/TZ7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI7FiErUfjZbd0KOw1gRM0Qye//OZlRqPZaBzUhqhnremw7/8zqpCS/9jEdJajBiNmK9MBXExGTamvS5QmbE2AJlitstCRtSRZmxtyna+t582UVoViveWaV6d16uXeeHKMAhHMEJeHABNbiFOjSAwQie4Q3enQfnyXlxXn+iS07+5wD+yPn4Bn7JjKc=</latexit>

E/t
<latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit>

k
<latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit>
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µ = �1.75t
<latexit sha1_base64="L0fX8RWhjP8GMzte5Otg/gZERwY=">AAAB63icbZDNTgIxFIU7+If4h7p000hM3DiZQQ1uTIhuXGIiYIQJ6ZQ70NB2Jm3HhEx4Cl0Zdefb+AK+jQVnoeBZfb3nNLnnhgln2njel1NYWl5ZXSuulzY2t7Z3yrt7LR2nikKTxjxW9yHRwJmEpmGGw32igIiQQzscXU/99iMozWJ5Z8YJBIIMJIsYJcaOHroivTzx3dq56ZUrnuvNhBfBz6GCcjV65c9uP6apAGkoJ1p3fC8xQUaUYZTDpNRNNSSEjsgAOhYlEaCDbLbxBB9FscJmCHj2/p3NiNB6LEKbEcQM9bw3Hf7ndVITXQQZk0lqQFIbsV6UcmxiPC2O+0wBNXxsgVDF7JaYDoki1NjzlGx9f77sIrSqrn/qVm/PKvWr/BBFdIAO0THyUQ3V0Q1qoCaiSKJn9IbeHeE8OS/O60+04OR/9tEfOR/f2KGNXg==</latexit>

Topological Phase

E/t
<latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit><latexit sha1_base64="upXND5YrpO8yro8XumbpaVfdXjY=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguIozIugyKILLiOYBSQg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULf8RElDrvvpFJaWV1bXiuuljc2t7Z3y7l7TxKkW2BCxinXb5waVjLBBkhS2E4089BW2/PHVzG89oDYyju5pkmAv5MNIBlJwsqO76xPqlytu1Z2L/QUvhwrkqvfLH91BLNIQIxKKG9Px3IR6GdckhcJpqZsaTLgY8yF2LEY8RNPL5qtO2VEQa0YjZPP3z2zGQ2MmoW8zIaeRWfRmw/+8TkrBRS+TUZISRsJGrBekilHMZo3ZQGoUpCYWuNDSbsnEiGsuyN6lZOt7i2X/QvO06rlV7/asUrvMD1GEAziEY/DgHGpwA3VogIAhPMErvDmB8+g8Oy/f0YKT/9mHX3LevwDM34sV</latexit>

k
<latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit><latexit sha1_base64="5cqeJBPSR8ec3p3M8i0agi2ZIXg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21JoNqza27C7FV8AqoQaHmoPrZHyYiizAmobgxPc9Nyc+5JikUzir9zGDKxYSPsGcx5hEaP18sOmNnYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZhdd+LuM0I4yFjVgvzBSjhM37sqHUKEhNLXChpd2SiTHXXJC9SsXW95bLrkLnou65da91WWvcFIcowwmcwjl4cAUNuIMmtEEAwjO8wbszdJ6cF+f1J1pyij/H8EfOxzfH04qE</latexit>
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FIG. 3. Exceptional points in the Kitaev chain. (a-e) Spectrum for the isolated (decoupled from the normal reservoir)
Kitaev chain as a function of chemical potential µ. (f-j) Complex spectrum of the open (coupled to the reservoir) Kitaev chain.
(k-o) Decay asymmetry.

the reservoir) and open (coupled to the reservoir), long
Kitaev chains. The EP (circle in panel f) and sharp non-
Hermitian transition (panel k) occur precisely at µ/t = 2,
the critical point predicted by band topology (panel a),
where the bulk gap closes and reopens again [8]. As the
chain length is decreased, the remnants of such gap in-
version start to disappear, and no clear phase transition
can be identified accompanying the emergence of Ma-
jorana zero modes for µ/t < 2 in the isolated systems
(panels b-e). In contrast, sharp EP bifurcations, even for
the shortest wires, signal the emergence of zero modes
in the open cases (panels g-j). Similarly, the asymmetry
parameter �/� (bottom panels) is always a sharp func-
tion of µ/t, supporting the claim in the main text that
non-Hermitian topology allows for a broader topological
classification in crossover situations where bulk topology
ceases to be precisely defined.

Topological phase diagrams using the EP criterion

As we discuss in the main text, ABSs confined in
smooth NS junctions become stabilised at zero real en-
ergy through an EP bifurcation of its two Majorana de-
cay rates. This gives rise to nontrivial Majorana physics

well before the critical Zeeman field Bc. To investi-
gate more systematically these EP transitions due to
smooth NS interfaces, we study here the linear conduc-
tance dI/dV |V!0, computed at T=20mK, as a function
of Zeeman field B and contact smoothness ⇣, see Fig.
4a. It shows two distinct regions: a trivial one with low
conductance (black), and a non-trivial one with nearly-
quantized 2e2/h (red). The latter begins at B ⇡ 0.5Bc

for smoothness ⇣ exceeding a threshold of the order of
the Fermi wavelength. As in Fig. 2 of the main text,
we compare the onset of quantised conductance to the
corresponding decay asymmetry �/� (right panel) in the
same parameter space. As in Fig. 2 of the main text
we clearly see the correlation between the two quanti-
ties, which validates our interpretation of �/� as the rel-
evant non-Hermitian topological order parameter associ-
ated to non-trivial phenomenology. In all cases studied,
point-like parity crossings in systems with sharp inter-
faces ⇣ ! 0 (e. g. at B ⇡ 0.5Bc in the density plots)
quickly evolve into stable Majorana zero modes as ⇣ in-
creases. For su�cient ⇣ they appear in the corresponding
B � ⇣ phase diagrams as extended areas with quantised
conductance 2e2/h and a maximum asymmetry �/� ⇡ 1.

4

-���

-���

���

���

���

ϵ/
Δ

(a)10000nm (isolated) (b)1000nm (isolated) (c) 500nm (isolated) (d) 300nm (isolated) (e) 100nm (isolated)

��(ϵ)

��(ϵ)

-���

-���

���

���

���

ϵ/
Δ

(f) 10000nm (open)

x2.5

��(ϵ)

��(ϵ)

(g) 1000nm (open)

x2.5

��(ϵ)

��(ϵ)

(h) 500nm (open)

x2.5

��(ϵ)

��(ϵ)

(i) 300nm (open)

x2.5

��(ϵ)

��(ϵ)

(j) 100nm (open)

x2.5

��� ��� ��� ��� ���
���

���

μ/�

γ/
Γ

(k)

��� ��� ��� ��� ���
μ/�

(l)

��� ��� ��� ��� ���
μ/�

(m)

��� ��� ��� ��� ���
μ/�

(n)

��� ��� ��� ��� ���
μ/�

(o)

FIG. 3. Exceptional points in the Kitaev chain. (a-e) Spectrum for the isolated (decoupled from the normal reservoir)
Kitaev chain as a function of chemical potential µ. (f-j) Complex spectrum of the open (coupled to the reservoir) Kitaev chain.
(k-o) Decay asymmetry.

the reservoir) and open (coupled to the reservoir), long
Kitaev chains. The EP (circle in panel f) and sharp non-
Hermitian transition (panel k) occur precisely at µ/t = 2,
the critical point predicted by band topology (panel a),
where the bulk gap closes and reopens again [8]. As the
chain length is decreased, the remnants of such gap in-
version start to disappear, and no clear phase transition
can be identified accompanying the emergence of Ma-
jorana zero modes for µ/t < 2 in the isolated systems
(panels b-e). In contrast, sharp EP bifurcations, even for
the shortest wires, signal the emergence of zero modes
in the open cases (panels g-j). Similarly, the asymmetry
parameter �/� (bottom panels) is always a sharp func-
tion of µ/t, supporting the claim in the main text that
non-Hermitian topology allows for a broader topological
classification in crossover situations where bulk topology
ceases to be precisely defined.

Topological phase diagrams using the EP criterion

As we discuss in the main text, ABSs confined in
smooth NS junctions become stabilised at zero real en-
ergy through an EP bifurcation of its two Majorana de-
cay rates. This gives rise to nontrivial Majorana physics

well before the critical Zeeman field Bc. To investi-
gate more systematically these EP transitions due to
smooth NS interfaces, we study here the linear conduc-
tance dI/dV |V!0, computed at T=20mK, as a function
of Zeeman field B and contact smoothness ⇣, see Fig.
4a. It shows two distinct regions: a trivial one with low
conductance (black), and a non-trivial one with nearly-
quantized 2e2/h (red). The latter begins at B ⇡ 0.5Bc

for smoothness ⇣ exceeding a threshold of the order of
the Fermi wavelength. As in Fig. 2 of the main text,
we compare the onset of quantised conductance to the
corresponding decay asymmetry �/� (right panel) in the
same parameter space. As in Fig. 2 of the main text
we clearly see the correlation between the two quanti-
ties, which validates our interpretation of �/� as the rel-
evant non-Hermitian topological order parameter associ-
ated to non-trivial phenomenology. In all cases studied,
point-like parity crossings in systems with sharp inter-
faces ⇣ ! 0 (e. g. at B ⇡ 0.5Bc in the density plots)
quickly evolve into stable Majorana zero modes as ⇣ in-
creases. For su�cient ⇣ they appear in the corresponding
B � ⇣ phase diagrams as extended areas with quantised
conductance 2e2/h and a maximum asymmetry �/� ⇡ 1.

|µ| < 2t

The system is topologically 
non-trivial (topological 
superconductor) for

One-dimensional topological superconductor

Kitaev, Phys.-Usp., 44, 131, 2001



Two Majorana quasiparticles at the ends of a one dimensional topological superconductor 
form a single electronic excitation which can be arbitrarily delocalized.

�1 = �†
1 �2 = �†
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TOPOLOGICAL SUPERCONDUCTOR

MAJORANA STATES

�i�1�2 = (1� 2c†c)
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Arbitrarily far apart, the only limitation is the physical sample length 
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Statistics under exchange
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Fermions
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• Phase factors: the order of the exchange is irrelevant
• Example 1/3 fractional QHE

J. Leinaas, J. Myrheim, Jan, "On the theory of identical particles"  Il Nuovo Cimento B. 37, 1, 1977 
Frank Wilczek, “Quantum Mechanics of Fractional-Spin Particles”, Phys. Rev. Lett. 49, 957, 1982
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• Braid matrix: the order of the exchange matters
• After the exchange, the ground state changes

Statistics under exchange



Ramón Aguado ICMM-CSIC

Majorana zero modes encode ground state degeneracy 

Majorana zero mode is “half” a Fermion

c =
1

2
(�1 + i�2)

<latexit sha1_base64="GU6ZQ62JUXULkyF1/RGor3/2MHs=">AAACBHicdVDNSsNAGNz4W+tf1KOX1SJUhJKkpa0HoejFYwX7A00pm+2mXbqbhN2NUEKv+jJ6EvXmE/gCvo2bGkFF5zQ7MwvfjBcxKpVlvRsLi0vLK6u5tfz6xubWtrmz25ZhLDBp4ZCFoushSRgNSEtRxUg3EgRxj5GON7lI/c4NEZKGwbWaRqTP0SigPsVIaWlgHuAz1xcIJ/YscWZFd4Q4RwP7hGbMOR6YBat0Wq86lSq0SpZVsx07JU6tUq5AWyspCiBDc2C+ucMQx5wECjMkZc+2ItVPkFAUMzLLu7EkEcITNCI9TQPEiewn8yozeOSHAqoxgfP392yCuJRT7ukMR2osf3up+JfXi5Vf7yc0iGJFAqwj2vNjBlUI00XgkAqCFZtqgrCg+kqIx0hvovRueV3/qyP8n7Sdkl0uOVeVQuM8GyIH9sEhKAIb1EADXIImaAEM7sADeAYvxq1xbzwaT5/RBSP7swd+wHj9ANHIl38=</latexit>

c† =
1

2
(�1 � i�2)

<latexit sha1_base64="6FZFEuviK0I2Ss2ToyhFuOnEjqY="></latexit>

P = 1� 2n̂ = 1� 2c†c = �i�1�2
<latexit sha1_base64="pSKvka3XDrJS5zn0YOWkc/PXXFU="></latexit>

Fermionic parity operator

�
<latexit sha1_base64="kjy5mdU+bZHz+XFvkw8Ihw1fti8=">AAAB53icbZDLSgNBEEVr4ivGV9Slm8YguAozIugyqAuXEcwDkiH0dCpJm54H3TVCGPINuhJ15//4A/6NnTgLTbyr03VvQ90KEiUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsbXM7/1iNrIOLqnSYJ+yIeRHEjByY6a3RtUxHvlilt152LL4OVQgVz1Xvmz249FGmJEQnFjOp6bkJ9xTVIonJa6qcGEizEfYsdixEM0fjbfdspOBrFmNEI2f//OZjw0ZhIGNhNyGplFbzb8z+ukNLj0MxklKWEkbMR6g1QxitmsNOtLjYLUxAIXWtotmRhxzQXZ05RsfW+x7DI0z6qeW/Xuziu1q/wQRTiCYzgFDy6gBrdQhwYIeIBneIN3RzpPzovz+hMtOPmfQ/gj5+MbSpqMkQ==</latexit><latexit sha1_base64="kjy5mdU+bZHz+XFvkw8Ihw1fti8=">AAAB53icbZDLSgNBEEVr4ivGV9Slm8YguAozIugyqAuXEcwDkiH0dCpJm54H3TVCGPINuhJ15//4A/6NnTgLTbyr03VvQ90KEiUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsbXM7/1iNrIOLqnSYJ+yIeRHEjByY6a3RtUxHvlilt152LL4OVQgVz1Xvmz249FGmJEQnFjOp6bkJ9xTVIonJa6qcGEizEfYsdixEM0fjbfdspOBrFmNEI2f//OZjw0ZhIGNhNyGplFbzb8z+ukNLj0MxklKWEkbMR6g1QxitmsNOtLjYLUxAIXWtotmRhxzQXZ05RsfW+x7DI0z6qeW/Xuziu1q/wQRTiCYzgFDy6gBrdQhwYIeIBneIN3RzpPzovz+hMtOPmfQ/gj5+MbSpqMkQ==</latexit><latexit sha1_base64="kjy5mdU+bZHz+XFvkw8Ihw1fti8=">AAAB53icbZDLSgNBEEVr4ivGV9Slm8YguAozIugyqAuXEcwDkiH0dCpJm54H3TVCGPINuhJ15//4A/6NnTgLTbyr03VvQ90KEiUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsbXM7/1iNrIOLqnSYJ+yIeRHEjByY6a3RtUxHvlilt152LL4OVQgVz1Xvmz249FGmJEQnFjOp6bkJ9xTVIonJa6qcGEizEfYsdixEM0fjbfdspOBrFmNEI2f//OZjw0ZhIGNhNyGplFbzb8z+ukNLj0MxklKWEkbMR6g1QxitmsNOtLjYLUxAIXWtotmRhxzQXZ05RsfW+x7DI0z6qeW/Xuziu1q/wQRTiCYzgFDy6gBrdQhwYIeIBneIN3RzpPzovz+hMtOPmfQ/gj5+MbSpqMkQ==</latexit><latexit sha1_base64="kjy5mdU+bZHz+XFvkw8Ihw1fti8=">AAAB53icbZDLSgNBEEVr4ivGV9Slm8YguAozIugyqAuXEcwDkiH0dCpJm54H3TVCGPINuhJ15//4A/6NnTgLTbyr03VvQ90KEiUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsbXM7/1iNrIOLqnSYJ+yIeRHEjByY6a3RtUxHvlilt152LL4OVQgVz1Xvmz249FGmJEQnFjOp6bkJ9xTVIonJa6qcGEizEfYsdixEM0fjbfdspOBrFmNEI2f//OZjw0ZhIGNhNyGplFbzb8z+ukNLj0MxklKWEkbMR6g1QxitmsNOtLjYLUxAIXWtotmRhxzQXZ05RsfW+x7DI0z6qeW/Xuziu1q/wQRTiCYzgFDy6gBrdQhwYIeIBneIN3RzpPzovz+hMtOPmfQ/gj5+MbSpqMkQ==</latexit>

Gap to higher energy 
excited states

|0i
<latexit sha1_base64="zZVecIOIV973LlwJr+vRKVeNw3s=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiI/BiakU+5AQ9uZtB0TgryEroy683F8Ad/GgrNQ8Ky+3nOa3HOjVHBjff/LK6ysrq1vFDdLW9s7u3vl/YOmSTLNsMESkeh2RA0KrrBhuRXYTjVSGQlsRaPrmd96QG14ou7sOMVQ0oHiMWfUutH9o9/VVA0E9soVv+rPRZYhyKECueq98me3n7BMorJMUGM6gZ/acEK15UzgtNTNDKaUjegAOw4VlWjCyXzhKTmJE03sEMn8/Ts7odKYsYxcRlI7NIvebPif18lsfBlOuEozi4q5iPPiTBCbkFlv0ucamRVjB5Rp7rYkbEg1ZdZdp+TqB4tll6F5Vg38anB7Xqld5YcowhEcwykEcAE1uIE6NICBhGd4g3dPeE/ei/f6Ey14+Z9D+CPv4xuXw43q</latexit><latexit sha1_base64="zZVecIOIV973LlwJr+vRKVeNw3s=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiI/BiakU+5AQ9uZtB0TgryEroy683F8Ad/GgrNQ8Ky+3nOa3HOjVHBjff/LK6ysrq1vFDdLW9s7u3vl/YOmSTLNsMESkeh2RA0KrrBhuRXYTjVSGQlsRaPrmd96QG14ou7sOMVQ0oHiMWfUutH9o9/VVA0E9soVv+rPRZYhyKECueq98me3n7BMorJMUGM6gZ/acEK15UzgtNTNDKaUjegAOw4VlWjCyXzhKTmJE03sEMn8/Ts7odKYsYxcRlI7NIvebPif18lsfBlOuEozi4q5iPPiTBCbkFlv0ucamRVjB5Rp7rYkbEg1ZdZdp+TqB4tll6F5Vg38anB7Xqld5YcowhEcwykEcAE1uIE6NICBhGd4g3dPeE/ei/f6Ey14+Z9D+CPv4xuXw43q</latexit><latexit sha1_base64="zZVecIOIV973LlwJr+vRKVeNw3s=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiI/BiakU+5AQ9uZtB0TgryEroy683F8Ad/GgrNQ8Ky+3nOa3HOjVHBjff/LK6ysrq1vFDdLW9s7u3vl/YOmSTLNsMESkeh2RA0KrrBhuRXYTjVSGQlsRaPrmd96QG14ou7sOMVQ0oHiMWfUutH9o9/VVA0E9soVv+rPRZYhyKECueq98me3n7BMorJMUGM6gZ/acEK15UzgtNTNDKaUjegAOw4VlWjCyXzhKTmJE03sEMn8/Ts7odKYsYxcRlI7NIvebPif18lsfBlOuEozi4q5iPPiTBCbkFlv0ucamRVjB5Rp7rYkbEg1ZdZdp+TqB4tll6F5Vg38anB7Xqld5YcowhEcwykEcAE1uIE6NICBhGd4g3dPeE/ei/f6Ey14+Z9D+CPv4xuXw43q</latexit><latexit sha1_base64="zZVecIOIV973LlwJr+vRKVeNw3s=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiI/BiakU+5AQ9uZtB0TgryEroy683F8Ad/GgrNQ8Ky+3nOa3HOjVHBjff/LK6ysrq1vFDdLW9s7u3vl/YOmSTLNsMESkeh2RA0KrrBhuRXYTjVSGQlsRaPrmd96QG14ou7sOMVQ0oHiMWfUutH9o9/VVA0E9soVv+rPRZYhyKECueq98me3n7BMorJMUGM6gZ/acEK15UzgtNTNDKaUjegAOw4VlWjCyXzhKTmJE03sEMn8/Ts7odKYsYxcRlI7NIvebPif18lsfBlOuEozi4q5iPPiTBCbkFlv0ucamRVjB5Rp7rYkbEg1ZdZdp+TqB4tll6F5Vg38anB7Xqld5YcowhEcwykEcAE1uIE6NICBhGd4g3dPeE/ei/f6Ey14+Z9D+CPv4xuXw43q</latexit>

Locally indistinguishable ground states

|1i = c†|0i
<latexit sha1_base64="QuC6Ql0dmpdyCcB9WO4htu/lRiQ=">AAAB/3icbVC9TsMwGHT4LeUvwAiDRYXEVCUFCRakChbGItEfqQmV435NrTpOZDtIVdoBXgYmBGy8Ay/A2+CWDNBy0/nuLH13QcKZ0o7zZS0sLi2vrBbWiusbm1vb9s5uQ8WppFCnMY9lKyAKOBNQ10xzaCUSSBRwaAaDq4nfvAepWCxu9TABPyKhYD1GiTZSxz4YuZ4kIuRwQe+8LglDkCMnlzp2ySk7U+B54uakhHLUOvan141pGoHQlBOl2q6TaD8jUjPKYVz0UgUJoQMSQttQQSJQfjZtMcZHvVhi3Qc8ff/OZiRSahgFJhMR3Vez3kT8z2ununfuZ0wkqQZBTcR4vZRjHePJGLjLJFDNh4YQKpm5EtM+kYRqM1nR1Hdny86TRqXsnpQrN6el6mU+RAHto0N0jFx0hqroGtVQHVH0iJ7RG3q3Hqwn68V6/YkuWPmfPfQH1sc3LfaWIw==</latexit>

Two fermionic parity ground states

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

Fermionic ground state degeneracy



cA =
1

2
(�1 + i�2)

<latexit sha1_base64="zcgMrlmY4L2zowZOiWJaYyISdZQ=">AAACBnicdVDNSsNAGNz4W+tf1aOXxSJUhJCkoa0HoerFYwX7A20Jm+2mXbqbhN2NUELv+jJ6EvXmA/gCvo2bWkFF5zQ7MwvfjB8zKpVlvRsLi0vLK6u5tfz6xubWdmFntyWjRGDSxBGLRMdHkjAakqaiipFOLAjiPiNtf3yR+e0bIiSNwms1iUmfo2FIA4qR0pJXKGLv7LQXCIRTe5o601JviDhHnn1M58w50inLPKlVHLcCLdOyqrZjZ8SpumUX2lrJUARzNLzCW28Q4YSTUGGGpOzaVqz6KRKKYkam+V4iSYzwGA1JV9MQcSL76azMFB4GkYBqRODs/T2bIi7lhPs6w5Eayd9eJv7ldRMV1PopDeNEkRDriPaChEEVwWwTOKCCYMUmmiAsqL4S4hHSmyi9XF7X/+oI/yctx7TLpnPlFuvn8yFyYB8cgBKwQRXUwSVogCbA4A48gGfwYtwa98aj8fQZXTDmf/bADxivHyBHmDM=</latexit>

c†A =
1

2
(�1 � i�2)

<latexit sha1_base64="QMt/J2ieLGfYTv/Z5YQhXGcQzrA="></latexit>

c†B =
1

2
(�3 � i�4)

<latexit sha1_base64="DxuFaOPkNDCQ+KoMmKq1bZVzDNo="></latexit>

cB =
1

2
(�3 + i�4)

<latexit sha1_base64="4EqAE6wVZGeY15Kd5z8L9zsNPAE=">AAACBnicdVDNSsNAGNz4W+tf1aOXxSJUhJKkoa0HodSLxwr2B9oSNttNu3Q3CbsboYTc9WX0JOrNB/AFfBs3tYKKzml2Zha+GS9iVCrTfDeWlldW19ZzG/nNre2d3cLefkeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63vQi87s3REgaBtdqFpEhR+OA+hQjpSW3UMRu83zgC4QTK03stDQYI86RWzmlC+ac6JRZPqtXbacKzbJp1izbyohdcyoOtLSSoQgWaLmFt8EoxDEngcIMSdm3zEgNEyQUxYyk+UEsSYTwFI1JX9MAcSKHybxMCo/9UEA1IXD+/p5NEJdyxj2d4UhN5G8vE//y+rHy68OEBlGsSIB1RHt+zKAKYbYJHFFBsGIzTRAWVF8J8QTpTZReLq/rf3WE/5OOXbYqZfvKKTaaiyFy4BAcgRKwQA00wCVogTbA4A48gGfwYtwa98aj8fQZXTIWfw7ADxivHyf1mDg=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�3
<latexit sha1_base64="Rhc7s3Y8ORC2+0Rzu9oh3JmCE/g=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNoOnUnCzEQooR+hK1F3/o4/4N84qRVU9KzOPedcuOeGCWdKO867VVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeSx7IVaUs4i2NdOc9hJJsQg57Yazq9zv3lGpWBzd6nlCA4EnERszgrWReoMJFgIPq8NyxbEvGjXPryHHdpy667k58ep+1UeuUXJUYIXWsPw2GMUkFTTShGOl+q6T6CDDUjPC6aI0SBVNMJnhCe0bGmFBVZAt712gs3EskZ5StJy/ZzMslJqL0GQE1lP128vFv7x+qseNIGNRkmoaERMx3jjlSMcor41GTFKi+dwQTCQzVyIyxRITbZ5TMvW/OqL/Scez3art3fiV5uXqEUU4gVM4Bxfq0IRraEEbCHB4gGd4sWbWvfVoPX1GC9Zq5xh+wHr9APkOjZY=</latexit>

�4
<latexit sha1_base64="wMR7jMEkitVcJVzDgvd3eJRYyO8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNIOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSS0DZJeCJ7IVaUs5i2NdOc9lJJsQg57YbTq9zv3lGpWBLf6llKA4HHMYsYwdpIvcEYC4GH/rBcceyLRs3za8ixHafuem5OvLpf9ZFrlBwVWKE1LL8NRgnJBI014VipvuukOphjqRnhdFEaZIqmmEzxmPYNjbGgKpgv712gsyiRSE8oWs7fs3MslJqJ0GQE1hP128vFv7x+pqNGMGdxmmkaExMxXpRxpBOU10YjJinRfGYIJpKZKxGZYImJNs8pmfpfHdH/pOPZbtX2bvxK83L1iCKcwCmcgwt1aMI1tKANBDg8wDO8WFPr3nq0nj6jBWu1cww/YL1+APqMjZc=</latexit>

Two fermionic parity ground states

|1, 1i = c†Ac
†
B |0, 0i<latexit sha1_base64="6x8Jrio2YqIE17GSZIlLWA19TOU=">AAACEXicbZDLSsNAFIYnXmu9RV26GSyCi1KSKuhGqHXjsoK9QBvDZHqaDp1cmJkIJe1T6MvoStSdvoBv47RG0Naz+ub8/8D5fy/mTCrL+jQWFpeWV1Zza/n1jc2tbXNntyGjRFCo04hHouURCZyFUFdMcWjFAkjgcWh6g8uJ3rwDIVkU3qhhDE5A/JD1GCVKr1yzNLKLdkeQ0OdwTt2L206X+D4ITN3qD4+sopVZXLNglazp4HmwMyigbGqu+dHpRjQJIFSUEynbthUrJyVCMcphnO8kEmJCB8SHtsaQBCCddJprjA97kcCqD3j6/u1NSSDlMPC0JyCqL2e1yfI/rZ2o3pmTsjBOFIRUW7TWSzhWEZ7Ug7tMAFV8qIFQwfSVmPaJIFTpEvM6vj0bdh4a5ZJ9XCpfnxQq1ayIHNpHB+gI2egUVdAVqqE6ougBPaFX9GbcG4/Gs/HybV0wsj976M8Y718Orpx4</latexit>

Even Odd

|1, 0i = c†A|0, 0i<latexit sha1_base64="ryf6lo8flLeWK4BKcw+fzK1uPts=">AAACBnicbVDNSgMxGMz6W+tf1aOXYBE8SNmtgl6EqhePFewPtGvJpt9uQ7PZJckKZdu7voyeRL35AL6Ab2NaF9HWOU1mJvDNeDFnStv2pzU3v7C4tJxbya+urW9sFra26ypKJIUajXgkmx5RwJmAmmaaQzOWQEKPQ8PrX479xh1IxSJxowcxuCEJBPMZJdpInUJx6BzabUlEwOGMds5v210SBCDx0P7RTcou2RPgWeJkpIgyVDuFj3Y3okkIQlNOlGo5dqzdlEjNKIdRvp0oiAntkwBahgoSgnLTSZkR3vcjiXUP8OT9O5uSUKlB6JlMSHRPTXtj8T+vlWj/1E2ZiBMNgpqI8fyEYx3h8Sa4yyRQzQeGECqZuRLTHpGEarNc3tR3psvOknq55ByVytfHxcpFNkQO7aI9dIAcdIIq6ApVUQ1R9ICe0Ct6s+6tR+vZevmOzlnZnx30B9b7F6DJl+E=</latexit>

|0, 1i = c†B |0, 0i<latexit sha1_base64="rOhBxQMTxrTpZ3oGVaGNmid/S7s=">AAACBnicbVC9TsMwGHT4LeWvwMhiUSExoCopSLAgVWVhLBL9kZpQOe6X1KrjRLaDVIXu8DIwIWDjAXgB3ga3ZICWm853Z+m78xPOlLbtL2thcWl5ZbWwVlzf2NzaLu3stlScSgpNGvNYdnyigDMBTc00h04igUQ+h7Y/vJz47TuQisXiRo8S8CISChYwSrSReqXyvX3suJKIkMMF7dVv3T4JQ5DY6Haum5RdsafA88TJSRnlaPRKn24/pmkEQlNOlOo6dqK9jEjNKIdx0U0VJIQOSQhdQwWJQHnZtMwYHwaxxHoAePr+nc1IpNQo8k0mInqgZr2J+J/XTXVw7mVMJKkGQU3EeEHKsY7xZBPcZxKo5iNDCJXMXInpgEhCtVmuaOo7s2XnSatacU4q1evTcq2eD1FA++gAHSEHnaEaukIN1EQUPaJn9IberQfryXqxXn+iC1b+Zw/9gfXxDaJZl+I=</latexit>

|0, 0i
<latexit sha1_base64="bFYdmcjoklBpVU/2N6cBJJX3N+M=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4ELKTBV0WXTjsoL9gXYomfROG5rJDElGKGPfQlei7nwaX8C3Ma2z0Naz+nLPCdxzg0RwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YBK81jem0mCfkSHkoecUWNH3Uf3zO0pKocC++WKW3XnIsvg5VCBXI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7ylJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lzMuAKmRETC5QpbrckbEQVZcbep2Tre4tll6FVq3rn1drdRaV+nR+iCEdwDKfgwSXU4RYa0AQGMTzDG7w70nlyXpzXn2jByf8cwh85H99wTo5e</latexit>

| "i ⌘ |0, 0i
<latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit>

| #i ⌘ |1, 1i
<latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit>

| #i ⌘ |0, 1i
<latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit>

| "i ⌘ |1, 0i
<latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit>

Majorana zero modes as building blocks of topological qubits



The qubit stores quantum information non-locally 
(through the spatially separated Majorana zero 
modes) which gives rise to the concept of 
topologically protected  (fault-tolerant) quantum 
computation (inmune to local errors/decoherence) 

�x = �i�2�3

�y = �i�1�3

�z = �i�1�2,
<latexit sha1_base64="/qXUdiPBskDHf4Rv7srpcs3dGMw=">AAACVHicfZFPSwMxEMWzq7VatVY9egkWiwctu1XQi1D04lHBqtBdlmyctqFJdk2yYi39hp4Vv4uCaV38V3EueZn3G8i8xCln2njei+POzBbmivMLpcWl5fJKZXXtUieZotCiCU/UdUw0cCahZZjhcJ0qICLmcBX3T8b+1R0ozRJ5YQYphIJ0JeswSoxtRZXbWi3QrCtIdH+0y4IuEVY28nMvkInMRAwqCEqf4OAL9P8FH6bBxg6OKlWv7k0KTws/F1WU11lUeQxuEpoJkIZyonXb91ITDokyjHIYlYJMQ0pon3ShbaUkAnQ4nEQzwludRGHTAzy5f2eHRGg9ELFlBDE9/dsbN//y2pnpHIZDJtPMgKQWsV4n49gkeJwwvmEKqOEDKwhVzL4S0x5RhBr7DyW7vv972Wlx2aj7Xt0/3682j/Mg5tEG2kTbyEcHqIlO0RlqIYqe0Zsz5xSdJ+fVnXELH6jr5DPr6Ee55XcjVrHP</latexit><latexit sha1_base64="/qXUdiPBskDHf4Rv7srpcs3dGMw=">AAACVHicfZFPSwMxEMWzq7VatVY9egkWiwctu1XQi1D04lHBqtBdlmyctqFJdk2yYi39hp4Vv4uCaV38V3EueZn3G8i8xCln2njei+POzBbmivMLpcWl5fJKZXXtUieZotCiCU/UdUw0cCahZZjhcJ0qICLmcBX3T8b+1R0ozRJ5YQYphIJ0JeswSoxtRZXbWi3QrCtIdH+0y4IuEVY28nMvkInMRAwqCEqf4OAL9P8FH6bBxg6OKlWv7k0KTws/F1WU11lUeQxuEpoJkIZyonXb91ITDokyjHIYlYJMQ0pon3ShbaUkAnQ4nEQzwludRGHTAzy5f2eHRGg9ELFlBDE9/dsbN//y2pnpHIZDJtPMgKQWsV4n49gkeJwwvmEKqOEDKwhVzL4S0x5RhBr7DyW7vv972Wlx2aj7Xt0/3682j/Mg5tEG2kTbyEcHqIlO0RlqIYqe0Zsz5xSdJ+fVnXELH6jr5DPr6Ee55XcjVrHP</latexit><latexit sha1_base64="/qXUdiPBskDHf4Rv7srpcs3dGMw=">AAACVHicfZFPSwMxEMWzq7VatVY9egkWiwctu1XQi1D04lHBqtBdlmyctqFJdk2yYi39hp4Vv4uCaV38V3EueZn3G8i8xCln2njei+POzBbmivMLpcWl5fJKZXXtUieZotCiCU/UdUw0cCahZZjhcJ0qICLmcBX3T8b+1R0ozRJ5YQYphIJ0JeswSoxtRZXbWi3QrCtIdH+0y4IuEVY28nMvkInMRAwqCEqf4OAL9P8FH6bBxg6OKlWv7k0KTws/F1WU11lUeQxuEpoJkIZyonXb91ITDokyjHIYlYJMQ0pon3ShbaUkAnQ4nEQzwludRGHTAzy5f2eHRGg9ELFlBDE9/dsbN//y2pnpHIZDJtPMgKQWsV4n49gkeJwwvmEKqOEDKwhVzL4S0x5RhBr7DyW7vv972Wlx2aj7Xt0/3682j/Mg5tEG2kTbyEcHqIlO0RlqIYqe0Zsz5xSdJ+fVnXELH6jr5DPr6Ee55XcjVrHP</latexit><latexit sha1_base64="/qXUdiPBskDHf4Rv7srpcs3dGMw=">AAACVHicfZFPSwMxEMWzq7VatVY9egkWiwctu1XQi1D04lHBqtBdlmyctqFJdk2yYi39hp4Vv4uCaV38V3EueZn3G8i8xCln2njei+POzBbmivMLpcWl5fJKZXXtUieZotCiCU/UdUw0cCahZZjhcJ0qICLmcBX3T8b+1R0ozRJ5YQYphIJ0JeswSoxtRZXbWi3QrCtIdH+0y4IuEVY28nMvkInMRAwqCEqf4OAL9P8FH6bBxg6OKlWv7k0KTws/F1WU11lUeQxuEpoJkIZyonXb91ITDokyjHIYlYJMQ0pon3ShbaUkAnQ4nEQzwludRGHTAzy5f2eHRGg9ELFlBDE9/dsbN//y2pnpHIZDJtPMgKQWsV4n49gkeJwwvmEKqOEDKwhVzL4S0x5RhBr7DyW7vv972Wlx2aj7Xt0/3682j/Mg5tEG2kTbyEcHqIlO0RlqIYqe0Zsz5xSdJ+fVnXELH6jr5DPr6Ee55XcjVrHP</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�3
<latexit sha1_base64="Rhc7s3Y8ORC2+0Rzu9oh3JmCE/g=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNoOnUnCzEQooR+hK1F3/o4/4N84qRVU9KzOPedcuOeGCWdKO867VVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeSx7IVaUs4i2NdOc9hJJsQg57Yazq9zv3lGpWBzd6nlCA4EnERszgrWReoMJFgIPq8NyxbEvGjXPryHHdpy667k58ep+1UeuUXJUYIXWsPw2GMUkFTTShGOl+q6T6CDDUjPC6aI0SBVNMJnhCe0bGmFBVZAt712gs3EskZ5StJy/ZzMslJqL0GQE1lP128vFv7x+qseNIGNRkmoaERMx3jjlSMcor41GTFKi+dwQTCQzVyIyxRITbZ5TMvW/OqL/Scez3art3fiV5uXqEUU4gVM4Bxfq0IRraEEbCHB4gGd4sWbWvfVoPX1GC9Zq5xh+wHr9APkOjZY=</latexit>

�4
<latexit sha1_base64="wMR7jMEkitVcJVzDgvd3eJRYyO8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNIOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSS0DZJeCJ7IVaUs5i2NdOc9lJJsQg57YbTq9zv3lGpWBLf6llKA4HHMYsYwdpIvcEYC4GH/rBcceyLRs3za8ixHafuem5OvLpf9ZFrlBwVWKE1LL8NRgnJBI014VipvuukOphjqRnhdFEaZIqmmEzxmPYNjbGgKpgv712gsyiRSE8oWs7fs3MslJqJ0GQE1hP128vFv7x+pqNGMGdxmmkaExMxXpRxpBOU10YjJinRfGYIJpKZKxGZYImJNs8pmfpfHdH/pOPZbtX2bvxK83L1iCKcwCmcgwt1aMI1tKANBDg8wDO8WFPr3nq0nj6jBWu1cww/YL1+APqMjZc=</latexit>

Two fermionic parity ground states

|1, 1i = c†Ac
†
B |0, 0i<latexit sha1_base64="6x8Jrio2YqIE17GSZIlLWA19TOU=">AAACEXicbZDLSsNAFIYnXmu9RV26GSyCi1KSKuhGqHXjsoK9QBvDZHqaDp1cmJkIJe1T6MvoStSdvoBv47RG0Naz+ub8/8D5fy/mTCrL+jQWFpeWV1Zza/n1jc2tbXNntyGjRFCo04hHouURCZyFUFdMcWjFAkjgcWh6g8uJ3rwDIVkU3qhhDE5A/JD1GCVKr1yzNLKLdkeQ0OdwTt2L206X+D4ITN3qD4+sopVZXLNglazp4HmwMyigbGqu+dHpRjQJIFSUEynbthUrJyVCMcphnO8kEmJCB8SHtsaQBCCddJprjA97kcCqD3j6/u1NSSDlMPC0JyCqL2e1yfI/rZ2o3pmTsjBOFIRUW7TWSzhWEZ7Ug7tMAFV8qIFQwfSVmPaJIFTpEvM6vj0bdh4a5ZJ9XCpfnxQq1ayIHNpHB+gI2egUVdAVqqE6ougBPaFX9GbcG4/Gs/HybV0wsj976M8Y718Orpx4</latexit>

Even Odd

|1, 0i = c†A|0, 0i<latexit sha1_base64="ryf6lo8flLeWK4BKcw+fzK1uPts=">AAACBnicbVDNSgMxGMz6W+tf1aOXYBE8SNmtgl6EqhePFewPtGvJpt9uQ7PZJckKZdu7voyeRL35AL6Ab2NaF9HWOU1mJvDNeDFnStv2pzU3v7C4tJxbya+urW9sFra26ypKJIUajXgkmx5RwJmAmmaaQzOWQEKPQ8PrX479xh1IxSJxowcxuCEJBPMZJdpInUJx6BzabUlEwOGMds5v210SBCDx0P7RTcou2RPgWeJkpIgyVDuFj3Y3okkIQlNOlGo5dqzdlEjNKIdRvp0oiAntkwBahgoSgnLTSZkR3vcjiXUP8OT9O5uSUKlB6JlMSHRPTXtj8T+vlWj/1E2ZiBMNgpqI8fyEYx3h8Sa4yyRQzQeGECqZuRLTHpGEarNc3tR3psvOknq55ByVytfHxcpFNkQO7aI9dIAcdIIq6ApVUQ1R9ICe0Ct6s+6tR+vZevmOzlnZnx30B9b7F6DJl+E=</latexit>

|0, 1i = c†B |0, 0i<latexit sha1_base64="rOhBxQMTxrTpZ3oGVaGNmid/S7s=">AAACBnicbVC9TsMwGHT4LeWvwMhiUSExoCopSLAgVWVhLBL9kZpQOe6X1KrjRLaDVIXu8DIwIWDjAXgB3ga3ZICWm853Z+m78xPOlLbtL2thcWl5ZbWwVlzf2NzaLu3stlScSgpNGvNYdnyigDMBTc00h04igUQ+h7Y/vJz47TuQisXiRo8S8CISChYwSrSReqXyvX3suJKIkMMF7dVv3T4JQ5DY6Haum5RdsafA88TJSRnlaPRKn24/pmkEQlNOlOo6dqK9jEjNKIdx0U0VJIQOSQhdQwWJQHnZtMwYHwaxxHoAePr+nc1IpNQo8k0mInqgZr2J+J/XTXVw7mVMJKkGQU3EeEHKsY7xZBPcZxKo5iNDCJXMXInpgEhCtVmuaOo7s2XnSatacU4q1evTcq2eD1FA++gAHSEHnaEaukIN1EQUPaJn9IberQfryXqxXn+iC1b+Zw/9gfXxDaJZl+I=</latexit>

|0, 0i
<latexit sha1_base64="bFYdmcjoklBpVU/2N6cBJJX3N+M=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4ELKTBV0WXTjsoL9gXYomfROG5rJDElGKGPfQlei7nwaX8C3Ma2z0Naz+nLPCdxzg0RwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YBK81jem0mCfkSHkoecUWNH3Uf3zO0pKocC++WKW3XnIsvg5VCBXI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7ylJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lzMuAKmRETC5QpbrckbEQVZcbep2Tre4tll6FVq3rn1drdRaV+nR+iCEdwDKfgwSXU4RYa0AQGMTzDG7w70nlyXpzXn2jByf8cwh85H99wTo5e</latexit>

| "i ⌘ |0, 0i
<latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit>

| #i ⌘ |1, 1i
<latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit>

| #i ⌘ |0, 1i
<latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit>

| "i ⌘ |1, 0i
<latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit>

We can define a Majorana qubit by 
fixing the parity (even or odd) of the 
total number of fermions and 
construct the three Pauli matrices 
using four Majorana zero modes. 

Majorana zero modes as building blocks of topological qubits



Ramón Aguado ICMM-CSIC

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1 ! ��2
<latexit sha1_base64="wuIDOQMVge/1ZgA7qSsu8nh0oMQ=">AAAB/3icdVDNTgIxGOz6i/iHetRDIzHx4mZ3IYA3ohePmMhPAmTzbSnQ0O5u2q6GEA76Mnoy6s138AV8G7uIiRqd03RmmnwzQcyZ0o7zbi0sLi2vrGbWsusbm1vbuZ3dhooSSWidRDySrQAU5Sykdc00p61YUhABp81gdJ76zWsqFYvCKz2OaVfAIGR9RkAbyc8ddAYgBPhuR7LBUIOU0c3JXPP8XN6xTyslr1jCju04ZddzU+KVi4Uido2SIo/mqPm5t04vIomgoSYclGq7Tqy7E5CaEU6n2U6iaAxkBAPaNjQEQVV3MmsxxUf9SGI9pHj2/p6dgFBqLAKTEaCH6reXin957UT3K90JC+NE05CYiPH6Ccc6wukYuMckJZqPDQEimbkSkyFIINpMljX1vzri/0nDs92C7V0W89Wz+RAZtI8O0TFyURlV0QWqoToi6A49oGf0Yt1a99aj9fQZXbDmf/bQD1ivH25clk8=</latexit>

�2 ! �1
<latexit sha1_base64="RAxY/POxM56UvFxmsVsMpS4Ody0=">AAAB/nicdVDNTgIxGOziH+If6pFLIzHxRHYXAngjevGIifwkQMi3pew2tLubtqshhERfRk9GvfkQvoBvYxcxUaNzms5Mk2/GizlT2rbfrczK6tr6RnYzt7W9s7uX3z9oqyiRhLZIxCPZ9UBRzkLa0kxz2o0lBeFx2vEm56nfuaZSsSi80tOYDgT4IRszAtpIw3yh74MQMHT7kvmBBimjm6XkDPNFu3Rar7qVKrZLtl1zXCclbq1SrmDHKCmKaInmMP/WH0UkETTUhINSPceO9WAGUjPC6TzXTxSNgUzApz1DQxBUDWaLEnN8PI4k1gHFi/f37AyEUlPhmYwAHajfXir+5fUSPa4PZiyME01DYiLGGycc6winW+ARk5RoPjUEiGTmSkwCkEC0WSxn6n91xP+TtltyyiX3slJsnC2HyKICOkInyEE11EAXqIlaiKA79ICe0Yt1a91bj9bTZzRjLf8coh+wXj8A/Q2WGA==</latexit>

U12|ni = e
⇡
4 (1�2n)|ni

<latexit sha1_base64="NXYCR1IVp3EOndSMRXO9emP4eb4="></latexit>

Exchanging two Majorana zero modes generates occupancy dependent phase factors

U12|0i =
1p
2
(1 + i)|0i

<latexit sha1_base64="6lEw1fXyBWjEW1gEcKKwnykmHzI="></latexit>

U12|1i =
1p
2
(1� i)|1i

<latexit sha1_base64="8+2jF046+W/eTsZP6v+Imc6ho5I="></latexit>

Non-Abelian braiding of Majorana zero modes 

<latexit sha1_base64="WclLWcso+PZuyNIcguWDp1I5Ybc="></latexit>

U12 = e�i⇡
4 �1�2



Majorana zero modes encode ground state degeneracy 

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�1
<latexit sha1_base64="Wl1oV2iQpwW7FcZZ/2nS+eN20SQ=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbusFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APYSjZQ=</latexit>

�2
<latexit sha1_base64="RTke7mUHAeEjmA7XLcBvA/AEJLg=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pketMOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSSQpsmPJG9kCjgLIa2ZppDL5VARMihG06vcr97B1KxJL7VsxQCQcYxixgl2ki9wZgIQYbesFxx7ItGzfNr2LEdp+56bk68ul/1sWuUHBW0QmtYfhuMEpoJiDXlRKm+66Q6mBOpGeWwKA0yBSmhUzKGvqExEaCC+fLeBT6LEon1BPBy/p6dE6HUTIQmI4ieqN9eLv7l9TMdNYI5i9NMQ0xNxHhRxrFOcF4bj5gEqvnMEEIlM1diOiGSUG2eUzL1vzri/0nHs92q7d34lebl6hFFdIJO0TlyUR010TVqoTaiiKMH9IxerKl1bz1aT5/RgrXaOUY/YL1+APeQjZU=</latexit>

�3
<latexit sha1_base64="Rhc7s3Y8ORC2+0Rzu9oh3JmCE/g=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNoOnUnCzEQooR+hK1F3/o4/4N84qRVU9KzOPedcuOeGCWdKO867VVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeSx7IVaUs4i2NdOc9hJJsQg57Yazq9zv3lGpWBzd6nlCA4EnERszgrWReoMJFgIPq8NyxbEvGjXPryHHdpy667k58ep+1UeuUXJUYIXWsPw2GMUkFTTShGOl+q6T6CDDUjPC6aI0SBVNMJnhCe0bGmFBVZAt712gs3EskZ5StJy/ZzMslJqL0GQE1lP128vFv7x+qseNIGNRkmoaERMx3jjlSMcor41GTFKi+dwQTCQzVyIyxRITbZ5TMvW/OqL/Scez3art3fiV5uXqEUU4gVM4Bxfq0IRraEEbCHB4gGd4sWbWvfVoPX1GC9Zq5xh+wHr9APkOjZY=</latexit> �4

<latexit sha1_base64="wMR7jMEkitVcJVzDgvd3eJRYyO8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNIOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSS0DZJeCJ7IVaUs5i2NdOc9lJJsQg57YbTq9zv3lGpWBLf6llKA4HHMYsYwdpIvcEYC4GH/rBcceyLRs3za8ixHafuem5OvLpf9ZFrlBwVWKE1LL8NRgnJBI014VipvuukOphjqRnhdFEaZIqmmEzxmPYNjbGgKpgv712gsyiRSE8oWs7fs3MslJqJ0GQE1hP128vFv7x+pqNGMGdxmmkaExMxXpRxpBOU10YjJinRfGYIJpKZKxGZYImJNs8pmfpfHdH/pOPZbtX2bvxK83L1iCKcwCmcgwt1aMI1tKANBDg8wDO8WFPr3nq0nj6jBWu1cww/YL1+APqMjZc=</latexit>

�4
<latexit sha1_base64="wMR7jMEkitVcJVzDgvd3eJRYyO8=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNIOnUnCzEQopR+hK1F3/o4/4N84qRVU9KzOPedcuOeGKWdKO867VVhb39jcKm6Xdnb39g/Kh0cdlWSS0DZJeCJ7IVaUs5i2NdOc9lJJsQg57YbTq9zv3lGpWBLf6llKA4HHMYsYwdpIvcEYC4GH/rBcceyLRs3za8ixHafuem5OvLpf9ZFrlBwVWKE1LL8NRgnJBI014VipvuukOphjqRnhdFEaZIqmmEzxmPYNjbGgKpgv712gsyiRSE8oWs7fs3MslJqJ0GQE1hP128vFv7x+pqNGMGdxmmkaExMxXpRxpBOU10YjJinRfGYIJpKZKxGZYImJNs8pmfpfHdH/pOPZbtX2bvxK83L1iCKcwCmcgwt1aMI1tKANBDg8wDO8WFPr3nq0nj6jBWu1cww/YL1+APqMjZc=</latexit> �3

<latexit sha1_base64="Rhc7s3Y8ORC2+0Rzu9oh3JmCE/g=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiRpaOuu6MZlBfuANpTJdNoOnUnCzEQooR+hK1F3/o4/4N84qRVU9KzOPedcuOeGCWdKO867VVhb39jcKm6Xdnb39g/Kh0cdFaeS0DaJeSx7IVaUs4i2NdOc9hJJsQg57Yazq9zv3lGpWBzd6nlCA4EnERszgrWReoMJFgIPq8NyxbEvGjXPryHHdpy667k58ep+1UeuUXJUYIXWsPw2GMUkFTTShGOl+q6T6CDDUjPC6aI0SBVNMJnhCe0bGmFBVZAt712gs3EskZ5StJy/ZzMslJqL0GQE1lP128vFv7x+qseNIGNRkmoaERMx3jjlSMcor41GTFKi+dwQTCQzVyIyxRITbZ5TMvW/OqL/Scez3art3fiV5uXqEUU4gVM4Bxfq0IRraEEbCHB4gGd4sWbWvfVoPX1GC9Zq5xh+wHr9APkOjZY=</latexit>

U12|n1, n2i = e
⇡
4 (1�2n1)|n1, n2i

U34|n1, n2i = e
⇡
4 (1�2n2)|n1, n2i,

<latexit sha1_base64="b+dW1+PQnVzUvCTZvQ30qOnx9bw="></latexit>

Occupation-dependent phase factors

Two fermionic parity ground states

|1, 1i = c†Ac
†
B |0, 0i<latexit sha1_base64="6x8Jrio2YqIE17GSZIlLWA19TOU=">AAACEXicbZDLSsNAFIYnXmu9RV26GSyCi1KSKuhGqHXjsoK9QBvDZHqaDp1cmJkIJe1T6MvoStSdvoBv47RG0Naz+ub8/8D5fy/mTCrL+jQWFpeWV1Zza/n1jc2tbXNntyGjRFCo04hHouURCZyFUFdMcWjFAkjgcWh6g8uJ3rwDIVkU3qhhDE5A/JD1GCVKr1yzNLKLdkeQ0OdwTt2L206X+D4ITN3qD4+sopVZXLNglazp4HmwMyigbGqu+dHpRjQJIFSUEynbthUrJyVCMcphnO8kEmJCB8SHtsaQBCCddJprjA97kcCqD3j6/u1NSSDlMPC0JyCqL2e1yfI/rZ2o3pmTsjBOFIRUW7TWSzhWEZ7Ug7tMAFV8qIFQwfSVmPaJIFTpEvM6vj0bdh4a5ZJ9XCpfnxQq1ayIHNpHB+gI2egUVdAVqqE6ougBPaFX9GbcG4/Gs/HybV0wsj976M8Y718Orpx4</latexit>

Even Odd

|1, 0i = c†A|0, 0i<latexit sha1_base64="ryf6lo8flLeWK4BKcw+fzK1uPts=">AAACBnicbVDNSgMxGMz6W+tf1aOXYBE8SNmtgl6EqhePFewPtGvJpt9uQ7PZJckKZdu7voyeRL35AL6Ab2NaF9HWOU1mJvDNeDFnStv2pzU3v7C4tJxbya+urW9sFra26ypKJIUajXgkmx5RwJmAmmaaQzOWQEKPQ8PrX479xh1IxSJxowcxuCEJBPMZJdpInUJx6BzabUlEwOGMds5v210SBCDx0P7RTcou2RPgWeJkpIgyVDuFj3Y3okkIQlNOlGo5dqzdlEjNKIdRvp0oiAntkwBahgoSgnLTSZkR3vcjiXUP8OT9O5uSUKlB6JlMSHRPTXtj8T+vlWj/1E2ZiBMNgpqI8fyEYx3h8Sa4yyRQzQeGECqZuRLTHpGEarNc3tR3psvOknq55ByVytfHxcpFNkQO7aI9dIAcdIIq6ApVUQ1R9ICe0Ct6s+6tR+vZevmOzlnZnx30B9b7F6DJl+E=</latexit>

|0, 1i = c†B |0, 0i<latexit sha1_base64="rOhBxQMTxrTpZ3oGVaGNmid/S7s=">AAACBnicbVC9TsMwGHT4LeWvwMhiUSExoCopSLAgVWVhLBL9kZpQOe6X1KrjRLaDVIXu8DIwIWDjAXgB3ga3ZICWm853Z+m78xPOlLbtL2thcWl5ZbWwVlzf2NzaLu3stlScSgpNGvNYdnyigDMBTc00h04igUQ+h7Y/vJz47TuQisXiRo8S8CISChYwSrSReqXyvX3suJKIkMMF7dVv3T4JQ5DY6Haum5RdsafA88TJSRnlaPRKn24/pmkEQlNOlOo6dqK9jEjNKIdx0U0VJIQOSQhdQwWJQHnZtMwYHwaxxHoAePr+nc1IpNQo8k0mInqgZr2J+J/XTXVw7mVMJKkGQU3EeEHKsY7xZBPcZxKo5iNDCJXMXInpgEhCtVmuaOo7s2XnSatacU4q1evTcq2eD1FA++gAHSEHnaEaukIN1EQUPaJn9IberQfryXqxXn+iC1b+Zw/9gfXxDaJZl+I=</latexit>

|0, 0i
<latexit sha1_base64="bFYdmcjoklBpVU/2N6cBJJX3N+M=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4ELKTBV0WXTjsoL9gXYomfROG5rJDElGKGPfQlei7nwaX8C3Ma2z0Naz+nLPCdxzg0RwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YBK81jem0mCfkSHkoecUWNH3Uf3zO0pKocC++WKW3XnIsvg5VCBXI1++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7ylJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lzMuAKmRETC5QpbrckbEQVZcbep2Tre4tll6FVq3rn1drdRaV+nR+iCEdwDKfgwSXU4RYa0AQGMTzDG7w70nlyXpzXn2jByf8cwh85H99wTo5e</latexit>

| "i ⌘ |0, 0i
<latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit><latexit sha1_base64="/O6w7w8h4QIlj0wEuvwW6gDKZho=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIPXFzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsWGYqg==</latexit>

| #i ⌘ |1, 1i
<latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit><latexit sha1_base64="vKLp/FjTmEovyBsE9djssbSIoxs=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLI1JnokevGIifwk7IZ0y7fQ0O2ubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kgEVwb1/1ylpZXVtfWcxv5za3tnd3C3n5Nx6liUGWxiFUjoBoEl1A13AhoJApoFAioB73rqV/vg9I8lndmmIAf0Y7kIWfUWKlVKI69djyQVKl44CkqOwI8uE95f0xOSSbYlFtyZ8CLhGSkiDJUWoVP+yhLI5CGCap1k7iJ8UdUGc4ETPJeqiGhrEc70LRU0gi0P5qVmeDjMFbYdAHPzr+zIxppPYwCm4mo6ep5byr+5zVTE176Iy6T1IBkNmK9MBXYxHi6CW5zBcyIoSWUKW5/iVmXKsqMXS5v65P5soukdlYiboncnhfLV9kQOXSIjtAJIugCldENqqAqYugRPaM39O48OE/Oi/P6E11ysjsH6A+cj29VhJmT</latexit>

| #i ⌘ |0, 1i
<latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit><latexit sha1_base64="4KK/Et0i/x7NVY1+nVzab/HFggQ=">AAACBnicbVDNTgIxGOz6i/iHevTSSEw8GLJrTPRI9OIRE/lJ2A3plm+hoduubRdCgLu+jJ6MevMBfAHfxoJ7UHBO05lp05kw4Uwb1/1ylpZXVtfWcxv5za3tnd3C3n5Ny1RRqFLJpWqERANnAqqGGQ6NRAGJQw71sHc99et9UJpJcWeGCQQx6QgWMUqMlVqF4thvy4EgSsmBr4jocPDhPmX9sXvqZYJNuSV3BrxIvIwUUYZKq/BpH6VpDMJQTrRuem5ighFRhlEOk7yfakgI7ZEONC0VJAYdjGZlJvg4kgqbLuDZ+Xd2RGKth3FoMzExXT3vTcX/vGZqostgxESSGhDURqwXpRwbiaeb4DZTQA0fWkKoYvaXmHaJItTY5fK2vjdfdpHUzkqeW/Juz4vlq2yIHDpER+gEeegCldENqqAqougRPaM39O48OE/Oi/P6E11ysjsH6A+cj29T/ZmS</latexit>

| "i ⌘ |1, 0i
<latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit><latexit sha1_base64="APh8HFL/7dC4qLqrhD8MN6h8QLE=">AAACBHicbVC9TsMwGHT4LeUvwMgSqJAYUJUgJBgrWBiLRH+kJqoc90tr1bGD7RRVaVd4GZgQsPEEvABvg1syQMtN57uz9N2FCaNKu+6XtbC4tLyyWlgrrm9sbm3bO7t1JVJJoEYEE7IZYgWMcqhpqhk0Ewk4Dhk0wv7VxG8MQCoq+K0eJhDEuMtpRAnWRmrbByM/TbCU4t6XmHcZ+HCX0sHIO3FzoW2X3LI7hTNPvJyUUI5q2/70O4KkMXBNGFaq5bmJDjIsNSUMxkU/VZBg0sddaBnKcQwqyKZVxs5RJKSje+BM37+zGY6VGsahycRY99SsNxH/81qpji6CjPIk1cCJiRgvSpmjhTNZxOlQCUSzoSGYSGqudEgPS0y02a1o6nuzZedJ/bTsuWXv5qxUucyHKKB9dIiOkYfOUQVdoyqqIYIe0TN6Q+/Wg/VkvVivP9EFK/+zh/7A+vgGsuiYqw==</latexit>
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• Majorana exchange produces a superposition state of 
different number states.

• Whenever two exchanges involve the same Majorana 
zero mode, the braid operators do not conmute. 

• The final state of the system after exchanging several 
pairs of Majorana zero modes depends on the order of 
the exchange operations, much like braiding cords in a 
necklace, hence the name non-Abelian "braiding"
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• Non-Abelian anyons and topological quantum 
computation, Chetan Nayak, Steven H. Simon, Ady 
Stern, Michael Freedman, and Sankar Das Sarma, 
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• Non-Abelian states of matter, Ady 
Stern,Nature 464, 187, 2010 

• Majorana zero modes and topological quantum 
computation, Sankar Das Sarma, Michael 
Freedman and Chetan Nayak, Npj Quantum 
Information, (2015) 15001.
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undergoing the exchange. This phenomenon of non-Abelian
statistics—an undeniably beautiful piece of physics in its own
right—may ultimately prove useful as well due to tantalizing
topological quantum computing applications [4–6]. The key
idea is that one can non-locally embed qubits in the systemʼs
degenerate ground-state wavefunctions; moreover, braiding
the anyons non-locally manipulates these qubits by virtue of
non-Abelian statistics. Within this approach local environ-
mental perturbations are not removed—they largely become
irrelevant. Put more quantitatively, this approach allows for
decoherence times that grow exponentially as temperature
decreases, as opposed to the power-law increase that typically
characterizes systems without topological protection.

Topological quantum computing supplants the infamous
decoherence problem with a quite different challenge: where
to find suitable non-Abelian anyons in nature with which to
fabricate the hardware? If easily answered scalable quantum
computers might already exist. During the last three decades
the pursuit of non-Abelian anyons has evolved dramatically
following a series of pioneering theoretical insights. It is
amusing to view this evolution in terms of the ‘Fisher plot’
(figure 1) characterizing problems in theoretical physics in
terms of their conceptual novelty and experimental rele-
vance4. The theoretical inception of non-Abelian anyons as
physically permissible objects took place in the late 1980s
through impressive (and formidable) mathematical physics
work [7–11]. At this early stage the problem would surely
have resided far along the horizontal axis of figure 1, as non-
Abelian anyons revealed an absolutely spectacular facet of
quantum mechanics but with no obvious home.

The first of many major boosts towards experimental
relevance transpired in 1991 with Moore and Readʼs intro-
duction of a candidate non-Abelian quantum Hall phase
mysteriously dubbed the Moore–Read state [12]. Almost ten

years later Read and Green observed that the non-Abelian
physics of the Moore–Read state—a highly nontrivial
strongly correlated phase—could be emulated in a weakly
correlated spinless 2D p pi+ superconductor [13] . Note that
the latter shares many properties with He-3 studied to great
effect by Volovik and others [14]. The non-Abelian anyons
found in the Moore–Read phase are replaced by order-para-
meter defects in the superconductor, namely h e2 vortices that
bind Majorana zero modes. While spinless 2D p pi+
superconductivity is readily understood theoretically, finding
experimental examples poses greater difficulty as electrons
stubbornly carry spin, usually roam in 3D, and almost always
prefer to pair in the s-wave channel. Fortunately, in an
influential 2008 work Fu and Kane devised a way of engi-
neering the physics of spinless 2D p pi+ superconductivity
by interfacing 3D topological insulators with conventional
superconductors [15]. Their proposed ‘designer’ non-Abelian
anyon platform, which laid the groundwork for a now
extensive literature of similar ilk, takes serendipity out of the
equation; the electrons are given an offer they cannot refuse.

Experimental prospects brightened further still with the
realization that non-Abelian anyons are not actually unique to
the 2D world. One can ‘cheat’ the constraints of topology in
one of two ways: (i) by utilizing particles that are not point-
like [16–22] or (ii) by restricting particles to move along
discrete 1D paths in spaces of arbitrary dimension [23]. The
latter loophole allows one to harness non-Abelian statistics by
piecing together 1D systems to form networks [23–29]. Par-
ticularly appealing building blocks are 1D spinless p-wave
superconductors that also harbor Majorana zero modes [30]
(at domain walls rather than vortices); these phases can be
similarly engineered using existing materials, but in arguably
simpler geometries compared to their 2D counterparts [31–
33]. We will encounter other more exotic examples later on.

Following the distillation of non-Abelian platforms into
ever-simpler forms, the problem now enjoys a great deal of
experimental activity and unequivocally belongs in the upper-
right corner of figure 1. In this article we provide a light-
hearted overview of some recent developments in this
ongoing distillation process. We begin in section 2 by briefly
reviewing the basic concepts underlying designer 1D and 2D
superconducting Majorana platforms and then highlight select
experiments that they have inspired [34–46] (many of which
are already bearing fruit). For a more complete discussion we
refer readers to the many excellent Majorana reviews in [47–
51] as well as the reviews of [52, 53].

Encouraged by preliminary successes in the Majorana
quest, the remaining sections explore similar strategies to
design more exotic types of non-Abelian anyons. Along the
way we will necessarily forgo the comforts of non-interacting
electron physics and re-enter the strongly correlated realm.
Crucially, however, with an engineering spirit we will build
up the physics using only presently available, well-under-
stood phases of matter: ordinary superconductors and con-
ventional fractional quantum Hall phases. In our view this
route is both intrinsically interesting and strongly motivated
by quantum computing applications. Indeed, even with per-
fect control over systems supporting Majorana modes,

Figure 1. Fisher plot quantifying problems in theoretical physics.
The study of non-Abelian anyons has attained increasing experi-
mental relevance beginning in the early 1990s, with a particularly
rapid ascension following the advent of designer non-Abelian
platforms. Note that in the figure we use ‘listen’ to mean ‘hear out’
rather than ‘obey’.

4 This plot was introduced to JA by Matthew PA Fisher, hence the name.
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Challenging experimentally: 

•electrons are spin-degenerate so we must freeze out half of 
the degrees of freedom to have an effective spinless system. 
•p-wave superconductors are very rare in nature. 

Clever proposals that overcome these challenges have the 
same three main ingredients: 

1.Instead of using intrinsic superconductivity use  
the superconducting proximity effect. 
2.Time-reversal symmetry breaking 
3.Spin-orbit coupling.

Allows to use 
standard 

materials!!!

Physical realisations for engineering p-wave topological superconductors 
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ZEEMAN-INDUCED ZERO ENERGY CROSSINGS 

Spin-resolved Andreev levels and parity crossings
in hybrid superconductor–semiconductor
nanostructures
Eduardo J. H. Lee1, Xiaocheng Jiang2, Manuel Houzet1, Ramón Aguado3, Charles M. Lieber2

and Silvano De Franceschi1*

The physics and operating principles of hybrid superconductor–semiconductor devices rest ultimately on the magnetic
properties of their elementary subgap excitations, usually called Andreev levels. Here we report a direct measurement of
the Zeeman effect on the Andreev levels of a semiconductor quantum dot with large electron g-factor, strongly coupled to
a conventional superconductor with a large critical magnetic field. This material combination allows spin degeneracy to be
lifted without destroying superconductivity. We show that a spin-split Andreev level crossing the Fermi energy results in a
quantum phase transition to a spin-polarized state, which implies a change in the fermionic parity of the system. This
crossing manifests itself as a zero-bias conductance anomaly at finite magnetic field with properties that resemble those
expected for Majorana modes in a topological superconductor. Although this resemblance is understood without evoking
topological superconductivity, the observed parity transitions could be regarded as precursors of Majorana modes in the
long-wire limit.

When a normal-type (N) conductor is connected to a
superconductor (S), superconducting order can leak
into it to give rise to pairing correlations and an

induced superconducting gap. This phenomenon, known as the
superconducting proximity effect, is also expected when the N con-
ductor consists of a nanoscale semiconductor whose electronic
states have a reduced dimensionality and can be tuned by means
of electric or magnetic fields. This hybrid combination of supercon-
ductors and low-dimensional semiconductors offers a versatile
ground for novel device concepts1. Some examples include sources
of spin-entangled electrons2–4, nanoscale superconducting magnet-
ometers5 or recently proposed qubits based on topologically pro-
tected Majorana fermions6–8. Such concepts, which form an
emerging domain between superconducting electronics and spin-
tronics, rest on a rich and largely unexplored physics that involves
both superconductivity and spin-related effects5,9–12. Here we
address this subject by considering the lowest dimensional limit
where the N conductor behaves as a small quantum dot (QD)
with a discrete electronic spectrum. In this case, the superconduct-
ing proximity effect competes with the Coulomb blockade phenom-
enon, which follows from the electrostatic repulsion among the
electrons of the QD13. Although superconductivity privileges the
tunnelling of Cooper pairs of electrons with opposite spin, and
thereby favours QD states with even numbers of electrons and
zero total spin (that is, spin singlets), the local Coulomb repulsion
enforces a one-by-one filling of the QD, and thereby stabilizes not
only even but also odd electron numbers.

To analyse this competition, let us consider the elementary case
of a QD with a single, spin-degenerate orbital level. When the dot
occupation is tuned to one electron, two ground states (GSs) are
possible: a spin doublet (spin 1/2), |Dl¼ | ! l,| " l, or a spin
singlet (spin zero), |Sl, whose nature has two limiting cases. In the

large superconducting gap limit (D#1), the singlet is supercon-
ducting like, |Sl¼2v*| ! "lþ u|0l, which corresponds to a
Bogoliubov-type superposition of the empty state, |0l, and the
two-electron state, | ! "l. By contrast, in the strong coupling limit,
where the QD–S tunnel coupling, GS, is much larger than D, the
singlet state is Kondo-like, resulting from the screening of the
local QD magnetic moment by quasiparticles in S. Even though
the precise boundary between the superconducting-like and
Kondo-like singlet states is not well-defined14, one can clearly ident-
ify changes in the GS parity, namely whether the GS is a singlet (fer-
mionic even parity) or a doublet (fermionic odd parity), as we show
here. The competition between the singlet and doublet states is gov-
erned by different energy scales: D, GS, the charging energy, U, and
the energy, 10, of the QD level relative to the Fermi energy of the S
electrode (see Fig. 1a)14–23. Previous works that address this compe-
tition focused either on Josephson supercurrents in S–QD–S
devices11,24 or on the subgap structure in S–QD–S or N–QD–S geo-
metries25–33. Although the QD–S GS could be inferred in some of
the above studies, a true experimental demonstration of the GS
parity requires its magnetic properties to be probed.

Here we report a tunnel spectroscopy experiment that probes the
magnetic properties of a QD–S system.With the aid of suitably large
magnetic fields, we lifted the degeneracy of the spinful states (that is,
|Dl) and measured the corresponding effect on the lowest-energy
subgap excitations of the system (that is, |Dl↔ |Sl transitions).
This experiment was carried out on a N–QD–S system, where the
N contact is used as a weakly coupled tunnel probe. In this geome-
try, a direct spectroscopy of the density of states in the QD–S system
is obtained through a measurement of the differential conductance,
dI/dV, as a function of the voltage difference, V, between N and S. In
such a measurement, an electrical current measured for |V|,D/e is
carried by so-called Andreev reflection processes, each of which
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The nagging question:
Majorana? Andreev? Shiba?

ZERO BIAS ANOMALIES IN CONDUCTANCE

3
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Figure 3.2: a Superconductor DOS with all the available states below E = 0 filled. There is a 2∆ gap around E = 0,
known as the superconducting gap. b Same as a but a single quasiparticle is excited, forming an electron-hole
pair.

and the normal metal, these conditions are[48]:

ΨSC(0) = ΨN(0) (3.9)
dΨSC(0)

d x
=

dΨN(0)

d x
. (3.10)

The wavefunctions for the N and S sides are given by

ΨN(x) =
(

1
0

)
ei kN,ex +B

(
1
0

)
e−i kN,ex + A

(
0
1

)
ei kN,hx (3.11)

ΨSC(x) = C

(
ue

ve

)
ei kex +D

(
uh

vh

)
e−i khx . (3.12)

The momenta kN,e and kN,h can be obtained from eq. 3.7 with ∆ = 0. We continue
by assuming µ ≫ ∆ ∼ E , which is typically the case for metals where µ ∼ 1− 10eV and

superconductors where E ∼ ∆ ∼ 0.1− 3meV. Thus kN,e ≃ kN,h ≃ ke ≃ kh ≃ kF =
%

2mµ

ħ .
This simplification makes the boundary condition given by eq. 3.10 easier to fulfill.

ANDREEV REFLECTION

We now consider an electron coming in from the N side by setting the electron amplitude
of the term with +kN,e in the exponent to one in eq. 3.11. The trajectory of this electron is
coloured blue in Figure 3.3. At the SN interface the electron can either reflect specularly,
via an Andreev process, or both. We start by analyzing full specular reflection, shown as
event 2 in Figure 3.33.

3In eq. 3.11 the incoming electron is perpendicular to the SN interface, which is why there is a minus sign in
front of the momentum for the reflected electron. In Figure 3.3a the electron is depicted as coming in at an
angle to make drawing it easier.

Mingtang Deng et al, Science 354, 1557, 2016 (Marcus group)

??

Mourik et al, Science 336, 1003, 2012 (Kouwenhoven, Delft)
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NAGGING DEBATE ABOUT MAJORANAS IN HYBRID NANOWIRES

3

TUNNELING SPECTROSCOPY

Di↵erential conductance, dI/dV , as a function of
source-drain voltage, V , measured in the tunneling
regime as a probe of the local density of states at the
end of the nanowire is shown in Fig. 2. The Al shell
was removed at the end of the wire and the tunnel bar-
rier was controlled by the global back-gate at voltage
VBG. At zero field, a hard superconducting gap was
observed throughout the zeroth superconducting lobe
(Fig. 2, B and D). Similar to the supercurrent measure-
ments presented above, the superconducting gap in the
core closed at |B| = 45 mT and reopened at 70 mT,
separated by a gapless destructive regime. Upon reopen-
ing, a narrow zero-bias conductance peak was observed
throughout the first gapped lobe (Fig. 2, B and F). Sev-
eral flux-dependent subgap states are also visible, sepa-
rated from the zero-bias peak in the first lobe. These
nonzero subgap states are analogs of Caroli-de Gennes-
Matricon bound states [43], in this case confined at the
metal-semiconductor interface rather than around a vor-
tex core.

The first lobe persists to 150 mT, above which a sec-
ond gapless destructive regime was observed. A second
gapped lobe centered around |B| = 220 mT then ap-
peared, containing several subgap states away from zero
energy, as shown in greater detail in [39]. The second
lobe closes at 250 mT, above which only normal-state
behavior was observed.

The dependence of tunneling spectra on back-gate volt-
age in the zeroth lobe is shown in Fig. 2C. In weak tun-
neling regime, for VBG < �1 V a hard gap was observed,
with � = 180 µeV (Fig. 2, C and D). As the device is
opened, for VBG ⇠ �0.8 V subgap conductance is en-
hanced due to Andreev processes. The increase in con-
ductance at VBG ⇠ �1.2 V is likely due to a resonance in
the barrier. In the first lobe, at B = 110 mT, the sweep of
VBG showed a zero-energy state throughout the tunneling
regime (Fig. 2E). The cut displayed in Fig. 2F shows a
discrete zero-bias peak well separated from other states.
As the tunnel barrier is opened, the zero-bias peak gradu-
ally evolves into a zero-bias dip. This behavior is in quali-
tative agreement with theory [44], although the crossover
occurs at lower conductance than expected. Additional
line-cuts as well as the tunneling spectroscopy for the sec-
ond lobe are provided in [39]. Several switches in data
occurred at the same gate voltages in Fig. 2, C and E,
presumably due to gate-dependent charge motion in the
barrier.

MODELING OF TOPOLOGICAL PHASES

To better understand the origin of the zero-energy
modes in the first lobe we analyze theoretically a semi-
conducting nanowire covered by a superconducting shell.
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FIG. 2. Experimental tunneling spectrum: hard gap
in the zeroth lobe, zero-bias peak in the first lobe.
(A) Micrograph of device 1 colorized to highlight tunneling
spectroscopy set-up. (B) Di↵erential conductance, dI/dV , as
a function of source-drain bias voltage, V , and axial field, B.
The zeroth lobe shows a hard superconducting gap, the first
lobes show zero-bias peak, the second lobes show non-zero
subgap states. The lobes are separated by featureless normal-
state spectra. (C) Zero-field conductance as a function of V
and back-gate voltage, VBG. (D) Line-cut of the conductance
taken at B = 0 and VBG = �1.05 V. (E and F) Similar to
(C) and (D), measured in the first lobe at B = 110 mT. Data
shown are from two-terminal measurements, which include
line resistances [39].

First, we present a toy model of a cylindically symmetric
full-shell wire (Fig. 3), highlighting the underlying mech-
anism of the topological phase appearance. Thereafter
we move on to simulations of realistic geometries (Fig. 4
and Fig. 5).
We assume that the semiconductor (InAs) has a

large Rashba spin-orbit coupling due to the local inver-
sion symmetry breaking in the radial direction at the
semiconductor-superconductor interface (corresponding
to an electric field pointing along the radial direction at
the superconductor-semiconductor interface). The sys-
tem is subject to a magnetic field along the direction of
the nanowire, ~B = Bẑ. Using cylindrical coordinates

This spin-polarized YSR doublet again follows
Eq. 1 (46).

Magnetic field evolution of ABSs with a
singlet GS: Near-gap-edge limit

Finally, we turn our attention to devices that
show ZBPs without an apparent subgap struc-
ture in the zeroth lobe. In Fig. 5, we present
data from devices C, D, and E, with tunnel
junction lengths of X ≈ 290, 200, and 300 nm,
respectively. Figure 5, A to C, depicts the mag-
netic field dependence of the respective tun-
neling spectra, with a ZBP emerging in the
first lobe after the first LP closing. Notably,
and as opposed to our previous results, no ob-
vious signatures of ABSs can be inferred from
the spectra of the zeroth lobe. Taken together,
all of these spectroscopic features could be
interpreted as originating from MZMs. How-
ever, as we argue now, these spectra can also
be understood in terms of the magnetic field
evolution of ABSs. We note that the dI/dV
linecuts reveal a sizable bias asymmetry. This

breakdown of dI/dV particle-hole symmetry
can be attributed to the bias dependence of
the tunnel barrier transparencies (63), an
effect that does not enter the LDOS, which
is symmetric by construction (Figs. 4E and
5, G and H).
As mentioned, the ZBPs in Fig. 5, A to C, are

not preceded by Zeeman-split ABSs, a find-
ing that is seemingly at odds with our previous
singlet-doublet transition picture.Moreover, the
naive estimation that magnetic field–mediated
zero-energy crossings should occur near VZ ≈ D
because z B ¼ 0ð Þj j ∼ D does not explain the
data,which showZBPs atmuch smaller Zeeman
energies.
To clarify this, we again use our general-

ized superconductingAndersonmodel, but now
in a different regime where z B ¼ 0ð Þj j ∼ D and
with a singlet GS close enough in parameter
space to the singlet-doublet boundary. Even
in the constant pairing case, i.e., neglecting the
LP modulation of D, the magnetic field evo-
lution of the ABSs strongly differs from that

corresponding to a purely Zeeman-driven re-
gime. This is a consequence of the nonzero
couplingGS to the SC. Figure 5G illustrates this
fact (compare black and yellow curves).
This can be understood from the analyt-

ical expression that governs zero-energy parity
crossings

~V Z ¼ T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~D2 þ ~G

2
S

q
ð2Þ

where ~V Z ≡ VZ þ U
2 n↑

" #
% n↓
" #$ %

, ~D ≡ D0þ
U
2 n↑

" #
þ n↓
" #$ %

, and~GS ≡ GS þ U d↑d↓
" #

.Here
nsh i ¼ d†

sds
" #

and d↑d↓
" #

are the QD spin-
polarized occupations and the anomalous av-
erage, respectively. ~V Z,~D, and ~GS can be physically
interpreted, respectively, as an exchange field,
a level shift, and an effective coupling that are
renormalized owing to correlations [for a full
derivation, see (46, 56)]. Note that, for largeU,
the finite spin polarization n↑

" #
≠ n↓
" #

induced
at the singlet-doublet crossing explains the
deviation from the pure Zeeman regime gov-
erned by VZ. The same happens for large GS.
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Fig. 5. ZBPs arising from
ABSs “hidden” in the super-
conducting gap edge.
(A to C) dI/dV for three
different devices as a function
of V and B for Vbg = −1.84,
−1.27, and −1.89 V, respec-
tively. For (B) and (C), a loga-
rithmic scale has been used.
ABSs close to the gap edge at
zero field, where the GS is in
the singlet state, converge to a
ZBP in the 1L. (D to F) dI/dV
versus V traces extracted
from (A) to (C), at B = 0 mT
(blue) and at the middle of
the 1L at B = 102, 112, and
123 mT (green), respectively,
showing a ZBP. (G and H)
Numerical simulation of the
LDOS as a function of V
and B for parameters corre-
sponding to device D. In (G),
there is a constant pairing equal
to D, whereas a destructive
LP modulation of the BCS gap
is considered in (H). The evolu-
tion with B of the Green’s
function poles of a supercon-
ducting Anderson model
are shown in black. For com-
parison, we also show in
(G) the evolution of the ABS
with increasing B, assuming
that only Zeeman splitting is relevant (yellow lines). The observation of the nonlinear B
evolution of the ABSs strongly depends on the individual parameters of the device—
namely GS, U, and their position at B = 0. (I) Phase diagram of the dot-level spin-
polarized occupations n↑

" #
% n↓
" #

versus GS=U and D0=U for three different
magnetic fields: B = 30, 105, and 140 mT [for the model parameters, see (46)]. D0 is the
dot-level energy at zero field. The yellow circle corresponds to the specific configuration

in the phase diagram that leads to (H). The singlet-doublet transition line (between white
and blue regions) as a function of B exhibits a strong dependence on GS=U. As the
magnetic field increases, a singlet phase (top) becomes a doublet phase (bottom),
across a parity crossing located at B = 105 mT (center). The red and blue circles denote
similar experimental configurations, but with slightly different gating and coupling to the
SC, that never cross the singlet-doublet transition line for the magnetic fields shown.
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ture in the zeroth lobe. In Fig. 5, we present
data from devices C, D, and E, with tunnel
junction lengths of X ≈ 290, 200, and 300 nm,
respectively. Figure 5, A to C, depicts the mag-
netic field dependence of the respective tun-
neling spectra, with a ZBP emerging in the
first lobe after the first LP closing. Notably,
and as opposed to our previous results, no ob-
vious signatures of ABSs can be inferred from
the spectra of the zeroth lobe. Taken together,
all of these spectroscopic features could be
interpreted as originating from MZMs. How-
ever, as we argue now, these spectra can also
be understood in terms of the magnetic field
evolution of ABSs. We note that the dI/dV
linecuts reveal a sizable bias asymmetry. This

breakdown of dI/dV particle-hole symmetry
can be attributed to the bias dependence of
the tunnel barrier transparencies (63), an
effect that does not enter the LDOS, which
is symmetric by construction (Figs. 4E and
5, G and H).
As mentioned, the ZBPs in Fig. 5, A to C, are

not preceded by Zeeman-split ABSs, a find-
ing that is seemingly at odds with our previous
singlet-doublet transition picture.Moreover, the
naive estimation that magnetic field–mediated
zero-energy crossings should occur near VZ ≈ D
because z B ¼ 0ð Þj j ∼ D does not explain the
data,which showZBPs atmuch smaller Zeeman
energies.
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in a different regime where z B ¼ 0ð Þj j ∼ D and
with a singlet GS close enough in parameter
space to the singlet-doublet boundary. Even
in the constant pairing case, i.e., neglecting the
LP modulation of D, the magnetic field evo-
lution of the ABSs strongly differs from that
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gime. This is a consequence of the nonzero
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erned by VZ. The same happens for large GS.
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Fig. 5. ZBPs arising from
ABSs “hidden” in the super-
conducting gap edge.
(A to C) dI/dV for three
different devices as a function
of V and B for Vbg = −1.84,
−1.27, and −1.89 V, respec-
tively. For (B) and (C), a loga-
rithmic scale has been used.
ABSs close to the gap edge at
zero field, where the GS is in
the singlet state, converge to a
ZBP in the 1L. (D to F) dI/dV
versus V traces extracted
from (A) to (C), at B = 0 mT
(blue) and at the middle of
the 1L at B = 102, 112, and
123 mT (green), respectively,
showing a ZBP. (G and H)
Numerical simulation of the
LDOS as a function of V
and B for parameters corre-
sponding to device D. In (G),
there is a constant pairing equal
to D, whereas a destructive
LP modulation of the BCS gap
is considered in (H). The evolu-
tion with B of the Green’s
function poles of a supercon-
ducting Anderson model
are shown in black. For com-
parison, we also show in
(G) the evolution of the ABS
with increasing B, assuming
that only Zeeman splitting is relevant (yellow lines). The observation of the nonlinear B
evolution of the ABSs strongly depends on the individual parameters of the device—
namely GS, U, and their position at B = 0. (I) Phase diagram of the dot-level spin-
polarized occupations n↑

" #
% n↓
" #

versus GS=U and D0=U for three different
magnetic fields: B = 30, 105, and 140 mT [for the model parameters, see (46)]. D0 is the
dot-level energy at zero field. The yellow circle corresponds to the specific configuration

in the phase diagram that leads to (H). The singlet-doublet transition line (between white
and blue regions) as a function of B exhibits a strong dependence on GS=U. As the
magnetic field increases, a singlet phase (top) becomes a doublet phase (bottom),
across a parity crossing located at B = 105 mT (center). The red and blue circles denote
similar experimental configurations, but with slightly different gating and coupling to the
SC, that never cross the singlet-doublet transition line for the magnetic fields shown.
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MESOSCOPIC PHYSICS

Nontopological zero-bias peaks in full-shell
nanowires induced by flux-tunable Andreev states
Marco Valentini1*, Fernando Peñaranda2, Andrea Hofmann1†, Matthias Brauns1‡, Robert Hauschild1,
Peter Krogstrup3, Pablo San-Jose2, Elsa Prada2,4, Ramón Aguado2*, Georgios Katsaros1*

A semiconducting nanowire fully wrapped by a superconducting shell has been proposed as a platform
for obtaining Majorana modes at small magnetic fields. In this study, we demonstrate that the
appearance of subgap states in such structures is actually governed by the junction region in tunneling
spectroscopy measurements and not the full-shell nanowire itself. Short tunneling regions never show
subgap states, whereas longer junctions always do. This can be understood in terms of quantum dots
forming in the junction and hosting Andreev levels in the Yu-Shiba-Rusinov regime. The intricate
magnetic field dependence of the Andreev levels, through both the Zeeman and Little-Parks effects, may
result in robust zero-bias peaks—features that could be easily misinterpreted as originating from
Majorana zero modes but are unrelated to topological superconductivity.

T
he superconducting Bardeen-Cooper-
Schrieffer (BCS) density of states (DOS)
is characterized by a gap D around the
Fermi energy that prevents quasiparticle
excitations at energies below it. How-

ever, in systems with spatially inhomogeneous
pairing potentials, such as weak links between
two superconductors (SCs), the DOS contains
states inside the gap known generically as
Andreev bound states (ABSs) (1). Such ABSs
have been observed in, e.g., carbon nanotubes
(2, 3), superconducting atomic point contacts
(4), graphene (5), and hybrid semiconducting-
superconducting systems based on nanowires
(NWs) (6–15). ABSs are notable in their own
right, as Andreev qubits (16, 17), and for the
rich physics they offer; however, the intense
research activity of the past few years in the
hybrid NW platform has arguably been mo-
tivated by the prediction that a topological
SC state with Majorana zero modes (MZMs)
can be engineered out of them (18, 19) [see
also (20–22) for recent reviews]. Despite the
fact that several experiments in such plat-
forms have reported on signatures compatible
with MZMs (23–28), the Majorana interpreta-
tion has been challenged because zero-energy
ABSs, in the absence of an underlying topo-
logical state, can mimic MZMs (22, 29–38).

Recently, it has been argued that full-shell
NWs (39) threaded by a magnetic flux f ¼ AB,
with A the cross section of the NW and B an
external axial magnetic field, are an alterna-
tive platform for realizing topological supercon-
ductivity (40). The full-shell geometry has the
great advantage that a topological phase can
be induced at known and relatively low mag-
netic fields, typically when f is close to one
flux quantum f0 ¼ h=2e [the precise range
depends on the geometry of the full-shell NW
(41); here, h is the Planck’s constant and e is
the electron’s charge]. As shownby experiments
(40, 42, 43), InAs/Al full-shell NWs exhibit flux
tunability of the superconducting gap, includ-
ing its complete destruction and reemergence,
owing to the Little-Parks (LP) effect (44, 45).
The LP effect is accompanied by zero-bias peaks
(ZBPs) in tunneling conductance, which appear
in reentrant superconducting regions around
f ∼ f0 and have been interpreted as MZMs
(40). In this study, we use similar InAs/Al full-
shell NWs and perform tunneling spectros-
copy measurements to investigate the role of
the tunneling junction (green region of length
X in Fig. 1A) on the subgap spectra. Details on
the measured NWs can be found in the sup-
plementary materials and methods (46). We
use three experimental knobs, themagnetic flux,
the junction length X, and the global back-
gate voltage. Data from more than 40 devices
demonstrate that for X ≲ 100 nm, the bare
InAs NW acts as a tunnel barrier, whereas for
X ≳ 150 nm, a quantum dot (QD) is formed in
the tunnel junction region. Data for 100 nm ≲
X ≲ 150 nm show that, in this range, a QDmay
or may not form; we therefore do not work in
this tunnel junction length regime. The main
text discusses data from five devices, which we
refer to as A, B, C, D, and E. Data from eight
more devices are presented in the supple-
mentary materials (46). All measurements
have been performed in a dilution refriger-
ator with a base temperature of 20 mK.

Short-junction devices
We initially focus on the short-junction devices
for which the bare InAs NW plays the role of
a tunnel barrier (Fig. 1B). Figure 1C displays
the measured differential conductance at zero
magnetic field of device A with a short tun-
nel junction of X ≈ 40 nm. With increasingly
negative Vbg, the tunneling conductance at
source-drain voltages V below the supercon-
ducting gap D decreases and reveals a hard
gap of size D ≈ 200 meV. The line trace shown
in Fig. 1E confirms the absence of subgap
states and a hard gap with a subgap conduc-
tance suppressed by a factor of ~300 relative
to the above-gap conductance. Similar tun-
neling spectroscopy data have been ob-
served for all devices with a junction length
X < 100 nm (fig. S6). The hardness of the gap
and the absence of subgap features make
the short-junction devices the best candi-
dates for an unambiguous detection of MZM
signatures.
We now discuss transport spectroscopy data

as a function of an external parallel magnetic
field B. Figure 1D shows the dI/dV evolution
(I, current; V, voltage) as a function of B at a
fixed value ofVbg for device A. Themodulation
of D with B is the result of the destructive LP
effect (42, 47, 48), with regions where the gap
is completely suppressed and subsequently
regenerated (hereafter, we label the regions
with finite gaps as zeroth lobe, first lobe, and
so on). Theory predicts the observation of a
ZBP in the first lobe, owing to the formation
of MZMs (40, 41). Notwithstanding these
predictions, none of the nine short-junction
devices reported here (Fig. 1 and fig. S6) ex-
hibit a ZBP (or any other subgap state) as the
magnetic field increases. Instead, a hard gap
slightly smaller than at zero field is observed
in the first lobe (Fig. 1F). Possible explanations
for the absence of ZBPs in the first lobe include
the NWs always being topologically trivial,
owing to the renormalization of the semicon-
ductor properties caused by strong coupling
to the SC (49, 50), or lack of proper tuning into
a topological phase (41, 51, 52). The described
short-junction results seemingly contradict a
recent experimental report on MZMs in sim-
ilar NWs (40). However, the lithographic length
of the shown tunnel junction in (40) seems to be
larger than 100 nm and falls into what we call
the long-junction regime. In the next section, we
discuss how, in this regime, we observe ZBPs of
nontopological origin, owing to QD physics.

Long-junction devices

Figure 2A shows a micrograph of device B
with X ≈ 240 nm, for which a QD is formed
in the tunnel junction as sketched in Fig. 2B.
In this QD-SC system, two ground states (GSs)
are accessible: a spin doublet, Dj i, with spin½,
and a spin singlet, Sj i, with spin 0. Whether
the GS is a doublet or a singlet is determined
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Flux-induced topological superconductivity in
full-shell nanowires
S. Vaitiekėnas1, G. W. Winkler2, B. van Heck2, T. Karzig2, M.-T. Deng1, K. Flensberg1, L. I. Glazman3,
C. Nayak2, P. Krogstrup1, R. M. Lutchyn2*, C. M. Marcus1*

Hybrid semiconductor-superconductor nanowires have emerged as a promising platform for realizing
topological superconductivity (TSC). Here, we present a route to TSC using magnetic flux applied
to a full superconducting shell surrounding a semiconducting nanowire core. Tunneling into the core
reveals a hard induced gap near zero applied flux, corresponding to zero phase winding, and a gapped
region with a discrete zero-energy state around one applied flux quantum, corresponding to 2p phase
winding. Theoretical analysis indicates that the winding of the superconducting phase can induce a
transition to a topological phase supporting Majorana zero modes. Measured Coulomb blockade peak
spacing around one flux quantum shows a length dependence that is consistent with the existence
of Majorana modes at the ends of the nanowire.

M
ajorana zero modes (MZMs) at the
ends of one-dimensional topologi-
cal superconductors are expected to
exhibit nontrivial braiding statistics
(1–3), opening a path toward topo-

logically protected quantum computing (4, 5).
Among the proposals to realize MZMs, an ap-
proach (6, 7) based on semiconducting nano-
wires with strong spin-orbit coupling subject
to a Zeeman field and superconducting prox-
imity effect has received particular attention,
yielding compelling experimental signatures
(8–12). An alternative route to MZMs aims to
create vortices in spinless superconductors by
various means: coupling a vortex in a conven-
tional superconductor to a topological insu-
lator (13–17) or conventional semiconductor
(18, 19), using doped topological insulators
(20), using iron-based superconductors (21),
or using vortices in exotic quantum Hall ana-
logs of spinless superconductors (22).
Here, we show both experimental and theo-

retical results suggesting that a hybrid nano-
wire consisting of a full superconducting
(aluminum) shell surrounding a semicon-
ducting (indium arsenide) core can be driven
into a topological phase that supports MZMs
at the wire ends by a flux-induced winding of
the superconducting phase. This approach
contains elements of both proximitized-wire
schemes (6, 7) and vortex-based schemes (1, 13)
for creating MZMs. The topological phase sets
in at relatively low magnetic fields (~0.1 T), is
controlled discretely by moving from zero to

one phase twist around the superconducting
shell, and does not require a large g factor in
the semiconductor, which broadens the land-
scape of candidate materials.
Although it is known that well-chosen su-

perconducting phase differences can be used
to break time-reversal symmetry and local-
izeMZMs in semiconducting heterostructures
(23–28), the corresponding realizations typ-
ically require careful tuning of the fluxes. In
contrast, vortices in a full-shell wire provide
a naturally quantized means of controlling
the superconducting phase. In the destructive
Little-Parks regime (29, 30), the modulation
of critical current and temperature with flux
applied along the hybrid nanowire results in
a sequence of lobes with reentrant supercon-
ductivity (31, 32). Each lobe is associated with
a quantized number of twists of the super-
conducting phase (33), determined by the
external field so that the free energy of the
superconducting shell is minimized. The re-
sult is a series of topologically locked bound-
ary conditions for the proximity effect in the
semiconducting core, with a drastic effect on
the subgap density of states.
Our measurements reveal that tunneling

into the core in the zeroth superconducting
lobe, around zero flux, yields a hard proximity-
induced gap with no subgap features. In the
superconducting regions around one quan-
tum of applied flux, corresponding to phase
twists of ±2p in the shell, tunneling spectra
into the core show stable zero-bias peaks,
indicating a discrete subgap state fixed at
zero energy.
Theoretically, we find that a Rashba field

arising from the breaking of local radial
inversion symmetry at the semiconductor-
superconductor interface (34–36), along with
2p-phase twists in the boundary condition,

can induce a topological state supporting
MZMs. We calculate the topological phase
diagram of the system as a function of various
parameters, such as Rashba spin-orbit cou-
pling, radius of the semiconducting core,
and band bending at the superconductor-
semiconductor interface (34–36). Our analy-
sis shows that topological superconductivity
extends for a reasonably large portion of the
parameter space. Transport simulations of
the tunneling conductance in the presence
of MZMs qualitatively reproduce the ex-
perimental data in the entire voltage-bias
range.
We obtain further experimental evidence

that the zero-energy states are localized at
wire ends by investigating Coulomb blockade
conductance peaks in full-shell wire islands
of various lengths. In the zeroth lobe, Coulomb
blockade peaks show 2e spacing, indicating
Cooper-pair tunneling and an induced gap ex-
ceeding the island charging energy. In the first
lobe, peak spacings are roughly 1e-periodic,
with a slight even-odd alternation that van-
ishes exponentially with island length, con-
sistent with overlapping Majorana modes at
the two ends of the Coulomb island, as inves-
tigated previously (10, 37). The exponential
dependence on length and the incompatibility
with a power-law dependence strongly sug-
gest that MZMs reside at the ends of the hy-
brid islands.

Device description

InAs nanowires were grown by the vapor-
liquid-solid method using molecular beam
epitaxy. The nanowires had a hexagonal cross
section with maximum diameter D = 130 nm.
A 30-nm epitaxial Al layer was grown while
rotating the sample, yielding a fully enclos-
ing shell (Fig. 1A) (38). Devices were fabricated
using electron beam lithography. Standard al-
ternating current (ac) lock-in measurements
were carried out in a dilution refrigerator with
a base temperature of 20 mK. Magnetic field
was applied parallel to the nanowire using a
three-axis vector magnet. Two device geome-
tries, measured in three devices each, showed
similar results. Data from two representative
devices are reported in the main text: device 1
was used for four-probe measurements of the
shell (Fig. 1B) and tunneling spectroscopy
of the core (Fig. 2A); device 2 comprised six
Coulomb islands of different lengths fabri-
cated on a single nanowire, each with separate
ohmic contacts, two side gates to trim tunnel
barriers, and a plunger gate to change occu-
pancy (see the Coulomb blockade spectros-
copy section). Supporting data from three
additional tunneling devices, one of which has
a thinner shell, and two Coulomb-blockaded
devices are presented in figs. S5 to S7, S21,
and S22 (39). For more detailed description
of the wire growth, device fabrication, and
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ing at the superconductor-semiconductor interface [34–
36]. Our analysis shows that topological superconductiv-
ity extends in a reasonably large portion of the param-
eter space. Transport simulations of the tunneling con-
ductance in the presence of Majorana zero modes qual-
itatively reproduce the experimental data in the entire
voltage-bias range.

We obtain further experimental evidence that the zero-
energy states are localized at wire ends by investigating
Coulomb blockade conductance peaks in full-shell wire
islands of various lengths. In the zeroth lobe, Coulomb
blockade peaks show 2e spacing, indicating Cooper-pair
tunneling and an induced gap exceeding the island charg-
ing energy. In the first lobe, peak spacings are roughly 1e-
periodic, with slight even-odd alternation that vanishes
exponentially with island length consistent with overlap-
ping Majorana modes at the two ends of the Coulomb
island, as investigated previously [10, 37]. The exponen-
tial dependence on length, and incompatibility with a
power-law dependence, strongly suggests that MZMs re-
side at the ends of the hybrid islands.

DEVICE DESCRIPTION

InAs nanowires were grown by the vapor-liquid-solid
method using molecular beam epitaxy (MBE). The
nanowires had a hexagonal cross section with maximum
diameter D = 130 nm. A 30 nm epitaxial Al layer was
grown while rotating the sample, yielding a fully enclos-
ing shell (Fig. 1A) [38]. Devices were fabricated using
electron-beam lithography. Standard ac lock-in measure-
ments were carried out in a dilution refrigerator with a
base temperature of 20 mK. Magnetic field was applied
parallel to the nanowire using three-axis vector magnet.
Two device geometries, measured in three devices each,
showed similar results. Data from two representative de-
vices are reported in the main text: device 1 was used for
4-probe measurements of the shell (Fig. 1B) and tunnel-
ing spectroscopy of the core (Fig. 2A); device 2 comprised
six Coulomb islands of di↵erent lengths fabricated on a
single nanowire, each with separate ohmic contacts, two
side gates to trim tunnel barriers, and a plunger gate to
change occupancy (Fig. 6A). Supporting data from addi-
tional three tunneling devices, one of which has thinner
shell, and two Coulomb-blockaded devices are presented
in [39]. For more detailed description of the wire growth,
device fabrication and measurement techniques see [39].

Di↵erential resistance of the shell, RS = dVS/dIS, mea-
sured for device 1 as a function of bias current, IS, and
axial magnetic field, B, showed a lobe pattern character-
istic of the destructive regime (Fig. 1C) with maximum
switching current of 70 µA at B = 0, the center of the
zeroth lobe. Between the zeroth and first lobes, super-
current vanished at |B| = 45 mT, re-emerged at 70 mT,
and had a maximum near the center of the first lobe, at
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FIG. 1. Destructive Little-Parks regime in full-shell
nanowire device. (A) Colorized material-sensitive electron
micrograph of InAs-Al hybrid nanowire. Hexagonal InAs core
(maximum diameter 130 nm) with 30 nm full-shell epitaxial
Al. (B) Micrograph of device 1, colorized to highlight 4-probe
measurement setup. (C) Di↵erential resistance of the Al shell,
RS, as a function of current bias, IS, and axial magnetic field,
B, measured at 20 mK. Top axis shows flux, BAwire, in units
of the flux quantum �0 = h/2e. Superconducting lobes are
separated by destructive regions near odd half-integer flux
quanta. (D) Temperature evolution of RS as a function of B
measured around IS = 0. Note that RS equals the normal-
state resistance in all destructive regimes.

|B| = 110 mT. A second lobe with smaller critical current
was also observed, but no third lobe.

Temperature dependence of RS around zero bias
yielded a reentrant phase diagram with supercon-
ducting regions separated by destructive regions with

temperature-independent normal-state resistance R(N)

S
=

1.3 ⌦ (Fig. 1D). R(N)

S
and shell dimensions from Fig. 1A

yield a Drude mean free path of l = 19 nm. The dirty-
limit shell coherence length [33, 40]

⇠S =

r
⇡~vFl
24kBTC

(1)

can then be found using the zero-field critical temper-
ature TC = 1.2 K from Fig. 1D and Fermi velocity of
Al, vF = 2 ⇥ 106 m/s [41], with Planck constant ~ and
Boltzmann constant kB, yielding ⇠S = 180 nm. The same
values for ⇠S is found using the onset of the first destruc-
tive regime [42].

Spin-resolved Andreev levels and parity crossings
in hybrid superconductor–semiconductor
nanostructures
Eduardo J. H. Lee1, Xiaocheng Jiang2, Manuel Houzet1, Ramón Aguado3, Charles M. Lieber2

and Silvano De Franceschi1*

The physics and operating principles of hybrid superconductor–semiconductor devices rest ultimately on the magnetic
properties of their elementary subgap excitations, usually called Andreev levels. Here we report a direct measurement of
the Zeeman effect on the Andreev levels of a semiconductor quantum dot with large electron g-factor, strongly coupled to
a conventional superconductor with a large critical magnetic field. This material combination allows spin degeneracy to be
lifted without destroying superconductivity. We show that a spin-split Andreev level crossing the Fermi energy results in a
quantum phase transition to a spin-polarized state, which implies a change in the fermionic parity of the system. This
crossing manifests itself as a zero-bias conductance anomaly at finite magnetic field with properties that resemble those
expected for Majorana modes in a topological superconductor. Although this resemblance is understood without evoking
topological superconductivity, the observed parity transitions could be regarded as precursors of Majorana modes in the
long-wire limit.

When a normal-type (N) conductor is connected to a
superconductor (S), superconducting order can leak
into it to give rise to pairing correlations and an

induced superconducting gap. This phenomenon, known as the
superconducting proximity effect, is also expected when the N con-
ductor consists of a nanoscale semiconductor whose electronic
states have a reduced dimensionality and can be tuned by means
of electric or magnetic fields. This hybrid combination of supercon-
ductors and low-dimensional semiconductors offers a versatile
ground for novel device concepts1. Some examples include sources
of spin-entangled electrons2–4, nanoscale superconducting magnet-
ometers5 or recently proposed qubits based on topologically pro-
tected Majorana fermions6–8. Such concepts, which form an
emerging domain between superconducting electronics and spin-
tronics, rest on a rich and largely unexplored physics that involves
both superconductivity and spin-related effects5,9–12. Here we
address this subject by considering the lowest dimensional limit
where the N conductor behaves as a small quantum dot (QD)
with a discrete electronic spectrum. In this case, the superconduct-
ing proximity effect competes with the Coulomb blockade phenom-
enon, which follows from the electrostatic repulsion among the
electrons of the QD13. Although superconductivity privileges the
tunnelling of Cooper pairs of electrons with opposite spin, and
thereby favours QD states with even numbers of electrons and
zero total spin (that is, spin singlets), the local Coulomb repulsion
enforces a one-by-one filling of the QD, and thereby stabilizes not
only even but also odd electron numbers.

To analyse this competition, let us consider the elementary case
of a QD with a single, spin-degenerate orbital level. When the dot
occupation is tuned to one electron, two ground states (GSs) are
possible: a spin doublet (spin 1/2), |Dl¼ | ! l,| " l, or a spin
singlet (spin zero), |Sl, whose nature has two limiting cases. In the

large superconducting gap limit (D#1), the singlet is supercon-
ducting like, |Sl¼2v*| ! "lþ u|0l, which corresponds to a
Bogoliubov-type superposition of the empty state, |0l, and the
two-electron state, | ! "l. By contrast, in the strong coupling limit,
where the QD–S tunnel coupling, GS, is much larger than D, the
singlet state is Kondo-like, resulting from the screening of the
local QD magnetic moment by quasiparticles in S. Even though
the precise boundary between the superconducting-like and
Kondo-like singlet states is not well-defined14, one can clearly ident-
ify changes in the GS parity, namely whether the GS is a singlet (fer-
mionic even parity) or a doublet (fermionic odd parity), as we show
here. The competition between the singlet and doublet states is gov-
erned by different energy scales: D, GS, the charging energy, U, and
the energy, 10, of the QD level relative to the Fermi energy of the S
electrode (see Fig. 1a)14–23. Previous works that address this compe-
tition focused either on Josephson supercurrents in S–QD–S
devices11,24 or on the subgap structure in S–QD–S or N–QD–S geo-
metries25–33. Although the QD–S GS could be inferred in some of
the above studies, a true experimental demonstration of the GS
parity requires its magnetic properties to be probed.

Here we report a tunnel spectroscopy experiment that probes the
magnetic properties of a QD–S system.With the aid of suitably large
magnetic fields, we lifted the degeneracy of the spinful states (that is,
|Dl) and measured the corresponding effect on the lowest-energy
subgap excitations of the system (that is, |Dl↔ |Sl transitions).
This experiment was carried out on a N–QD–S system, where the
N contact is used as a weakly coupled tunnel probe. In this geome-
try, a direct spectroscopy of the density of states in the QD–S system
is obtained through a measurement of the differential conductance,
dI/dV, as a function of the voltage difference, V, between N and S. In
such a measurement, an electrical current measured for |V|,D/e is
carried by so-called Andreev reflection processes, each of which

1SPSMS, CEA-INAC/UJF-Grenoble 1, 17 rue des Martyrs, 38054 Grenoble Cedex 9, France, 2Harvard University, Department of Chemistry and Chemical
Biology, Cambridge, Massachusetts 02138, USA, 3Instituto de Ciencia de Materiales de Madrid, Consejo Superior de Investigaciones Cientı́ficas (CSIC),
Sor Juana Inés de la Cruz 3, 28049 Madrid, Spain. *e-mail: silvano.defranceschi@cea.fr

ARTICLES
PUBLISHED ONLINE: 15 DECEMBER 2013 | DOI: 10.1038/NNANO.2013.267

NATURE NANOTECHNOLOGY | VOL 9 | JANUARY 2014 | www.nature.com/naturenanotechnology 79



NAGGING DEBATE ABOUT MAJORANAS IN HYBRID NANOWIRES

Ever since Heike Kamerlingh Onnes discovered the ‘zero 
resistance state’ of metals at very low temperatures in 
1911 (REFS1,2), the superconducting state of matter3,4 has 
fascinated physicists. In the past century, the understand-
ing of superconductivity has evolved extraordinarily and 
has garnered eight Nobel prizes, turning it into one of 
the most iconic topics in condensed-matter physics5. 
As described by the Bardeen–Cooper–Schrieffer (BCS) 
theory of superconductivity6, the characteristic feature 
of superconductors (SCs) is the macroscopic occupa-
tion of bound pairs of electrons in the same quantum- 
coherent ground state; such pairs are known as Cooper  
pairs7. The condensation of Cooper pairs into such a 
ground state is associated with a superconducting com-
plex order parameter Δ = Δeiφ (REFS8,9), where φ is the 
conjugate of the number of Cooper pairs. In a homo-
geneous s-wave BCS SC, the spectrum of single-particle 
excitations above the ground state develops an energy 
gap Δ, which is the modulus of the order parameter. 
These gapped excitations are propagating superpositions 
of electrons and holes with different energy-dependent 
weights. However, if the order parameter — also called 
the pair potential3 — varies in space, Δ(r), lower-energy 
(‘subgap’) excitations may develop. Such is the case 
for states trapped in magnetic flux vortices (Caroli–
Matricon–De Gennes states10), at magnetic impurities 
(Yu–Shiba–Rusinov states11–13), at weak links between SCs 
or at normal metal–superconductor (NS) contacts14, to 
name a few. Collectively, these subgap states are dubbed 

Andreev bound states (ABSs), and they are the focus of 
numerous theoretical and experimental works, as well 
as the basis of emerging quantum technologies (FIG. 1).

The core physical mechanism behind the forma-
tion of ABSs in inhomogeneous systems with Δ(r) is a 
remarkable scattering process, predicted by Alexander 
Andreev15,16, in which an incoming particle-like excitation 
can convert into an outgoing hole-like one and vice versa 
(FIG. 1b). Many such Andreev scattering events coherently 
concatenated lead to the formation of subgap ABSs17,18 
that are localized near the region where the pair potential 
has strong spatial variations (for a review, see REF.19).

Since the late 2000s, new possibilities for the super-
conducting pairing of electrons have arisen through 
the advent of topological materials20,21. Inspired by 
notions of topology22, several authors have predicted 
the existence of new states of matter known collectively 
as topological superconducting phases (see REFS23–28 
for reviews). These arise in particular in ‘p-wave’ SCs, 
which possess a rare triplet-like pair potential (an 
exotic form of superconductivity involving only a single  
spin band29–33). Topological SC phases are characterized 
by the emergence of a special type of subgap bound 
state occurring at topological defects such as vortices, 
boundaries or domain walls. Importantly, such bound 
states occur precisely at zero energy and exhibit elec-
tron and hole character with exactly equal probabi-
lity. The second quantization operators describing 
these states are self-conjugate: γ = γ†. They are, in this 

From Andreev to Majorana bound 
states in hybrid superconductor–
semiconductor nanowires
Elsa Prada  1�ᅒ, Pablo San-Jose  2, Michiel W. A. de Moor3, Attila Geresdi3, 
Eduardo J. H. Lee1, Jelena Klinovaja4, Daniel Loss4, Jesper Nygård  5, Ramón Aguado2 
and Leo P. Kouwenhoven3,6

Abstract | Inhomogeneous superconductors can host electronic excitations, known as Andreev 
bound states (ABSs), below the superconducting energy gap. With the advent of topological 
superconductivity, a new kind of zero-energy ABS with exotic qualities, known as a Majorana 
bound state (MBS), has been discovered. A special property of MBS wavefunctions is their non- 
locality, which, together with non-Abelian braiding, is the key to their promise in topological 
quantum computation. We focus on hybrid superconductor–semiconductor nanowires  
as a flexible and promising experimental platform to realize one-dimensional topological 
superconductivity and MBSs. We review the main properties of ABSs and MBSs, state-of-the-art 
techniques for their detection and theoretical progress beyond minimal models, including 
different types of robust zero modes that may emerge without a band-topological transition.
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Subtype Bulk topology
Spatial Overlap of 

Majorana components
Spatial extension of 

Majorana components Zero energy pinning
Non-Abelian 

braiding

Standard: SO=0, VZ=0 trivial complete
spread across junction/

normal region no no

SO≠0, VZ<VZ
c trivial partial

spread across junction/
normal region no no

strong SO, VZ<VZ
c trivial partial

spread across junction/
normal region

only vs. VZ,
rest fine-tuned no

coupled multiband + 
short-range inhomogeneity trivial high

spread across 
inhomogeneity approximate no

Shiba state trivial complete localized to impurity no no

Long (L≫ξM, VZ>VZ
c) nontrivial

exponentially 
suppressed localized to edges yes yes

Short (L≲ξM, VZ>VZ
c) nontrivial partial

localized to edges but 
overlapping

no
(Majorana oscillations) no

Smoothly confined S trivial partial localized to smooth edge yes
yes

(parametric)

Smooth S'S/NS junction
(nontopological MBS/ps-MBS/

quasi-MBS/EP-MBS)
trivial partial localized to smooth 

junction
yes yes

(parametric)

Ty
pe

M
B

Ss
A

B
Ss

Sm
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 m
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es

TABLE I. Classification of near-zero-energy subgap states in proximitized nanowire systems. We divide the
possible near-zero-energy subgap states in three main types: ABSs, topological MBSs and zero modes produced by smooth
inhomogeneities in a trivial nanowire. Each of these is distinguished by the band-topology of the nanowire bulk, the amount
of spatial overlap between the Majorana components of the state, their spatial location and extension, whether the state’s
energy remains pinned to zero as system parameters are perturbed, and whether they are expected to exhibit spatial and/or
parametric non-Abelian braiding statistics. See Sec. IV for a discussion.

is a standard geometry in NS junctions used to perform
transport spectroscopy). When such a nanowire becomes
coupled to the reservoir, it can develop an ‘exceptional
point’ (EP) bifurcation in its complex (non-Hermitian)
spectrum, see Fig. 6 (f), where the real part of the lowest
quasibound Bogoliubov mode becomes robustly pinned
to zero energy as the imaginary part bifurcates. This
kind of non-Hermitian topological transition stabilizes a
couple of quasibound states at the contact with di↵er-
ent decay rates. One of the two may become essentially
non-decaying after the exceptional point bifurcation, thus
becoming a stable Majorana zero mode without the need
of a bulk topological transition. An EP requires a finite
coupling asymmetry of the two Majorana components to
the reservoir. Sources of asymmetry include finite length
[87, 241], smooth potentials [87], spin-polarized leads
[92], etc. Research into Majorana states in open sys-
tems for quantum computation purposes is still in its
early stages. The field is advancing rapidly, however,
with e.g. new non-Hermitian topological classification
theories being developed recently [242–245] that extend
band-topological concepts to open systems where these
do not strictly apply.

C. The MBS vs. ABS controversy

As studies began to unveil the above phenomenology
beyond the minimal model, it became clear that many

experimental hints of Majoranas could easily be mistak-
ing zero modes of non-topological origin with MBSs re-
sulting from a non-trivial bulk topology. Notable exam-
ples include experiments showing zero bias peaks robust
against magnetic field variations, or even conductance
values close to the ideal quantized 2e2/h value. Until
recently, both cases were considered strong signatures of
emergent Majoranas after a bulk topological transition,
but a growing body of literature shows that this is not
necessarily the case [84, 85, 87, 88, 246]. A prominent
reason is the possibility of robust but trivial zero modes
arising at smooth inhomogeneities [73–85, 87, 88]. In-
stead of emerging from a band inversion at a critical
V

c

Z
, these subgap states are predicted to emerge as a

lone ABS that detaches from the continuum as VZ in-
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Realization of a minimal Kitaev chain in 
coupled quantum dots
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Alberto Bordin1,2, Sebastiaan L. D. ten Haaf1,2, Ji-Yin Wang1,2, David van Driel1,2, 
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Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 

https://doi.org/10.1038/s41586-022-05585-1

Received: 16 June 2022

Accepted: 22 November 2022

Published online: 15 February 2023

 Check for updates

1QuTech, Delft University of Technology, Delft, The Netherlands. 2Kavli Institute of Nanoscience, Delft University of Technology, Delft, The Netherlands. 3Department of Applied Physics, 
Eindhoven University of Technology, Eindhoven, The Netherlands. 4These authors contributed equally: Tom Dvir, Guanzhong Wang and Nick van Loo. ✉e-mail: tom.dvir@gmail.com; 
l.p.kouwenhoven@tudelft.nl

Nature | Vol 614 | 16 February 2023 | 445

Article

Realization of a minimal Kitaev chain in 
coupled quantum dots

Tom Dvir1,2,4 ✉, Guanzhong Wang1,2,4, Nick van Loo1,2,4, Chun-Xiao Liu1,2, Grzegorz P. Mazur1,2, 
Alberto Bordin1,2, Sebastiaan L. D. ten Haaf1,2, Ji-Yin Wang1,2, David van Driel1,2, 
Francesco Zatelli1,2, Xiang Li1,2, Filip K. Malinowski1,2, Sasa Gazibegovic3, Ghada Badawy3, 
Erik P. A. M. Bakkers3, Michael Wimmer1,2 & Leo P. Kouwenhoven1,2 ✉

Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 

https://doi.org/10.1038/s41586-022-05585-1

Received: 16 June 2022

Accepted: 22 November 2022

Published online: 15 February 2023

 Check for updates

1QuTech, Delft University of Technology, Delft, The Netherlands. 2Kavli Institute of Nanoscience, Delft University of Technology, Delft, The Netherlands. 3Department of Applied Physics, 
Eindhoven University of Technology, Eindhoven, The Netherlands. 4These authors contributed equally: Tom Dvir, Guanzhong Wang and Nick van Loo. ✉e-mail: tom.dvir@gmail.com; 
l.p.kouwenhoven@tudelft.nl

446 | Nature | Vol 614 | 16 February 2023

Article

of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
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regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
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coupled quantum dots

Tom Dvir1,2,4 ✉, Guanzhong Wang1,2,4, Nick van Loo1,2,4, Chun-Xiao Liu1,2, Grzegorz P. Mazur1,2, 
Alberto Bordin1,2, Sebastiaan L. D. ten Haaf1,2, Ji-Yin Wang1,2, David van Driel1,2, 
Francesco Zatelli1,2, Xiang Li1,2, Filip K. Malinowski1,2, Sasa Gazibegovic3, Ghada Badawy3, 
Erik P. A. M. Bakkers3, Michael Wimmer1,2 & Leo P. Kouwenhoven1,2 ✉

Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
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spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
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where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.
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The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
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enough to induce coherent hybridization of dot states. Here we demonstrate the 
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where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.
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less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
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depends only on its electrochemical potential µLD or µRD, schematically 
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In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
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(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 

https://doi.org/10.1038/s41586-022-05585-1

Received: 16 June 2022

Accepted: 22 November 2022

Published online: 15 February 2023

 Check for updates

1QuTech, Delft University of Technology, Delft, The Netherlands. 2Kavli Institute of Nanoscience, Delft University of Technology, Delft, The Netherlands. 3Department of Applied Physics, 
Eindhoven University of Technology, Eindhoven, The Netherlands. 4These authors contributed equally: Tom Dvir, Guanzhong Wang and Nick van Loo. ✉e-mail: tom.dvir@gmail.com; 
l.p.kouwenhoven@tudelft.nl

LEFT QUANTUM 

SUPERCONDUCTOR

RIGHT QUANTUM DOT 

μ1 μ2

446 | Nature | Vol 614 | 16 February 2023

Article

of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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Realization of a minimal Kitaev chain in 
coupled quantum dots

Tom Dvir1,2,4 ✉, Guanzhong Wang1,2,4, Nick van Loo1,2,4, Chun-Xiao Liu1,2, Grzegorz P. Mazur1,2, 
Alberto Bordin1,2, Sebastiaan L. D. ten Haaf1,2, Ji-Yin Wang1,2, David van Driel1,2, 
Francesco Zatelli1,2, Xiang Li1,2, Filip K. Malinowski1,2, Sasa Gazibegovic3, Ghada Badawy3, 
Erik P. A. M. Bakkers3, Michael Wimmer1,2 & Leo P. Kouwenhoven1,2 ✉

Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.
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The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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Majorana bound states constitute one of the simplest examples of emergent non- 
Abelian excitations in condensed matter physics. A toy model proposed by Kitaev 
shows that such states can arise at the ends of a spinless p-wave superconducting chain1. 
Practical proposals for its realization2,3 require coupling neighbouring quantum dots 
(QDs) in a chain through both electron tunnelling and crossed Andreev re!ection4. 
Although both processes have been observed in semiconducting nanowires and carbon 
nanotubes5–8, crossed-Andreev interaction was neither easily tunable nor strong 
enough to induce coherent hybridization of dot states. Here we demonstrate the 
simultaneous presence of all necessary ingredients for an arti"cial Kitaev chain: two 
spin-polarized QDs in an InSb nanowire strongly coupled by both elastic co-tunnelling 
(ECT) and crossed Andreev re!ection (CAR). We "ne-tune this system to a sweet spot 
where a pair of poor man’s Majorana states is predicted to appear. At this sweet spot, 
the transport characteristics satisfy the theoretical predictions for such a system, 
including pairwise correlation, zero charge and stability against local perturbations. 
Although the simple system presented here can be scaled to simulate a full Kitaev 
chain with an emergent topological order, it can also be used imminently to explore 
relevant physics related to non-Abelian anyons.

Engineering Majorana bound states in condensed matter systems is an 
intensively pursued goal, both for their exotic non-Abelian exchange 
statistics and for potential applications in building topologically pro-
tected qubits1,9,10. The most investigated experimental approach looks 
for Majorana states at the boundaries of topological superconducting 
materials, made of hybrid semiconducting–superconducting hetero-
structures11–15. However, the widely-relied-upon signature of Majorana 
states, zero-bias conductance peaks, is by itself unable to distinguish 
topological Majorana states from other trivial zero-energy states 
induced by disorder and smooth gate potentials16–21. Both problems 
disrupting the formation or detection of a topological phase origi-
nate from a lack of control over the microscopic details of the electron 
potential landscape in these heterostructure devices.

In this work, we realize a minimal Kitaev chain1 using two QDs coupled 
by means of a short superconducting–semiconducting hybrid2. By 
controlling the electrostatic potential on each of these three elements, 
we overcome the challenge imposed by random disorder potentials.  
At a fine-tuned sweet spot where Majorana states are predicted to 
appear, we observe end-to-end correlated conductance that signals 
emergent Majorana properties such as zero charge and robustness 
against local perturbations. We note that these Majorana states in a 
minimal Kitaev chain are not topologically protected and have been 
dubbed ‘poor man’s Majorana’ (PMM) states3.

 
Realization of a minimal Kitaev chain
The elementary building block of the Kitaev chain is a pair of spin-
less electronic sites coupled simultaneously by two mechanisms: ECT 
and CAR. Both processes are depicted in Fig. 1a. ECT involves a single 
electron hopping between two sites with an amplitude t. CAR refers 
to two electrons from both sites tunnelling back and forth into a com-
mon superconductor with an amplitude ∆ (not to be confused with 
the superconducting gap size), forming and splitting Cooper pairs4. 
To create the two-site Kitaev chain, we use two spin-polarized QDs, in 
which only one orbital level in each dot is available for transport. In the 
absence of tunnelling between the QDs, the system is characterized by 
a well-defined charge state on each QD: |nLD nRD&, in which nLD, nRD ∈ {0, 1} 
are occupations of the left and right QD levels. The charge on each QD 
depends only on its electrochemical potential µLD or µRD, schematically 
shown in Fig. 1b.

In the presence of interdot coupling, the eigenstates of the combined 
system become superpositions of the charge states. ECT couples |10& 
and |01〉, resulting in two eigenstates of the form α|10& − β|01& (Fig. 1c), 
both with odd combined charge parity. These two bonding and anti-
bonding states differ in energy by 2t when both QDs are at their charge 
degeneracy, that is, µLD = µRD = 0. Analogously, CAR couples the two even 
states |00& and |11& to produce bonding and antibonding eigenstates 
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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Parity qubits and poor man’s Majorana bound states in double quantum dots

Martin Leijnse and Karsten Flensberg
Center for Quantum Devices, Niels Bohr Institute, University of Copenhagen, Universitetsparken 5, DK-2100 Copenhagen, Denmark

(Received 18 July 2012; published 23 October 2012)

We study a double quantum dot connected via a common superconducting lead and show that this system can
be tuned to host one Majorana bound state (MBS) on each dot. We call them “poor man’s Majorana bound states”
since they are not topologically protected, but otherwise share the properties of MBS formed in topological
superconductors. We describe the conditions for the existence of the two spatially separated MBS, which include
breaking of spin degeneracy in the two dots, with the spins polarized in different directions. Therefore, we propose
to use a magnetic field configuration where the field directions on the two dots form an angle. By control of this
angle the cross Andreev reflection and the tunnel amplitudes can be tuned to be approximately equal, which is
a requirement for the formation of the MBS. We show that the fermionic state encoded in the two Majoranas
constitutes a parity qubit, which is nonlocal and can only be measured by probing both dots simultaneously.
Using a many-particle basis for the MBS, we discuss the role of interactions and show that interactions between
electrons on different dots always shift the condition for degeneracy. We also show how the MBS can be probed
by transport measurements and discuss how the combination of several such double dot systems allows for
entanglement of parity qubits and measurement of their dephasing times.

DOI: 10.1103/PhysRevB.86.134528 PACS number(s): 74.45.+c, 85.35.Gv, 74.20.Mn

I. INTRODUCTION

It is well known that as a result of Andreev reflection
at the normal metal–superconductor interface, the pairing
interaction present in superconductors can be transferred to
normal metals and semiconductors by the so-called proximity
effect. Recently, this effect has been suggested as a way
to induce a p-wave pairing1–4 needed to create interesting
topological states associated with Majorana bound states
(MBS) in conventional semiconductors by a combination of
spin-orbit coupling and Zeeman splitting induced by external
magnetic fields,5–8 or by spatially varying magnetic fields
without spin-orbit interaction.9–11 See Refs. 12–14 for recent
reviews on this rapidly developing field. MBS are interesting
because of the potential use as elements in a topological
quantum computing architecture.15 Even though topological
manipulations of MBS do not allow a universal set of gates, it
could have advantages for a restricted set of operations or for
storage of quantum information.

Another usage of induced pairing is the so-called Cooper
pair splitter, where Cooper pairs are split through cross
Andreev reflection, which gives a source of entangled electrons
because of the singlet nature of the Cooper pairs.16 This idea
was further theoretically developed to include a quantum dot
in each arm of the beam splitter,17,18 a geometry which was
later realized using carbon nanotubes19 and nanowires.20

The ideas of cross Andreev reflection and induced p-wave
superconductivity in a semiconductor system were combined
in a recent proposal by Sau and Das Sarma, see Ref. 21. A
series of quantum dots, spin split by a magnetic field, but with
noncollinear spin arrangements due to spin-orbit coupling,
make a direct mapping of the Kitaev model22 onto an engi-
neered quantum dot system. Since quantum dot technology is
well established, this proposal has clear advantages over others
relying on particular material properties.

Here we consider a very simple system, sketched in Fig. 1,
consisting of two quantum dots tunnel coupled to a common
s-wave superconductor. In addition, large noncollinear
magnetic fields are applied to the dots. This setup allows for

splitting of a Cooper pair into the dots (the split electrons are,
however, not entangled because of the dot spin polarizations).
This, in turn, creates the possibility to induce a p-wave pairing
potential between electrons residing in the dots. The angle
of the dot magnetic fields gives a handle on the ratio of the
normal tunneling and cross Andreev tunneling, allowing for a
simple tuning into the interesting regime with MBS localized
on the dots.

The MBS in our setup are not protected to the same degree
as topological states in p-wave superconductors. The system
is nonetheless useful for testing theoretical predictions of,
e.g., resonant Andreev reflection,23,24 nonlocal teleportation-
like phenomena,25 and measurements of the lifetime of the
nonlocal state carrying information about the parity of the two
Majorana states. Given the small Hilbert space of the system
we can explicitly study the influence of interactions by
expressing the Majorana states in a many-body language.
We also calculate the transport properties with the double
dot system tunnel coupled to a normal metallic probe, and
furthermore discuss experimental setups that would allow a
determination of the dephasing and lifetimes of qubits based
on the parity of the Majorana states.

The paper is organized as follows: In Sec. II we set up
the model and calculate the conditions for having a set of
MBS. We also investigate the sensitivities to fluctuations of
the various parameters, as well as the effects of inter-dot
electron-electron interaction. In Sec. III, we show the expected
tunneling characteristic, and finally Sec. IV is concerned with
entanglement and decoherence of the parity qubits.

II. DOUBLE DOT MODEL AND MAJORANA STATES

We consider a double quantum dot connected via a common
superconducting lead. The width of the superconductor is
smaller than the superconducting coherence length, which al-
lows cross Andreev reflection involving electrons on different
dots. Furthermore, electrons can tunnel via the superconductor
from one dot to the other, involving virtual occupation of
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Analogy between a local spin qubit and a nonlocal 
charge qubit based on DQDs in the language of 
the large gap superconducting Anderson model 
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of the form u|00! − v|11!, preserving the even parity of the original 
states. These states differ in energy by 2∆ when µLD = µRD = 0 (Fig. 1d). 
If the amplitude of ECT is stronger than CAR (t > ∆), the odd bonding  
state has lower energy than the even bonding state near the joint charge 
degeneracy µLD = µRD = 0 (see Methods for details). The system thus fea-
tures an odd ground state in a wider range of QD potentials, leading to 
a charge-stability diagram shown in Fig. 1f, i (ref. 22). The opposite case 
of CAR dominating over ECT, that is, t < ∆, leads to a charge-stability 
diagram shown in Fig. 1f, ii, in which the even ground state is more 
prominent. Fine-tuning the system such that t = ∆ equalizes the two 
avoided crossings, inducing an even–odd degenerate ground state 
at µLD = µRD = 0 (Fig. 1f, iii). This degeneracy gives rise to two spatially 
separated PMM states, each localized at one QD3.

Figure 1e illustrates our coupled QD system and the electronic meas-
urement circuit. An InSb nanowire is contacted on two sides by two Cr/Au  
normal leads (N). A 200-nm-wide superconducting lead (S) made of 
a thin Al/Pt film covering the nanowire is grounded and proximitizes 
the central semiconducting segment. The chemical potential of the 
proximitized semiconductor can be tuned by the gate voltage the VPG. 

This hybrid segment shows a hard superconducting gap accompanied 
by discrete, gate-tunable Andreev bound states (Extended Data Fig. 1). 
Two QDs are defined by finger gates underneath the nanowire. Their 
chemical potentials µLD and µRD are linearly tuned by voltages on the 
corresponding gates VLD and VRD. Bias voltages on the two N leads, VL and 
VR, are applied independently and currents through them, IL and IR, are 
measured separately. Transport characterization shows charging ener-
gies of 1.8 meV on the left QD and 2.3 meV on the right QD (Extended 
Data Fig. 1). Standard DC+AC lock-in technique allows measurement 
of the full conductance matrix:
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Measurements were conducted in a dilution refrigerator in the 
presence of a magnetic field B = 200 mT applied approximately 
along the nanowire axis. The combination of Zeeman splitting EZ 
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Fig. 1 | Coupling QDs through ECT and CAR. a, Illustration of the basic 
ingredients of a Kitaev chain: two QDs simultaneously coupled by means of  
ECT with amplitude t and by means of CAR with amplitude ∆ through the 
superconductor in between. b, Energy diagram of a minimal Kitaev chain. Two 
QDs with gate-controlled chemical potentials are coupled through both ECT and 
CAR. The two ohmic leads enable transport measurements from both sides.  
c, Energy diagram showing that coupling the |01! and |10! states through ECT 
leads to a bonding state ∣ ∣( 10! − 01!)/ 2  and antibonding state ( 10! + 01!)/ 2∣ ∣ . 
d, Same as c showing how CAR couples |00! and |11! to form the bonding state 
( 00! − 11!)/ 2∣ ∣  and antibonding state ( 00! + 11!)/ 2∣ ∣ . e, Illustration of the 
N-QD-S-QD-N device and the measurement circuit. Dashed potentials indicate 
QDs defined in the nanowire by finger gates. f, Charge-stability diagram of the 

coupled-QD system, in the cases of t > ∆ (i), t = ∆ (ii) and t < ∆ (iii). Blue marks 
regions in the (µLD, µRD) plane where the ground state is even and orange where the 
ground state is odd. g, False-coloured scanning electron microscopy image of the 
device, before the fabrication of the N leads. InSb nanowire is coloured green. QDs 
are defined by bottom finger gates (in red) and their locations are circled. The 
gates controlling the two QD chemical potentials are labelled by their voltages, 
VLD and VRD. The central thin Al/Pt film, in blue, is grounded. The proximitized 
nanowire underneath is gated by VPG. Two Cr/Au contacts are marked by yellow 
boxes. The scale bar is 300 nm. h, Right-side zero-bias local conductance GRR in 
the (VLD, VRD) plane when the system is tuned to t > ∆ (1) and t < ∆ (2). The arrows 
mark the spin polarization of the QD levels. The DC bias voltages are kept at 
zero, VL = VR = 0 and an AC excitation of 6 µV RMS is applied on the right side.
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